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SYNOPSIS
A rational method and an associated digital computing 
capability are developed for the generalised and detailed 
analysis of torsional vibration characteristics of machinery 
installations, particularly those modern marine systems 
having branched configurations. The proposed method caters 
for the application of many discrete sources of applied 
harmonic excitation and forms of damping, and determines the 
characteristic responses of lumped-inertia systems over 
frequency ranges related to harmonic orders of shaft speeds.
The theoretic approach attaches great importance to 
the routine investigatory requirements of the practising 
vibration analyst as an engineer rather than as a mathematician. 
Consequently, although based on classical solution, the 
derivation of the method places emphasis on simplicity in 
theory and mathematics, consistency in notation and 
conventions, and physical realism in the concepts of equivalent 
organisational modelling of branched installations.
Furthermore, the general organisation of problem solution 
and the presentation of results closely follow the familiar 
Holzer tabulation format.
As an essential complanent to the main work, an 
advanced computing capability for torsional natural frequency 
and normal modal analysis is presented, which is eminently 
suitable for branched system treatment, is completely 
automatic, and fully exploits the power of the modern digital 
computer. This method for natural frequency solution is 
developed from the Holzer trial procedure, making use of
the Rayleigh Principle concerning equation of energies, in 
conjunction with a successive modal-component extraction 
technique.
The validity of the forced-damped method developed 
for digital computer application is supported and confirmed 
in all essential respects by a completely independent 
approach to solution, making extensive practical use of 
analogue computer analytical techniques. The latter phase 
of research spotlights some neglected areas of vibration 
study and discloses an essential key to a fundamentally 
more general method for vibration analysis, employing 
direct integration, for future development.
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INTRODUCTION
PURPOSE
1.1. The collaborative project dealt with in this paper 
is concerned with the development of up-to-date 
methods of analysis and the organisation of an 
associated comprehensive digital computer 
capability for generalised routine assessment of 
the torsional vibration characteristics of modern 
marine machinery installations, particularly those 
arrangements having complex branched-system 
configuration. Consequent upon the need to cater 
for the requirements and scope of the overall 
project, as specified in the following sections, 
the broad divisions of this paper contain the 
results of development by the writer of certain 
novel analytical techniques and conceptual 
approaches to the subject of torsional vibration, 
which have not previously appeared in published 
form.
1.2. The intention is to provide adequate computing 
facilities for the analysis and ultimate 
prediction of actual vibration and stress levels 
in such machinery systems under all conditions 
of running. It follows, in order to provide 
the necessary generality of treatment, that
the main emphasis of this work is placed on the 
use of methods based on the forced-damped 
frequency response type of treatment, in which 
discrete excitations and damping may be applied 
in detail to the idealised multi-mass system.
1.3. However, the project embraces also the provision of 
methods for the calculation of undamped natural 
frequencies and associated modes of vibration, since, 
contrary to views held in certain quarters, this 
process is by no means considered to have bean 
superseded by the forced-damped treatment. Rather 
is it considered to be a complementary activity, 
essential to the deeper appreciation of the basic 
nature of the torsional vibration characteristics of 
a given system and particularly with regard to the 
distribution, within the speed range, of potentially 
significant resonant criticals.
1.4. Considerable thought has been given to the likely 
practical needs of the everyday user, as a consequence 
of which the following guiding principles have been 
adopted in framing the project:-
1.4.1. The several distinct working phases which make 
up the complete method should be coherent, in 
the sense that they should be linked together 
by a continuous and natural progression of 
thought in their evolution from fundamental 
derivation. Their development should also 
exhibit as far as possible, a balanced 
approach by the adoption of compatibly consistent 
levels of analytical rigour and refinement.
1.4.2. Although having a conventional outlook, based 
on accepted classical theory, and intended 
for routine application to the majority of 
torsional problems, the method as a whole 
should take full advantage of the latest state 
of knowledge, both theoretical and technological, 
coupled with the availability of modern
high-speed digital computing facilities. Its 
structure should also be sufficiently flexible to 
permit incorporation of later innovations and 
refinements without major modification.
1.4.3. The method should be engineer-orientated, bearing 
in mind the importance of presentation in the 
most easily assimilated form for the average 
user. This means that higher or more elegant 
mathematical disciplines should not be resorted 
to where simpler approaches would be adequate. 
Neither should "convenience" general-purpose 
computer software packages necessarily be 
utilised as a matter of expediency, particularly 
where the working processes or limitations of 
such packages may not be clearly understood.
1.4.4. Having regard to the need for the most efficient 
utilisation of computer time, the method, when 
translated into computer program form, should 
aim at providing the complete results 
automatically, without need for operator 
intervention or re-run of the data.
1.4.5. Wherever possible any novel features developed 
in the method, particularly in connection with 
the organisation for treatment of branched systems 
should be validated by alternative analysis or
by correlation with independently obtained results 
In this respect resort has been made on a 
considerable scale to the unique capabilities of 
analogue computing.
• historical background
The analysis of torsional vibration in machinery 
installations may truly be viewed as a subject which 
has developed predominantly from the outset as an 
applied science; that is to say, from the beginning, 
when its serious study was stimulated by the repeated 
occurrence of otherwise inexplicable mechanical failures, 
all the necessary fundamental theory and mathematical 
capability had already been developed and was readily 
available for application to the solution of torsional 
problems .
Newton's Laws of Motion had laid the foundations 
of classical mechanics; the principles of harmonic 
analysis were well understood as a result of the work 
of Fourier. Rayleigh, by his definitive work of 1877 
(ref.l), established himself as the father of modern 
vibration theory; so much so that, as Ker Wilson 
points out, (Ref:2), even today, Rayleigh's work 
contains most of the theoretical fundamentals required 
by the practising vibration engineer, and yet more 
remains to be extracted and exploited.
From this sound classical base the technology 
of torsional vibration engineering has steadily 
advanced over the years. Gradually, as each new 
problem arose and more probing methods were demanded 
for identification, quantification and control, so the 
challenge was matched by improved analytical and 
numerical techniques, supported by the knowledge gained 
from practical experience and measurement.
Awareness of the destructive potential of
torsional vibration dawned in the last decades of the 
nineteenth century. Recurrent failures of the massive 
shafting, so characteristic of the marine steam 
reciprocating engines and similar land-based machinery 
of the day, were finally attributed to fatigue stresses, 
induced by resonant torsional vibration criticals 
in the operating speed range, excited by harmonic 
oscillatory torques from the prime mover. Even the 
smooth running marine geared steam turbine propulsion 
machinery, which increasingly gained popularity in 
this era, was not immune to vibratory failures 
resulting from resonant excitation at propeller blade 
order frequency.
The history of the progress and development 
of torsionai vibration engineering from the days of 
these early troubles, up to fairly recent years, has 
been documented briefly, but concisely by Ker Wilson 
(Ref: 3).
It will suffice here, merely to identify the 
landmarks in the historical development of this field 
of engineering, both by way of problems encountered 
and solutions achieved. The association of but a 
few Key names with these landmarks in no way belittles 
the innumerable and valuable contributions to the 
subject by so many other outstanding vibration 
engineers.
The earliest form of torsional vibration 
analysis involved little more than the direct classical 
solution of equations for the natural frequencies of 
simple 2 or 3-degree of freedom mass-elastic systems.
The predominant need at that time was merely to
predict and avoid major order resonances, which could 
endanger the integrity of the shafting, and this 
simple treatment was adequate for the contemporary 
typical direct-drive engine-amidships installations.
The prediction of a powerful resonance was sufficient 
in itself, and estimation of its precise magnitude was 
initially somewhat superfluous.
However, as experience and knowledge accumulated, 
experimental confirmation and quantification by 
measurement became essential, together with more 
detailed methods of analysis. The incentive for 
more advanced study of torsional vibration was intensi­
fied by the introduction of the reciprocating oil 
engine, particularly the high speed types used in the 
1914-18 war for submarine and airship propulsion.
The first measuring devices were of the
primitive torsionmeter type developed in the first
decade of the twentieth century (Ref: 4), the most
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effective being due to Fottmger. The seismic 
torsiograph was developed somewhat later, particularly 
the Geiger instrument of 1916, (Ref: 5), which, in a 
more developed form, is still in use today, and 
quite effective for simpler measurements.
More accurate and detailed natural frequency 
analysis was made possible by the development of the 
iterative tabulated calculation technique for solution 
of systems with many masses, the method being 
ascribed to Holzer in 1907 (Ref: 6). This well-known 
technique was included in Holzer's work of 1921,
(Ref: 7), this being the first textbook devoted
solely to torsional vibration. Much additional 
relevant material was included in the book, which, 
viewed in retrospect, was obviously years ahead of its 
time. In fact Holzer laid down all the basic 
features necessary for the development of applied 
techniques for the analysis of both undamped and 
forced-damped torsional vibration characteristics. It 
is only in recent years that the practical development 
of these techniques has become possible, based on the 
modern state of knowledge and with the introduction 
of the digital computer as a means of coping with 
the extensive calculation involved.
The years following Holzer‘s work represent a 
period of consolidation, in which methods having 
increasing degrees of reliability were developed for 
the quantitative prediction and control of torsional 
vibration characteristics. These methods combined 
theoretical analysis with practical empiricism, 
treatment being simplified to suit the means of 
calculation available at the time. Thus, excitation 
was expressed as harmonic torque components evaluated 
from Fourier analysis of engine crank turning moments 
derived from cyclic cylinders pressure measurements. 
Vector summation of cylinder exciting torques combined 
with energy considerations of the vibrating dynamic 
system led to the modal “equilibrium amplitude" 
concept,. The difficulties of accounting for damping 
in detail were overcome by obtaining its "lumped" 
effect on the system from practical measurement of 
the magnitudes of vibration at resonant criticals 
and subsequently applying it in its reciprocal form, 
the "dynamic magnifier",•as a multiplier of
equilibrium amplitude for later quantitative predictions. 
This period also saw the introduction of early forms of 
flexible couplings and damping devices, applied as 
positive means for avoidance and control of excessive 
vibratory conditions.
The appearance of Ker Wilson's first edition 
in 1935, (Ref; 8), presented the collective theory and 
practical expertise built up in the preceding years, 
and torsional vibration at this point emerged as a 
recognised engineering discipline.
The Classification Societies were naturally 
closely concerned with the adverse effects of torsional 
vibration on marine shafting and had contributed to 
its analytical development and practical study over 
a long period. The importance of the subject was 
well emphasised by Dorey in 1939, (ref; 9), and his 
work resulted in the inclusion, as a classification 
requirement, of the submission of critical speed 
calculations for main and auxiliary oil engine 
installations in Lloyd's Register Rules in 1944.
The next step came in 1948 when the Society published 
Guidance Notes on Torsional Vibration Characteristics 
of Main and Auxiliary Oil Engines. These notes gave 
general guidance on the precautions recommended for 
the avoidance of excessive levels of torsional 
vibration, together with acceptable limits for 
vibratory stresses and torques in various machinery 
components, based on Dorey's paper of 1947, (Ref: 10), 
Revised Guidance Notes were incorporated within the 
Society's Rules in 1965, (Ref: 11), and a further 
section was added in 1969, which presented details 
of recommended procedures for calculating torsional
vibration characteristics of simpler systems and 
indication of means for dealing with more complex cases. 
A further landmark in the history of torsional vibration 
was established by the comprehensive and concise 
treatment of the subject in the BICERA Handbook of 
1958, (Ref: 12), and one could have been excused at 
that time for thinking that little further substantial 
advance could be anticipated. However, in fact, 
this merely marked the beginning of a new phase of 
intensified activity in torsional vibration 
treatment.
By the 1950's adequate methods were available 
for the confident prediction and control of isolated 
resonant criticals in conventional direct-drive 
slow-speed marine installations. However, this 
period saw the introduction of new trends in the 
design of marine machinery which were to have a 
profound influence in demanding more advanced and 
detailed capabilities for torsional vibration 
analysis.
First there was a rapid increase in the 
adoption of turbo-blown and medium speed oil engines, 
achieving higher specific powers and cylinder 
pressures. This led in turn to correspondingly 
higher excitation from harmonic components of 
crankshaft torque.
Secondly, the machinery arrangements became 
analytically more complex due to the adoption of 
geared drives, vibration dampers, flexible couplings 
and other devices. The combined effect of these 
trends was to increase the severity and complexity
of torsional vibration characteristics in non-resonant 
speed regions which hitherto had been largely negligible. 
This situation necessitated the development of more 
generalised forced-damped, or frequency response 
techniques of analysis in which the excitation and 
damping could be dealt with in detail. Valuable 
contributions in this field were made by Spaetgens 
(1949), Sarstan (1962), and 0rbeck in 1963, (Refs: 13,
14 and 15). It was fortunate that the demand for 
more complex analysis coincided with the introduction 
of the digital computer as a practical means of 
implementing the associated volume of calculation. 
Archer's paper of 1963 is of interest in this respect, 
since it refers in detail to computer programs devised 
at Lloyd's Register for this type of work, (Ref; 16).
Finally, the most recent change in machinery 
design philosophy, influencing the direction of develop­
ment of torsional vibration analysis started around 
1960 with rapid adoption of machinery layouts having 
branched configurations. In certain large vessels 
and other special purpose medium size types such as 
vehicle ferries and fast container ships, which were 
being built in increasing numbers, the obvious 
advantages of multiple geared medium speed oil 
engine arrangements of propulsion systems<in terms of 
economy and flexibility of operation and maintenance, 
coupled with compactness of machinery space{were 
soon appreciated. Similarly, branched installations 
became popular in smaller vessels, particularly 
trawlers, where all the power requirements could be 
provided by a single compact multi-purpose machinery 
arrangement, having the propeller driven through 
reduction gearing, with power take-off drivers
for trawl winch and auxiliary power generators.
By 1970 all these modern machinery design features 
created an imperative demand for a comprehensive computer- 
based capability, enabling the prediction and analysis 
in depth of torsional vibration characteristics of 
complex installations, particularly those of branched 
configuration, as a routine process. In large measure, 
the necessary theoretical fundamentals and techniques 
of implementation had long been indicated. It 
remained to exploit and develop these into a coherent 
general facility, ultimately extended to embrace both 
straight and branched system configurations. Which 
returns to the purpose of the present paper.
3. NOTATION
The following general notation and systems of 
units are adopted throughout, except where otherwise 
indicated locally.
J - Polar mass moment of inertia,
2 2 
lb.in.sec. or Kg.cm.sec.
K - Torsional shaft stiffness,
6 6 10 lb.in./rad. or 10 Kg.cm./rad.
Coefficient of external viscous damping, 
lb.in./rad./sec. or Kg.cm./rad./sec.
Coefficient of internal viscous damping, 
lb.in./rad./sec. or Kg.cm./rad./sec.
N - Shaft rotational speed in R.P.M.
SI Shaft angular velocity in rad./sec.
O  - Phase velocity of vibration in rad./sec.
F - Frequency of vibration in c.p.m.
T - Magnitude of harmonic exciting torque,
lb.in. or Kg.cm.
© - Vibratory angular displacement in rad.
T Vibratory shaft torque,
lb.in. or Kg.cm.
C
Vi
Torsional stress,
2 2 lb./in. or Kg./cm.
Basic relative phase angle of harmonic 
excitation.
Engine crank relative firing angle.
Effective relative phase angle of 
excitation.
Relative phase angle of amplitude response.
Relative phase angle of torque response.
Amplitude response component in sin cot .
Amplitude response component in cos tot .
Harmonic order number.
Reference numbers for particular normal 
modes of vibration of a system.
General reference number for an inertia or 
shaft within a system.
The terminal inertia in a system.
Component of a normal mode contributing 
to a particular state of vibration in 
a system.
SCOPE AND LIMITATIONS
4.1. It is unnecessary to labour the indisputable fact
that, for the purpose of investigation of torsional 
vibration characteristics of such complex 
mechanical systems as marine machinery installations, 
the only completely true analytical model is the 
installation itself. This is recognised in the 
Lloyd's Register Rules, which clearly stipulate 
in their torsional approval requirements that, 
in cases of doubt, the ultimate arbiter of 
acceptability lies in the results of measurements 
taken on the actual installation under operating 
conditions.
However, for obvious practical reasons, 
it is necessary to have means for the prior 
analysis and prediction of torsional vibration 
characteristics with reasonable certainty, both as 
a guide to the builder or designer, and to provide 
documentary evidence to satisfy the Classification 
authority.
To this end the predictions are based on 
the analysis of a mathematical model or equivalent 
dynamic system representative of the actual 
installation, derived from the application of 
numerous basic assumptions, and resort to 
simplification and approximation in varying 
degrees. The reliability of the results depends on 
the accuracy of these translatory processes, 
together with the refinement of the analytical 
techniques and the power of the computing tools 
subsequently available.
Over the years a conventional pattern of
approach to the problem has evolved, the equivalent 
torsional system inevitably being formulated in a 
manner amenable to treatment by techniques based 
on classical theories of mathematics and dynamics, 
and with its depth of detail constrained within 
bounds of contemporary practical knowledge and the 
capability to perform laborious calculations.
The scope of the present work lies largely 
within the concept of this accepted conventional 
approach, any major advance or departure, although 
already visualised in outline, being left for 
future study. Rather, as indicated earlier, it 
is the intention here to utilise the best aspects 
of conventional analysis? combining them 
coherently and in continuity with existing work? 
extending them to cater for the treatment of 
increasingly complex modern systems? and increasing 
the level of detailed realism, made possible by 
the introduction of powerful digital computing 
facilities.
Having indicated the scope of this work 
in its broadest sense, detailed aspects and 
limitations are defined more concisely in the 
following sub-sections.
t.2. The Generalised Basic Equivalent Dynamic System
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The scope of essential features of the basic 
equivalent dynamic system, representing a machinery 
installation, for torsional vibration analysis 
is illustrated in the diagram above, (Fig.1).
The rotating system is visualised as 
comprising a succession of discrete concentrated 
"flywheel" inertias connected by massless shafts 
or torsional spring stiffnesses, the extremities 
of the system normally being unconstrained,
(i.e. "free-free").
Provision is made for the imposition on each 
and any inertia, of a cyclically variable external 
exciting torque Tj (t), and an external source of 
damping, Cj. In parallel with, or in place of 
each shaft stiffness, provision is also made for 
internal or "shaft" damping, h^. In a static 
state, or in a mean steady state of rotation of the 
whole system, instantaneous angular displacements 
of the individual inertias from their mean positions 
are denoted by Gj .
For the purpose of this work the motions of 
the p elements in the system under particular 
operating conditions are governed by the conventional 
set of p generalised simultaneous equations. Each 
equation in a particular set is a second order 
differential expression of the state of equilibrium 
of- all torques acting on one of the p inertias in 
the system.
Thus, for the j — inertia, the typical 
equation of torques in equilibrium is.
= Tj (t>.
...... a.-l.
The natures of the individual coefficients
of the terms in the equation, 4.2.1., together
with that of the right-hand-side, are specified later.
J j » j + C A  -  ^  -  S j J
Interest lies in the particular solution of 
the set of equations, representing the system in a 
state of steady vibration. The complementary 
solution (R.H.S. =0), is characteristic of transient 
motions and this aspect is not under consideration 
in this work.
4.3. Specification of Branched Torsional Systems
Considerable thought has been given to the conceptual 
specification of a rational structural arrangement, 
within which it is possible to define the essential 
features of all branched torsional systems, or at 
least the vast majority encountered in practical 
machinery applications.
A structural visualisation of the branched 
system is dictated by the intention to adopt 
throughout this work the Holzer-type chain processes, 
(Ref.7), as the basis of methods of treatment, 
which require a sense of passing through the system, 
starting at one point and terminating at another.
It is also important in providing a simple and 
logical generality of organisational approach in 
the compilation of computer programs, which will 
accept virtually all branched system configurations 
for analysis on a routine basis.
Matrix methods of treatment would not 
necessarily require such a structural concept, although 
some form of methodical organisation would still be 
needed.
However, the Holzer approach has been chosen 
preferentially in this work on the grounds of its
general familiarity and its continuity with other 
widely accepted conventions of torsional vibration 
analysis.
To this end, then, a branched system is 
defined here as an arrangement of inertia/stiffness 
chains, so organised that there is a main route 
or "stem" running from one end of the system to 
another, to which is joined a number of free- 
ended' side branches at various appropriate
points along the way
The general features of .such an arrangement are
indicated in the above diagram, (Fig:2).
For purposes of descriptive identification 
it is necessary to define three distinct types of 
section or chain in the organisation of the system.
In the diagram, the treatment would start 
at inertia A and proceed to the junction point, B, 
the chain from A to B being labelled a "starting 
section". (C-*-D) is a "branch section", which
is treated individually starting at free end C and 
working towards D. Joining up at B is achieved 
by the familiar process of soaling the branch 
(C —■fc-D) for amplitude compatibility of D with B. 
(E-*~F) is a "stem" or "continuation" .section.
The amplitude of inertia E is again made compatible 
with junction inertiayB and the combined torques 
emanating from (A-^-B) and (C ->-D) are used as 
the starting value in front of E. The normal 
process continues from E until another junction 
point is encountered at inertia F. A similar 
process of scaling and joining up the "branches"
(G — H) and (I-*- J) is carried out making H and 
J compatible with F, before continuing through 
the final "stem" or "continuation" section, (K—=»-L).
It may be deduced from the brief description 
above, that the proposed conceptual organisation 
of a branched system has many versatile features. 
There is no fundamental limit, either to the number 
of junction points in a system, or to the number of 
branches which may be joined to the main stem at 
each junction point. There is no fixed convention 
regarding starting and finishing points in the 
system; starts in the process could be made 
equally well at C,G,I or L, if considered more 
appropriate or convenient in a particular case. 
Similarly there is no reason why the process should 
terminate at a free-end inertia such as L; 
section (K—^L) could be treated as a branch if 
desired, and worked backwards to junction point 
F, where the cumulative effects of all the sections 
converging at this point could be combined.
It will be noted that it is arranged for each 
section of the system to start and finish with an 
inertia. This is merely a convention of the 
proposal and not a vital feature; branch sections 
could just as well be joined to inertia stations on 
the main stem via end stiffnesses. However, it 
is convenient in the later processes of organisation 
to have end inertias on branches, particularly 
when scaling branches for compatibility with the 
main stem amplitudes. It is also realistic 
in practical terms, since junction points in 
actual installations almost invariably involve 
gears, and allotment of inertia to such gears 
permits more detailed representation of the system.
The proposed method of organisation embraces 
also unbranched systems, which may be treated at 
will as single sections, or divided variously 
into arrangements of "starting", "branch" and 
"continuation" sections.
This concept of a branched system, 
possessing a basic coherent structure, enables the 
user to retain a "physical feel" for the problem 
and, provided the rules are obeyed, is relatively 
simple to apply. However, the form of 
organisation proposed here is defined in its 
simplest terms and consequently has certain 
limitations. Thus, for instance, "loop" systems 
and "nested branches", that is, branches joined 
to branches, have not been catered for. However, 
with practical systems these complex configurations 
are rarely encountered in a form which will not
respond to re-organisation or reduction of the 
system into an arrangement coming within the scope 
of the proposed structure. Furthermore, there is 
no fundamental obstacle to the inclusion of 
provision for such complex arrangements in the 
present approach? it would merely require a higher 
level of organisation facilities, which, as yet, 
has not been demanded in practical cases.
Exciting Torques
Steady state torsional vibration is the result of 
a causal relationship between the externally 
imposed regime of exciting torques and the dynamic 
response of the equivalent mass-elastic system.
In oil engine installations the predominant 
source of excitation is the cyclically variable 
turning moment applied at each crank throw'and 
arising from the combination of piston gas and 
reciprocating inertia forces translated into 
tangential effort through the geometry of the 
running gear.
It is not proposed in the present work to 
consider the response of a dynamic system to 
cyclically variable torque excitation in a 
completely generalised form, although this is an 
obvious aim for the future. Instead, the 
conventional approach, in which Fourier analysis 
is used to express each source of cyclic torque 
excitation as a series of sinusoidal harmonic 
components, will be adhered to. This familiar 
device permits a classical solution to be assumed
for each individual harmonic order of excitation 
since the steady state dynamic responses of the 
system, whether they be angular displacements, 
torques or stresses, are known to be of the same 
sinusoidal form and frequency as the excitation, 
the variables being their magnitudes and cyclic 
time-phase relationships.
Once the sets of system responses have been 
calculated for excitation by individual harmonic 
orders in isolation, the overall responses of 
the system to the original generalised cyclic 
excitation may be obtained by harmonic synthesis 
of these individual responses. This synthesis 
is a relatively straight-forward process and it 
is proposed merely to lead up to this point in the 
present work. The important aspect is that it is 
essential, for valid synthesis, that careful 
attention be paid to the reference of the 
individual harmonic excitations to a common datum 
point in time, and the strict adherence to 
these mutual phase relationships throughout the 
stages of calculation.
In the first place, Fourier analysis 
expresses a cylic torque applied,' for instance, 
at each engine crank as the sum of its individual 
harmonic components, that is,
00
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For practical purposes, the cycle on which the 
harmonic analysis is based is that.of the engine 
itself, occupying one or two shaft revolutions,
as determined by the two or four stroke combustion 
cycle. Exciting frequencies, therefore, are 
visualised practically as products of shaft speed 
and harmonic order number ('wQ. in radians/sec.or 
n.N in cycles/min.). This accounts for the 
concept of "haIf-order"harmonics in the case of 
four-stroke engines.
In order to establish a reference datum 
in time, it is a further convention that the 
torque cycle for a particular crank is assumed 
to start at the piston T.D.C. position for the 
purposes of Fourier analysis. The resulting 
individual sinusoidal harmonic torque components 
are related to this datum time by their 
respective phase angles, n, and it is 
important to note that it is implicit in the 
analysis that a positive value of phase angle is 
interpreted as a "phase lead", that is, the 
sinusoidal exciting function starts before the 
datum time.
In a typical multi-cylinder oil engine, 
similar torque cycles are applied to the several 
cranks in a sequence determined by the cylinder 
firing order or relative crank angles, consequently 
one particular crank is chosen to provide the 
reference datum time. The system responses are 
obtained by considering the effect of each 
individual harmonic exciting order in isolation, 
and the application of a particular order 
exciting component at each crank requires a 
further concept of time phase, to relate the 
sequence of the cranks to the datum.. In terms
of exciting frequency these additional phase 
angles for the several cranksfrelative to the datum^ 
are given by the products of harmonic order number 
and crank firing angle. The relevant crank 
angles are normally quoted in firing sequence, and 
it is again important to note, in this case, that 
the resulting phase angles represent time lags, 
that is, they are negative when considered in 
conjunction with the basic Fourier analytical 
phase angle of each harmonic component relative 
to its own cylinder. As will be shown later, it 
is essential throughout the subsequent stages of 
analysis to adhere strictly to these concepts of 
initial datum time and phase relationships in 
order to relate correctly cause and effect.
In the foregoing notes, outlining the 
scope of treatment of excitation, comprising in 
general terms the right-hand sides of equations 
of motion for a dynamic system, attention has 
been directed, for purposes of practical 
illustration, to consideration of cyclic engine 
crank torques. However, this is not intended 
to imply the exclusion of other sources of 
torsional excitation. Propeller excitation is 
also relevant to the present work, and is 
particularly important in the case of turbine- 
driven marine propulsion installations. This 
form of excitation arises from torque 
variations induced by the action of the ship's 
wake on the propeller blades, and consequently 
is mainly of a harmonic -order equal to, or a 
multiple of the number of blades. In oil engine
installations propeller excitation may be phased with 
engine excitation where the harmonic orders coincide, 
but the situation may become complex when reduction 
gearing is involved, due to the relevant shafts 
rotating at speeds incompatible with the combination 
of integer orders.
Coefficients of the Characteristic Equations „
4.5.1.' Referring again to the representation of a 
torsional dynamic system as a set of 
characteristic equations of the general form 
indicated in 4.2., the steady state 
vibratory motions of the elements of the 
system, collectively called the system 
response, are ultimately determined by the 
coefficients of the terms of the left-hand- 
sides of the equations. In order to make 
use of the classical solution, in which the 
system responses assume sinusoidal forms 
consistent with the characteristics of the 
excitation, it is a further implicit 
requirement that these coefficients be 
treated as.constants. As with the excita­
tions, of course, they may vary as between 
differing steady state operating conditions.
This assumption of constant 
coefficients is another feature of the 
conventional approach to mathematical 
modelling of a torsional system, which it is 
intended to retain in the present work.
In most respects, although basically an 
expedient analytical device, it leads to a
sufficiently accurate representation of system 
behaviour for the purpose of routine methods 
of assessment, particularly viewed in 
comparison with the many other simplifications 
and approximations inherent generally in 
reducing the essentials of a practical 
machinery installation to a set of mathematical 
equations.
However, in particular circumstances 
the effects of coefficient variability can be 
of sufficient importance to merit specialised 
study. , Although outside the defined scope 
of the present general treatment, it is 
relevant here to identify and comment briefly 
on their typical areas of occurrence in 
practical systems, having in mind the future 
addition to the routine procedures of 
refinements capable of dealing with such 
aspects more realistically.
Inertia
The coefficient of the second derivative 
term in each equation of a set, expressing 
the motions of an idealised dynamic system 
is the appropriate lumped inertia, J. To 
take each such coefficient as a constant is 
virtually true for all components of a 
practical torsional system, with one important 
exception, namely, the effective inertia 
concentrated at each crank throw of a 
reciprocating engine. Although the inertia
of the rotating components of the running gear is 
constant, the additional equivalent inertia of 
the reciprocating masses, in torsional terms, 
is a variable.
Taking into account the reciprocating 
mass m, the crank radius, R, the connecting rod, 
length, L, and the crank angle, oi , a 
good approximation to the additional effective 
inertia is *,
2J . = m . R (sin o(+ -E. . sin 2 oi )
recip 2L
Or, neglecting the obliquity of the connecting 
rod, that is, L/R-*~00), a further approximation 
is
J = . (1 - cos 2 oC ), ,
recip 2
which essentially varies cyclically twice per
p
crankshaft revolution between zero and mR ; a 
second-order harmonic variation.
In the conventional treatment the mean 
total crank inertia,
2J = J + mR
total rot 2
is taken as the constant coefficient. For the 
purposes of most general torsional vibration 
analysis this leads to adequately accurate 
final results, having regard to other forms of 
approximation and sources of practical error.
However, bearing in mind possible future 
requirements for the'addition of refinements to the 
general routine methods, it is relevant briefly 
to mention two aspects of the effects of variable 
inertia, particularly in view of the depth of 
academic study that this topic has received over 
many years.
Initially Goldsbrough (Refs.17 and 18) 
carried out theoretical and practical investigations 
of the vibratory characteristics of an undamped 
single-cylinder torsional system with variable 
inertia, followed later by the work of Gregory, 
(Ref.19.). As a consequence of the second order 
inertia variation, regions of instability were 
identified corresponding to shaft speeds where 
the average natural frequency is equal to, or, 
half the frequency of inertia variation. There 
is no apparent evidence of these instabilities 
being noted in practical marine installations, 
possibly because the particular conditions do not 
normally arise in the operating speed ranges 
or because the phenomenon is modified or 
suppressed by damping.
Draminsky, (Ref.20), in an attempt to 
account for otherwise inexplicable crankshaft 
failures in certain heavy slow-speed marine oil 
engines, postulated a "secondary resonance", 
attributed to reciprocating inertia variation.
The phenomenon purported to be a superficial 
increase in the magnitude of vibration at an 
insignificant nth order resonant critical
by the transference of energy, induced by the effects 
of variable inertia, from the flank conditions of 
large nearby resonances of the (n+2) and (n-2) 
harmonics. Draminsky*s work, although plausible 
as an explanation of the mechanical failures, was 
not entirely convincing, due to somewhat disjointed 
analysis and over-simplification in the treatment of 
other features of multi-cylinder engine systems. 
Archer, (Ref:16), showed that the degree of 
magnification of a small critical, attributed by 
Draminsky to the secondary resonance effect, could 
be matched by the normal addition of flank effects 
of several powerful harmonics. This observation 
appears somewhat coincidental since, although 
enhancing the total vibration, it would not 
necessarily magnify the particular harmonic 
considered, as would be shown by discriminating 
wave-form analysis.
The "secondary resonance" effect was later 
subjected to more rigorous analysis in depth 
by Carnegie, Rao and Pasricha, (Refs! 21, 22 & 23), 
the basis being the single-degree of freedom 
undamped one-cylinder system, and utilising a 
linearised technique for solution of the 
equations of motion. These authors confirmed 
the Goldsbrough regions of instability and 
delineated their boundaries, exploring the effect 
of reciprocating/rotating inertia ratio and other 
parameters.
Of greater relevance, they also clearly 
confirmed and rationalised the Draminsky
"secondary resonance" effect, by harmonic analysis 
of the waveforms resulting from their calculations. 
It was concluded that secondary resonance could 
occur under closely defined circumstances, the 
relative phases of the exciting harmonics 
concerned having a critical influence on the 
appearance of the phenomenon, thus offering a 
possible explanation for its elusive nature in 
practical installations.
These findings, therefore, provide the 
basis for one potentially useful future refinement 
to the present general method of vibration analysis, 
assuming the work is extended to include damping 
and also made applicable to multi-cylinder engine 
installations. This possibility appears likely 
in view of the remarks of Den Hartog. (Ref:24,
Chap.8), concerning the treatment of variable 
reciprocating inertia, which indicate that the 
effect may be considered as analogous' to cyclically 
variable stiffness, the equations of motion 
remaining linear, but with the coefficients of the 
displacement terms being functions of time.
4.5.3. Stiffness
In the simpler marine machinery arrangements of 
earlier years, apart from the assumption of 
masslessness, there was essentially no approxima­
tion in treating the shafting elements as 1 
torsional springs of constant stiffness.
Recent times, however, have seen the increasing
introduction of special flexible transmission devices 
as a positive design approach, specifically intended 
to modify and improve the torsional vibration 
characteristics of particular installations.
This is especially the case with flexible 
torsional couplings, in which the effective stiffness 
is tailored to the characteristics of the system, 
either to "tune" the natural frequencies as a 
means of displacing' objectionable resonant criticals, 
away from normal ranges of operating speed, or, 
by the use of flexible elements whose stiffness is 
not linearly related to transmitted torque, to 
cause variable natural frequencies in the system, 
with a consequent "spoiling" and reduction in the 
magnitude of resonant vibrations. Flexible couplings 
may therefore possess linear, (i.e. constant 
stiffness), or non-linear characteristics in relation 
to transmitted and vibration torques. Many types 
of such couplings are well described an.d their 
particular characteristics and effects experimentally 
investigated in a paper by Chartan and White (Ref; 25)
In addition to transmission couplings, 
certain types of torsional vibration dampers are 
designed with flexible metal springs or rubber 
elements, thereby obtaining the beneficial effects 
of non-linear stiffness as well as damping.
Torsional stiffness is the coefficient of 
the displacement term in each equation of motion 
making up the mathematical model of the system, 
and the conventional method of solution requires
the coefficient to be a constant. In dealing with 
variable stiffness the usual approach is to take a 
constant value as an approximation in terms of the 
"effective dynamic stiffness" appropriate to the 
particular condition of steady state vibration.
Since the instantaneous stiffness is usually a ’ 
function of total transmitted torque or differential 
angular displacement (twist), and this total, 
including the vibratory part, is evaluated only as 
a result of the actual solution, it would be 
possible as a future refinement to introduce an, 
iterative process in the conventional treatment, 
so as to modify the effective constant stiffness 
progressively in relation to the mean level of 
transmitted torque. .
Even with the future advent of a more 
advanced time-dependent form of analytical approach, 
it must be emphasised that it would be.difficult 
to treat variable stiffness more realistically, 
since the equations themselves are rendered 
non-linear, the stiffness being a function of the 
displacement and not time-dependent and the 
principle of superposition would still not apply.
In this respect variable stiffness differs in its 
effects from the case of variable inertia.
4.5.4. Damping
Damping, in spite of its supreme importance, is the 
least responsive variable in vibration engineering 
to definition in simple mathematical terms. Its 
quantification likewise, is based more on 
empirical experience than on precise theoretical 
considerations.
The explanation is that damping in a typical 
machinery installation may arise in several different 
ways, obeying different physical laws, and the 
only feature common to all forms is its fundamental 
action in opposition to motion. Thus, dry-friction 
or Coulomb damping merely opposes motion with a 
constant positive or negative torque in the case of 
a vibrating torsional system; viscous or "dash-pot" 
damping exerts a resisting torque proportional to 
the velocity of motion; propeller damping, although 
essentially of the viscous type, may assume 
proportionality to the square of velocity in 
turbulent wake conditions; other sources of 
damping may be related to the amplitude of 
vibratory motion, and so on. Even with vibration 
dampers of the type specifically designed on the 
principle of a viscously connected seismic mass, 
the viscosity of the fluid is sensitive to shear 
rate and hence the damping coefficient itself is 
a function of velocity.
Thus, although individual major sources of 
damping may be identified and considered as 
applying discretely at separate points or regions 
in the mass-elastic system, it is a convenient 
practical expedient to express damping generally 
in viscous terms, that is, proportional to 
absolute or differential velocities of motion. In 
this way the requirement of the conventional 
solution of the equations for steady-state 
vibration, namely that all terms have constant 
multipliers, is also ensured, damping becoming the 
constant coefficient for the velocity terms.
Regarding possible refinements to the method, 
practical difficulties would appear to preclude the 
expression of damping in more precise terms in the 
foreseeable future. Furthermore, although departure 
from the viscous concept would render the equations 
of motion non-linear, as with variable stiffness, 
its effects in terms of frequency variability and 
loss of the simple harmonic form of the motions of 
the system, would be less pronounced, tending to 
be of second-order magnitude.
On both grounds, more detailed treatment of 
damping would not seem to be justified at the 
present state of knowledge, except as a subject 
for academic research.
PART I
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THE CALCULATION OF NATURAL FREQUENCIES AND NORMAL 
MODES OF TORSIONAL VIBRATION
BRIEF SURVEY OF COMMONLY USED METHODS
1.1. Over the whole field of mechanical vibration
analysis, the early stages of classical approach 
in every area are characterised by the search for 
and development of effective methods for 
evaluating undamped system natural frequencies and 
their associated normal modes of vibration. This 
prime essential is dictated by the initial 
practical need to identify potentially dangerous 
regions of resonance, having regard to the 
frequencies at which they occur and their 
particular modal characteristics. Methods for 
estimation of actual magnitudes and severity of 
vibratory conditions, both resonant and non-resonant, 
talking account of sources of excitation and damping, 
invariably develop at a later stage as. an inter­
active process between theoretical advances and 
the accumulation of practical experience.
Torsional vibration analysis has typified 
this evolutionary development from its earliest 
days of serious study. From the beginning, 
undamped frequency and modal analysis has provided 
the cornerstone for the development of the 
analytical torsional vibration discipline,
catering largely for the qualitative aspects., In 
subsequent years the methods of actual quantitative 
assessment have been built on and have developed out 
of this foundation of modal analysis. In this way 
the conventional tools of quantitative analysis, 
expressing the excitation and damping in lumped-form 
through the equilibrium amplitude and dynamic 
magnifier concepts, have relied for their being on 
detailed frequency and modal analysis applied to 
multi-mass equivalent dynamic systems.
Such methods remain adequate, even today, 
for the treatment of the majority of relatively 
simple torsional installations, leaving the 
investigation of more complex systems, or special 
areas of complex vibratory conditions, to be 
achieved by the modern advanced and discriminating 
methods of detailed forced-damped analysis. 
Furthermore, natural frequency and modal analysis 
remains as an essentially required process in its 
own right, perhaps paradoxically, even more so, as 
the degree of system complexity has increased. 
Although the more powerful methods may be used to 
achieve the desired accuracy of the final 
quantitative analysis, it must be emphasised that 
they are complementary to, and should be applied 
subsequent to initial surveys by modal analysis.
Only in this way can there be a full and basic 
understanding of the dynamic responses of a system 
in terms of the spectrum of occurrence of resonant 
frequencies and the characteristic features of 
the modes of vibration.
Natural undamped frequency vibration analysis 
of multi-mass torsional systems requires the solution 
of sets of equations of motion typically of the 
form,
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The natural frequenciest USfare obtained from 
the solution of the sets of equations for and
apart from the zero, or rolling mode frequency, there 
are as many solutions as there are values of shaft 
stiffness, K. For each natural frequency there
is a corresponding characteristic normal mode 
of steady vibration^expressed as a set of relative 
modal amplitudes, |j9j . In the case of branched 
dynamic systems the process of expressing the 
joining-up conditions at the junction points of 
the various system sections adds extra terms to 
the individual equations in the typical set, but 
this is a minor complication and in no way alters the 
basic form of the equations.
Several techniques or methods of solution for 
such sets of equations may be available. However, it 
should be unnecessary to emphasise that the basic 
equations retain their characteristic form, 
irrespective of the method of solution adopted. It 
should also be remarked that experience shows that 
there is no one particular method which is 
indisputably infallible, or indeed, the "best" 
approach. There may be personal preferences in this 
respect, but each method has its own peculiar 
advantages and limitations, and choice should be 
determined against the background of the particular 
requirements and circumstances of the case in hand.
Although it is still important for the 
practical vibration engineer to have the ability and 
experience to reduce a torsional installation to 
an equivalent system of a few masses for quick 
initial hand calculations of its essential frequency 
characteristics, the present widespread availability 
of large scale fast computing facilities, requiring 
little additional human effort, renders it equally 
important to utilise, these capabilities to treat 
torsional systems generally in relatively greater 
detail. The criteria, therefore, by which the 
effectiveness of a modern method for general 
torsional natural frequency analysis is to be judged 
are somewhat more demanding today, as compared 
with those of past years. These guiding criteria 
may be summarised in terms of the following essential 
features;
(a) The method should be quite general in application,
having the capability for analysing systems having 
very many degrees of freedom, particularly those 
having branched configurations as well as straight- 
chain types of a more complex form, with equal 
facility.
(b)- It should be suitable for computerised implementation 
and the desired solutions should be obtainable in
• a fully automatic manner without intermediate manual 
intervention.
(c) A complete solution giving all the natural frequencies 
of a system should be possible, and equally the 
capability to solve for all the natural frequencies 
lying within a specified frequency range.
(d) The results should be presentable in a form giving 
all the natural frequency and associated modal 
information as a single analytical process^ in 
isolation, at the same time making it possible for 
this information to be immediately usable as the 
basis for subsequent quantitative assessment, 
where desired.
(e) High level mathematics should be avoided so that 
the method, as a whole, and in step-by-step detail, 
can be adequately understood and checked, where 
necessary, with relative ease by the practising 
vibration engineer.
Holzer Derived Methods
The well known Holzer method, (Ref:7), gives a basically
trial and error type of solution. The successive
equations of motion of a set representing a multi-mass 
system are linked by the relative amplitude or "twist" 
terms, and advantage is taken of this feature to balance 
the equations individually in their correct order, 
transferring the accumulated summation of inertia torques 
at a.trial frequency in turn from one equation to the 
next so as to leave any residual unbalance to emerge as 
a remainder torque inequality from the last equation,
For a natural frequency solution, this remainder torque 
must obviously be zero, having correctly chosen the 
frequency value, , producing this condition. For a 
straight-chain system the value of the unbalanced 
residual torque is found to alternate consistently 
between positive and negative values as an increasing 
frequency range is traversed. In practice, incrementally 
increasing values of frequency or ^  ^  are chosen, 
carrying out a trial tabulation at each point and noting 
the regions of frequency in which the residual torque 
changes sign. In these regions some form of 
interpolation is adopted to "home-in" on the frequency 
at which the residual is zero, or sufficiently small to 
establish the position of a natural frequency. The 
tabulation process at such a frequency immediately yields 
the associated modal data^having already calculated the 
corresponding relative vibration amplitudes and torques 
at successive stations in the system, usually with the 
first amplitude value having been arbitrarily taken as 
unity.
The Holzer tabulation technique satisfies most 
of the practical requirements for an effective method 
of solution, no doubt accounting for its popularity and
continued application over so many years. However, its 
principal shortcoming arises from its relatively limited 
performance as an automatic process of identification of 
natural frequencies. In particular this is associated 
with the process of incrementally scanning the sign— change 
regime of the residual torque function/frequency scale 
relationship. The distribution of natural frequencies 
through the frequency range varies considerably with 
the type of torsional system. Thus, with the Holzer 
process used in its conventional form, if the search 
increment of frequency is kept constant and too large, 
the scan is likely to jump over tv/o or more changes of 
sign, which may occur in close proximity, and hence certain 
natural frequencies may remain undiscovered. This 
presents a lesser problem when human intuition can be 
applied as a guide to the incremental scan, but it 
detracts from a fully automatic computer process. 
Conversely, if the increment is made very small to counter 
this tendency, the number of trial calculations may become 
prohibitive in the search areas between the natural 
frequencies, although this may not necessarily be a serious 
consideration with very fast modern computers.
The major modern advances in improving the basic 
Holzer process have been aimed at overcoming this 
particular problem. Progress in this area is well 
exemplified by the published works of Dawson and Davies, 
(Ref; 26 and 27). In their first paper the authors 
presented a method modifying the Holzer process so as 
to produce a rapid convergence to an accurate solution 
for any particular natural frequency. The basis of the 
method was a Newton-Raphson iterative technique which 
essentially, at each trial frequency, obtained the first
derivative, or slope, of the residual torque curve with 
respect to frequency, this additional information being 
used to direct the process to the selection of a more 
accurate value for a natural frequency. The mathematical 
manipulation of the theoretical expressions in order to 
obtain the derivative value was ingeniously arranged 
so that the necessary calculation operations could be 
carried out concurrently with the standard Holzer process 
and hence could be incorporated as an extension of the 
Holzer tabulation by the addition of extra columns in 
the working. The benefit of this method was the 
provision of a rapid quadratic convergence to an accurate 
frequency solution. However, this device was only 
effective within reasonable proximity to the desired 
natural frequency and its usefulness was limited by the 
necessity for knowing roughly where natural frequencies 
would occur. This method otherwise did not obviate the 
possibility of missing valid solutions by jumping over 
several sign changes in the residual curve and therefore 
was not a major advance in producing a fully automatic 
process suitable for digital computation. Furthermore, 
the extended version of the Holzer tabulation required 
approximately twice the amount of calculation for each 
trial frequency, in comparison with the conventional 
process.
The authors' recent second paper, (Ref: 27), in 
contrast, made a far more valuable contribution to the 
improvement of the basic Holzer process. In essence 
the authors' previous modification was taken one stage 
further by additionally obtaining the second derivative, 
or curvature, of the residual function at each trial 
frequency. As before;by mathematical manipulation,
this quantity, together with the first derivative, were 
arranged to be evaluated concurrently with the Holzer 
.tabulation calculations by further extending the number of 
columns in the typical table. The first effect of this 
improvement was to provide a more powerful cubic 
convergence towards an accurate natural frequency solution 
However, several other features were incorporated, in 
order to increase the rapidity of solution and virtually 
to make the whole process suitable for fully automatic 
computation. Thus, from the authors' study of the 
characteristics of an n order polynomial, which is 
obviously typical of the residual torque function for a 
straight-chain system of n masses, it was discovered that 
the passage from one natural frequency to the next could 
be circumscribed entirely by the convergent iterative 
process, thus eliminating the need for a laborious 
incrementally constant search up the frequency range for 
the approximate region of the next solution. Furthermore 
the monotonic nature of the devised iterative 
convergence process ensured that no other natural 
frequencies could remain undiscovered in the intervening 
range between any two solutions obtained by this 
process, except for a small region immediately following 
the first of such a pair of natural frequencies. The 
smallness of this "blind" region could be arbitrarily 
specified and hence a complete solution for all required 
natural frequencies could be guaranteed, except for 
any lying within the limit of resolution defined by these 
small frequency regions. Apart from the choice of the 
initial starting frequency, the new starting frequency or 
increment required after each discovery of a natural 
frequency was obtained by an automatic selective 
process which also ensured that it was optimally large, 
while still satisfying the criteria for effective
operation of the convergence procedure. With these 
desirable features, the method overall provides an 
obviously powerful means for dealing with straight-chain 
torsional systems, except for the few cases in which 
natural frequencies are liable to occur very close 
together. Such an example will be considered in a later 
section.
The Holzer tabulation process, particularly when 
subjected to the modifications and extensions discussed 
above, is undoubtedly a very effective analytical tool 
for natural frequency evaluation of straight-chain systems. 
However, it has serious limitations when called on to 
analyse branched systems and the foregoing improvements 
to the method do little to overcome this situation.
There is no great problem in organising a Holzer 
tabulation process to cater for branched systems, 
incorporating provision for the treatment of the various 
sections and arranging for compatibility of connection 
at the junction points. The foremost difficulty in 
applying the Holzer process lies elsewhere and is 
associated with the characteristic configuration of the 
residual torque function curve obtained with branched 
systems. In such cases the residual function curve 
with respect to frequency no longer assumes a simple 
polynomial form. The predominant feature is that at 
certain frequencies asymptotic conditions arise, in 
which the curve describes excursions to infinite values, 
accompanied by changes in sign. This phenomenon is 
well illustrated in a paper by Salzman, (Ref: 28), 
dealing in part with the natural frequency analysis of 
simple branched marine steam turbine propulsion 
installations.
The residual function assumes the asymptotic form 
at particular frequencies at which individual branches 
of the system have vibrating shapes characterised by 
modes arising at their junction points with the remainder 
of the system. At such a frequency, a branch, considered 
in isolation and having a node at its junction end, 
cannot be excited into vibration through this moded point, 
or conversely would require an infinite exciting torque; 
hence the asymptote in the residual function for the 
whole system at that frequency. These conditions have 
no physical significance, in general terms, since they 
do not represent natural frequencies for the system, 
except in the special localised case of two or more 
identical branches nesting at a common junction point 
and where there is excitation present on one or more of 
these branches. In this case these identical branches 
vibrate against each other in some form of antiphase 
configuration, with the remainder of the system stationary.
However, for the generalised branched system, 
these conditions cannot be considered as natural 
frequencies of the whole system. Salzman over-emphasises 
the importance of these asymptotic frequencies by 
describing them as "anti-resonant natural frequencies"? a 
term first used by Mott and Fleeting, (Ref: 29). They 
are not natural frequencies in a practical sense, 
except for the special case indicated; if joined 
identical branches^capable of being excited^should occur 
in a system, it is preferable to analyse their 
characteristics separately as a special sub-system 
treatment. In branched systems, generally, then, the 
occurrence of frequencies of asymptotic residual is 
a hindrance to the normal Holzer process, based on
examination of residual torque, as a fully automatic 
procedure for natural frequency evaluation, since, in 
the first instance, the change of sign associated with 
an asymptote is indistinguishable from that occurring 
at a natural frequency. Admittedly, the search 
procedure may be halted in the frequency region of each 
change of sign to apply some test for asymptotic 
conditions, which would then be passed over, but this 
procedure detracts from the value of an automatic 
sequence. Salzman proceeds to an accurate evaluation 
of these asymptotic frequencies, incidentally claiming 
to make use of the Newton-Raphson technique devised 
by Dawson and Davies, (Ref: 26). This would appear 
to be unjustified additional labour, although it may 
be considered to have marginal relevance in the very 
limited case of steam turbine installations, with 
which he deals.
Thus, from the foregoing remarks, it is seen 
that the Holzer process, based on the residual function, 
is neither an effective nor an elegant means for 
natural frequency analysis of branched system, although 
as a last resort it is possible to use it as the basis 
for the organisation of a somewhat crude technique.
This view is reinforced by the frequent occurrence in 
branches systems of natural frequencies in close 
proximity to each other, or to an asymptote? another 
factor rendering recent improvements to the Holzer 
process ineffectual in such situations.
1.3 Rayleigh Derived Methods
From Lord Rayleigh's prolific contributions to the 
fundamentals of classical dynamics (Ref.l), it is 
possible to select just one, now commonly referred to
as Rayleigh's Principle, which is of profound relevance 
to the present work. It provides a far-reaching basis 
of great potential power for the development of methods 
of analysis for the characteristic normal modes of all 
types of dynamic systems having many degrees of freedom.
Briefly, the Principle suggests an iterative 
process for the successively more accurate evaluation 
of normal modes and natural frequencies. Starting 
from an assumed approximation to a modal shape for 
a system having Ttv degrees of freedom, the coordinates 
are used to calculate the extreme potential and 
Kinetic energy values. By equating these values in 
accordance with the Law of Conservation of Energy^an 
approximation to the natural frequency is obtained 
which, in turn, is used to re-calculate a more accurate 
modal shape from any (*m- 1) of the equations of 
motion.
In retrospect it must be observed that 
Rayleigh's Principle presents a classic example of an 
important fundamental concept, the wider generality 
of which has been largely overlooked for many years 
in the published works of subsequent researchers.
It can only be concluded that this omission has 
arisen from a state of collective amnesia or myopic 
compartmentalisation of disciplines. Thus, for 
example, within the strict discipline of torsional 
vibration analysis, the paper in 1956 by Crandall 
and Strang (Ref. 30), appears as the first 
definitive published work which gives serious 
consideration to the application of Rayleigh's Principle. 
These Authors reported that Kohn,(Ref.31), in 1949
had independently suggested and studied the Rayleigh 
procedure and they further concluded that it had never 
previously been applied.
Referring to the application of the principle as
the "Rayleigh-Kohn" process, Crandall and Strang
proceeded to combine it with an extended form of the
Holzer tabulation treatment. The modified Holzer
tabulation, calculated for a trial frequency, generated
the elements of an approximate torsional modal shape
and other data from which, by summation, the Kinetic
and potential energies were obtainable. Multiplication
2
of the trial value of Oi by the ratio of potential/
2Kinetic energies supposedly, yielded an closer to 
that for a natural frequency and thereby established 
the basis for an iterative procedure. Later, in 1958, 
Mahalingham, (Ref. 32), proposed an alternative method 
in which the terminal inertia in the trial Holzer 
tabulation was fictitiously altered to give an exact 
solution at the trial frequency, such that there "was no 
residual- torque. This, likewise, produced an iterative 
procedure and it was demonstrated that the form of 
the expressions involved were precisely similar to those 
of the Rayleigh-Kohn process exploited by Crandall and 
Strang.
However, before discussing the limitations of 
the Rayleigh process in the forms described above, it 
is interesting to revert to the theme of the general 
neglect of Rayleigh's work. In spite of the assertions 
of Crandall and Strang, Rayleigh's Principle had long 
been recognised, although its application lay largely 
with researchers in the field of vibrations of strings, 
membranes and those of a flexural nature involving 
rods, shafts and plates. This is understandable in
view of Rayleigh's particular interests. Thus, many 
years previously, Stodola, (Ref.33) had used the 
principle in a method for analysing the whirling 
characteristics of rotors and shafts. Den Hartog in 
1934, (Ref.24), used the principle extensively in the 
treatment of this problem and a variety of others. 
Furthermore, in his 3rd edition of 1947, he cited an 
important improvement to the method, involving a 
modal extraction technique, which rendered it applicable 
to the analysis of flexural modes of vibration generally 
without restriction to the fundamental. Independent 
work by Wilson in 1948, (Ref.34), utilised the 
Rayleigh principle with a modal extraction process in 
an iterative matrix method of analysis for the 
whirling characteristics of co-axial shaft systems.
In view of this abundance of precedents, it is remarkabl 
that published works for so many years showed no 
evidence of appreciation of the complete generality 
of the principle and/in particular^the omission of 
its application to torsional vibration.
However, this conclusion, based on published 
work, is misleading, since the value of the Rayleigh 
principle had been fully realised and exploited by a 
few practitioners. As an example, by 1946, Wilson 
in unpublished work, (Ref.35), had extensively 
explored the generality of the principle in a variety 
of fields and, of greater relevance, had proposed 
more advanced extensions to create a highly viable 
method of treatment for torsional analysis; this 
preceding the later published works of both Kohn and 
Crandall and Strang.
Critical assessment of the potential of the 
Rayleigh principle and the Holzer technique in combination 
as a suitable basis for a modern computerised method of 
torsional modal analysis, indicates several advantageous 
features. In the first place all the virtues of the 
familiar Holzer table are retained. Thus, all the modal 
data, whether required or not for later quantitative 
calculations, are obtained simultaneously with the 
evaluation of the associated natural frequency. Secondly 
since the location of natural frequencies is no longer 
dependent on rigorous examination of the convolutions of 
the residual torque function, the tedious incremental 
scanning up the frequency range and the subsequent 
interpolation or iteration, involving the calculation of 
many trial Holzer tables, is avoided. This feature is 
particularly important in the analysis of branched 
systems, with the incidence of asymptotes in the residual 
function„
On the other hand, Crandall and Strang, in their 
intensive study of the Rayleigh-Kohn improvement to the 
Holzer process, identified three characteristic features.
(a) If a trial Holzer table exhibits a modal shape 
having a particular number of nodes, the process will 
iterate towards a natural frequency having the same 
number of nodes, but unpredictable overshooting may occur.
(b) When the trial frequency is reasonably close to a 
natural frequency the process becomes a quaaratically 
convergent iteration towards that frequency; Rayleigh's 
equivalent observation was that an assumed modal shape, 
departing from a true natural shape by an error of the 
first order, would yield an approximation to the 
corresponding natural frequency, the error being of the 
second order. (c) The speed of convergence to a 
particular natural frequency is increased when the
residual torque in the Holzer table is placed at that 
station in the system having the largest amplitude in the 
corresponding natural mode? alternatively this indicates 
that, when the residual torque is placed at a particular 
station, natural modes most susceptible to excitation 
at that station will be the most easily obtained.
These observations and other indications given 
by Crandall and Strang are obviously valuable aids to 
the successful application of the Rayleigh-Kohn process 
of analysis, but only when the process is under the 
control of human intuition. By the same token it is 
apparent that the process has too many "rules of 
application" to make it suitable as a basis for a fully- 
automatic computerised method, at least at the level of 
development achieved by those Authors. In particular, 
the process is viable only within regions of convergence 
towards particular frequencies. With systems of 
greater complexity than that used as an example by 
Crandall and Strang, especially branched systems, some 
regions of convergence are so wide that it becomes 
extremely difficult to escape from repeated iteration 
towards particularly persistent natural frequencies. In 
other cases the convergent regions are so narrow as to 
be virtually impossible of identification and penetration.
However, in spite of these apparent drawbacks, 
this Rayleigh-based process is, in fact, capable of 
further development into an extremely powerful and fully 
automatic method. In this connection the earlier 
unpublished work by Wilson, (Ref.35), is most important 
since, apart from closely paralleling the deep study 
of the process by Crandall and Strang, he proposed 
the further step of extraction of contributions from
known modes in the stages of iteration. This vital 
additional operation is the key by which the process may 
be rendered completely automatic and requiring no human 
intervention. It is this variation of the method based 
on Rayleigh's principle which has been exploited and 
developed by the writer to produce a comprehensive 
computer capability for torsional natural frequency 
analysis. A more detailed account of this technique 
is given in Section 2 of this Part.
1.4 Matrix Solution Methods
Matrix algebra may be viewed essentially as a systematic 
form of mathematical short-hand, the underlying theory 
and notation providing a generalised organisational 
structure of processes for orderly symbolic arrangement 
of large arrays of variables, together with the 
various manipulative operations necessary for the 
solution of large sets of similar or simultaneous 
equations. As a mathematical discipline, therefore, 
it has wide-ranging applicability as a general 
approach to the solution of scientific and engineering 
problems. Its rapid increase in popularity in recent 
years is substantially attributable to the fact that 
its basic philosophy is closely attuned to the 
programming logic and operational characteristics 
of the digital computer.
Matrix methods are particularly relevant to 
the solution of problems in the dynamic field and 
especially those of large scale involving many degrees 
of freedom. Among such problems may be included those 
encountered within the more specific confines of 
torsional vibration natural frequency analysis.
Thus, considering the solution for the natural 
frequencies of a simple straight torsional system,
making the customary assumptions of energy conservation 
and steady-state free harmonic motions, the characteristic 
set of p equations is of the form 1.1 in Section 1.1.
These equations may be expressed collectively in matrix 
notation as
([-] - =
in which the values of 63 are the squares of the 
required natural frequencies and l>] represents the 
column vectors of associated modal amplitudes. The 
constants of the system are defined by the 
matrices, and j~K J , where f taking a four
degree of freedom system for example, O J  
diagonal matrix of inertias,
is a
J1 0 0 0
0 to 0 0
0 0 J3 0
0 0 0 J4
and |jkJ is a tridiagonal matrix of stiffnesses,
K1 “K1 0 0
~K1 (K1+K2) ~K2 0
0 -K2 (V k3) -K.
0 0
“K3 K.
These matrices defining the system, when 
introduced into the equations of motion, lead to the 
dynamic matrix of tridiagonal form,
Ki
-K,
0
-K.
k1+k2
-J2 ^
-K,
0
0
-K,
K2+K3
y 2
-K,
0
0
-K-
K-
4
The appropriate solution of this typical dynamic
matrix yields the required latent roots, (eigenvalues),
2
and the corresponding modal columns, (eigenvectors)
A branched torsional system may be similarly 
expressed in matrix form, but the characteristic diagonal 
or tridiagonal arrangement of elements is augmented by 
the necessary introduction of connecting elements in 
off-diagonal positions.
Thus, taking a very simple branched system,
the corresponding inertia matrix is arranged as
J1
0 0
°
0 J2 0' 0 t
0 0 J3 0
0 0 0
J3 J
tiffness matrix as,
r Ki
0 0 1 H1
i
° K2 0 -K2
0 0 K3 -K3
_ - Kl "K2 -K3 K1+K2+IS]
It is not proposed here to pursue further the 
description of the matrix solution approach to 
torsional frequency analysis since this technique has 
been indicated so well'and studied in great depth, 
particularly in relation to branched systems, by 
Dawson and Sidwell, in a recent paper, (Ref.36). It 
is pertinent, however, to consider the relative merits 
of this method and, in this respect, the contributions 
to the paper by Dawson and Sidwell and the subsequent 
Authors' replies collectively provide a valuable 
summary.
The matrix eigenvalue solution method as applied 
to torsional natural frequency analysis is without 
doubt a highly viable and powerful approach and compare 
well with any alternative. There is no insuperable 
difficulty in organising even the most complex 
configuration of branched system for this treatment 
and its logic and orderliness provide both appeal 
to the mathematical mind and compatibility with digital
computer programming philosophy. It may also he 
claimed that the matrix arrangement retains a more 
direct relationship to the basic equations of motion, 
defining a given system, than the Holzer tabulation. 
Furthermore, the problems of the latter technique, 
arising from dependence on the residual torque 
function and its irregularities in complex branched 
system cases, are clearly avoided.
On the debit side, several less favourable 
aspects were discussed in contributions by the Writer, 
(Ref.37), and also by Downs, (Ref.38) to the Dawson 
and Sidwell paper, and in most respects these 
contentions were supported by the Authors. In the 
first place, the layout of a complex branched system, 
involving possibly 100 or more degrees of freedom, 
necessitates a very large matrix array and, in terms 
of digital computing, the allocation or availability 
of a correspondingly large amount of storage. The 
essentially tridiagonal format of the torsional system 
matrix renders the major part of such, an array 
irrelevant, although storage requirements may possibly 
be reduced if some form of matrix reduction, taking 
advantage of the tridiagonality, can be achieved.
Other problems arise, once having adopted the 
matrix approach, due to the natural inclination to 
use ready-made convenience packages of general-purpose 
computer programs for matrix manipulation. The 
capability of such packages varies widely from one 
computer to another and the user is at the mercy 
of inbuilt limitations of facilities and accuracy, 
which may be difficult to detect. Thus, a complete 
solution for all roots of a particular matrix may be
relatively easy, because the problem is completely 
defined, but in torsional analysis the normal requirement 
is to determine all the natural frequencies within a 
specified range, determined by the machinery operating 
speeds and harmonic orders of excitation. A limited 
solution of this nature may require additional 
facilities for search, iteration and positive 
identification of all modes in the specified region, 
which are not available in the standard program package. 
Similarly, extended accuracy of arithmetic should be 
available as a general principle, to cater for the 
isolated very critical solution and, although this 
problem is common to all methods of approach, the 
matrix package may not possess the necessary capability. 
As a further point concerning critical or recalcitrant 
solutions, it should be noted that, once the problem 
has been expressed in matrix form, there is no 
alternative re-arrangement which may be resorted to 
as a means of obtaining the difficult solution? the 
branch system organisation advocated by the Writer 
is more flexible in this respect.
The final type of problem in using the matrix 
method may more properly be associated with the 
psychology of the practising vibration engineer 
and his suspicion of mysterious mathematics. The 
matrix philosophy tends to divorce the user from his 
intuitive practical and physical "feel" for the 
essentials of the problem. In contrast the Holzer 
type of approach helps to retain these valuable 
attributes and, furthermore, by the very nature of 
its process, presents the desired solution and 
additional modal data in a form convenient for extension 
to the practical requirements of vibratory magnitude 
and stress assessment.
THE PROPOSED METHOD FOR NATURAL FREQUENCY ANALYSIS
2.1. The method and techniques described here for the 
natural frequency and normal modal analysis of 
torsional systems are considered to provide the best 
all-round capability for meeting the criteria laid 
down in 1.1., both in terms of practical application 
to the wide configurative variety exhibited by 
modern machinery installations and in its 
compatibility with presently available computing 
facilities. Furthermore, it is believed that this 
method of treatmenttin its complete form, has 
never previously been proposed in published works, 
nor has it been utilised elsewhere.
The development of the method into a 
comprehensive and fully automatic computing facility 
relies largely for its theoretical basis on the 
unpublished analytical work of Wilson in 1946,
(Ref. 35), the latter having been freely exploited 
and adapted by the Writer. Wilson's treatise 
contained all the essential principles and techniques 
which, taken together, constitute the method and, 
in view of the erudite manner of their treatment 
and presentation there, a precise transcription of 
the relevant sections of that work has.been 
incorporated in the present paper as Appendix 2. 
Accordingly, the description given here takes the 
form more of an illustrated commentary, explaining 
in summary the constituent principles and procedural 
sequences, leaving the Appendix to be referred to 
for detailed analytical validation. The various 
processes involved are demonstrated by simple 
practical numerical application.
The proposed method is founded on a combination of
several theoretical principles and applied techniques,
the following being of essential importance
(a) The Holzer tabulation process, this providing a 
familiar and convenient conceptual layout for the 
orderly progress of calculation through a multi­
mass system.
(b) The Rayleigh Principle, which leads to a 
convergent iterative process towards an accurately 
determined solution for a natural frequency, based 
on equating Kinetic and strain energies of 
vibration at each trial frequency.
(c) Fourier Analysis, as applied to the breakdown 
into its normal modal components of a forced 
vibrating shape of a system having many degrees of 
freedom.
(d) The modal energy extraction process applied 
systematically in relation to all previously 
determined modal solutions, during the iteration 
towards the next solution.
(e) The structural organisation concept of systems 
having branched configuration, visualised as main 
stems with attached side branches. This provides 
the user with a physical appreciation of the 
system and also permits a degree of flexibility
in the choice of arrangement of the system for 
solution in many cases.
2.3. To provide illustration in the account of the method, two 
simple examples will be cited, the first being a 5-mass 
straight system and the second an 8-mass system with two 
side branches joined at a common point. As a further 
aid to discussion, the complete natural frequency 
solutions are given here in Holzer table form for both 
examples.
Example A.
. 2lb. m .  sec
106 lb.in./rad.
Fig. 4.
2
Rolling Mode F = 0 v.p.m. ^ rad./sec
14
50
14 14
0
354
50 62
109
0
72.6
K, K. K. K,
COl.l. Col.2. Col.3. Col.4. Col.5. Col.6
J
i, . 2lb. m.sec
e
Rad.
1O”6J(j^ 20 io"6a jo 2e 6 K • ,10 lb.m/rad. A 6Rad.
14 1.0 0 0 50 0
14 1.0 0 0 50 0
14 1.0 0 0 62 0
354 1.0 0 0 72.6 0
109 1.0 0 0 -
2  (2) x (3) = 0 2  (4) x (6) = 0
Table 2.3.1(a)
2
1-Node Mode F = 8219.89 v.p.m. 740951.12 rad/sec
14
14
14
354
109
1.0
.7925337
.4206433
.0503533
-.4477938
10.37332
8.22120
4.36347
13.20750
-36.16548
10.37332
18.59452
22.95798
36.16548
(R= 0)
50
50
62
72.6
.2074663
.3718904
.3702901
.4981471
-62(2) x (3) = 35.58408 10-62 ( 4 )  x (6) = 35.58408
Table 2.3.1(b)
* 2
2-Node Mode F = 9541.80 v.p.m. C0n = 998429.64 rad/sec
14
14
14
354
109
1.0
.7204397
.2394731
-.2023929
.4055807
13.97801 
10.07032 
3.34736 
- 71.53458 
44.13889
13.97801 
24.04833 
27.39569 
-44.13889 
( R  = 0)
50
50
62
72.6
.2795603
.4809666
.4418660
-.6079736
10“6 2  (2) x (3) = 54.41464 10“6 2 ( 4 )  x (6) = 54.41464
Table 2.3.1(c)
* 2
3-Node Mode F =23529.11 v.p.m. C O = 6071109.5 rad./sec
. . ... —. . . i.... i. . o . .
14 1.0 84.99553 84.99553 50 1.6999107
14 -.6999107 -59.48928 25.50625 50 .5101251
14 -1.2100357 -102.84763 -77.34138 62 -1.2474416
354 .0374059 80.39165 3.05027 72.6 .0420147
109 - .0046089 - 3.05027
OII& - i11
10-6 S( 2 )  x (2) = 254.103320 10_6 2 ( 4 )  x (6) = 254.10320
Table 2.3.1 (d)
z  24-Node Mode F = 33010.85 v.p.m. 11950076 rad./sec.
14 1.0 167.30106
.
106.30106 50 3.3460213
14 -2.3460213 -392.49186 -225.19079 50 -4.5038158
14 2.1577946 361.00133 135.81053 62 2.1904925
354 - .0326979 - 138.32292 - 2.51238 72.6 - .0346058
109 .0019079 2.51238 ( R  = 0) -
K >-6 g  (2) x (3) = 1871.5896 10 2  (4) x (6) = 1871.5896
Table 2.3.1(e)
Example B.
2309
1134
J,
1.68
0
*
346.5
J, = 133.5 4
7
95.7J,
K.
2.725
73.5
8
690
Fig. 5
*2.
Rolling Mode F = 0 v.p.m. 0 rad./sec.^
col. 1 Col.2 Col. 3 Col.4 Col.5 Col.6
J e 10~6 J CO2 0 K A  0
.. . 2lb. m. sec Rad. 10  ^lb.in./rad. Rad.
2309 1.0 0 0 1.68 0
346.5 1.0 0 0 — 0
1134 1.0 0 0 9.5 0
133.5 1.0 0 0 - 0
95.7 1.0 0 0 3.83
62.69 1.0 0 0 -
73.5 1.0 0
0
0 2.725 0
690 1.0 0 0
S  (2) x (3) = 0 21 (4) x (6) = 0
Table 2.3.2 (a)
jL o
1-Node Mode F = 340.92 v.p.m. <^4 = 1274.580 rad./sec
2309
346.5
1.0
-.7517890
2.943005
-.332022
2.943005
2.610984
1.68 1.7517890
1134
133.5
-.8866948
-.7517890
-1.281605
-.127922
-1.281605
-1.409527
9.5 -.1349058
95.7
62.69
-.7765194
-.7517890
-.094718
-.060071
-.094718
-.154788
3.83 -.0247305
73.5
690
-.7517890
-1.1100420
-.070429
-.976240
1.046668 
.976240 
( R  = 0)
2.725 .3582531
10~6 2  (2) x (3) = 5.6805037 10~62  (4) x (6) = 5.6805037
Table 2.3.2(b)
/ 22-Node Mode F = 665.27 v.p.m. 2= 4853.466 rad./sec.
2309
346.5
1.0
-5.6706262
11.20665 
- 9.53644
11.20665
1.67021
1.68 6.6706262
1134
133.5
-13.48064499 
- 5.6706262
-74.19518 
- 3.67421
-74.19518
-77.86939
9.5 . -7.8100188
95.7
62.69
- 6.4532307
- 5.6706262
- 2.99738
- 1.72537
- 2.99738
- 4.72274
3.83 -.7826044
73.5
690
- 5.6706262 
24.7678321
- 2.02288 
82.94480
-80.92192
-82.94480
( R. = 0)
2.725 -30.4384583
10 2  (2) x (3) = 3181.2787 10-6 2  (4) x (6) = 3181.2787
Table 2.3.2 (c)
^ 2 
3-Node Mode F = 1460.74 v.p.m. 23399.326 rad./sec.
— . .  o
2309
346.5
1.0
-31.1601451
54.02904
-252.64230
54.02904
-198.61325
1.68 32.1601451
1134
133.5
17.3774132
-31.1601451
461.10680 
- 97.33837
461.10680
363.76843
9,5 48.5375583
95.7
62.69
-75.0264150
-31.1601451
-168.00781 
- 45.70893
-168.00781
-213.71675
3.83 -43.8662700
73.5
690
-31.1601451
6.3269591
- 53.59079 
102.15236
- 48.56157 
-102.15236 
( R  = 0)
2.725 -37.4871041
j
i
lo“62 ‘ (2) x (3) = 35317.852 10_6S(4) x (6) = 35317.852
Table 2.3.2(d)
4-Node Mode F = 2184.46 v.p.m. J^,^ = 52329.52 rad./sec.^
2309
346.5
1.0
-70.9219415
120.82 886 
-1285.96932
120. 82886 
-1165.14045
1.68 71.9219415
1134
133.5
13.5179734
-70.9219415
802.17919
-495.46004
802.17919
306.71915
9.5 84.4399148
95.7
62.69
230.5993295
-70.9219415
1154.82647
-232.66210
1154.82647
922.16437
3.83 301.5212710
73.5
690
-70.9219415
5.7893613
-272.78137
209.03830
63.743070
-209.03830
( K =  0)
2.725 -76.711302 8
10 2  (2) x (3) = 440666.533 10-6 S  (4) x (6) = 440666.533
Table 2.3.2(e)
2.4. It is frequently found that the basic Holzer table
is viewed somewhat superficially as a convenient format 
for setting out the repetitive numerical calculations 
leading to natural frequency solutions, in which, at 
each trial frequency, all the equations of motion of 
the system are satisfied in chain sequence, except for 
the last, wliere there is generally an emergent 
unbalanced residual torgue/ R. In this viewythe 
Holzer tabulation is merely a process incidental to 
the trial-and-error search for natural frequencies 
at each of which the residual torque is zero and 
the equations are completely satisfied for conditions 
of steady-state free vibration in the associated mode.
However, the full significance and latent 
properties of the Holzer table are disclosed only 
when consideration is given to the fictitious external 
application to the system of a terminal balancing 
exciting torque at the trial frequency, equal in 
magnitude to and opposing the emergent residual 
torque, R. The typical trial table, thus completed, 
then enters the generality of undamped forced 
steady-state vibration, in which it expresses the 
special case of a system induced to vibrate by 
the imposition of a single excitation at the terminal 
inertia. Within this concept, the Holzer table 
at a natural frequency is a further special case, 
indicating that free steady-state vibration in 
the associated modal shape, once induced in the 
system, is self sustaining without external 
excitation.
To illustrate this conservative internal 
equilibrium of a system vibrating in a normal mode 
at its associated natural frequency, reference is 
made to Example A and its modal frequency tables 
2.3.1(a) - (e). In the neutral positions in the 
cycle of motion of the system, the angular velocity 
of each inertia is maximum and equal to ©j ,
whilst its Kinetic energy is h Jj ©j . The 
total maximum Kinetic energy for the system is
/Z _ c/2.
therefore h ''j • This quantity is
obtained from the Holzer table as half the sum 
of the products of terms in columns (2) and (3).
Correspondingly, at the positions of 
maximum displacement in the motion, the strain
2.
energy in each shaft is \ Kj , equivalent to
H ( S  tb J . ©  ). . A 0 ;  and the total for the
system -is given by half the sum of products of 
terms in columns (4) and (6). It will be noted 
from Tables 2.3.1(a)-(e) that the summations for 
these two forms of energy are equal and that the 
torques are internally balanced, thus satisfying 
the criterion of energy conservation.
Reverting to consideration of the trial 
Holzer table as a particular case of forced 
vibration. Table 2.4.1 below is calculated for 
Example A at a frequency of 9000 v.p.m., that is, 
lying between the 1 and 2-node modal frequencies.
F = 9000 v.p.m. CO ^  = 888264.394 rad./sec.2
COl.l Col.2 Col.3 Col.4 Col.5 COl.6
J 8 -610 J U O io"6Z ^ K
,, . 2lb. m. sec Rad. loSb.fcnyWi Rad.
14 1.0 12.435702 12.435702 50 .2487140
14 .7512860 9.342768 21.778470 50 .4355694
14 .3157166 3.926157 25.704627 62 .4145908
354 -.0988742 -31.090549 - 5.385922 72.6 -.0741863
109 -.0246879 - 2.390304 - 7.776227 -
( = R )
10 Z! (2) x (3) = 23.8274090 10_6 21(4) x (6) = 23.6354302
Table 2.4.1.
As it stands, Table 2.4.1 expresses unbalanced 
conditions^ as shown by the inequality between the 
summations for columns (2) x (3), (= 2 x K.E.) and
for columns (4) x (6), (= 2 x P.E.). If the system
were strained into deflected shape# given in col.2 # 
and then released, it would proceed to vibrate in 
a decaying irregular manner as a result of the 
internal energy unbalance. However, the application 
of an external exciting torque at the last inertia 
equal and opposite to.R would sustain a forced 
steady-state vibration in the configuration of 
col.2, and it will be noted that the product of 
-R and the last entry in col.2 exactly restores 
the energy balance when added to 2 x K.E. This 
concept of forced vibration forms an essential 
background for the subsequent processes involved in 
natural frequency analysis, as described later.
For the moment, considering Table 2.4.1 as a 
starting trial table and applying the basic Rayleigh 
Principle in the form of the Rayleigh-Kohn process 
described by Crandall and Strang, (Ref.30), the 
preliminary test observations are that the residual 
torque, R and the deflection of the last inertia 
are both negative and that the swinging form exhibits 
one change of sign. Crandall and Strang predict 
from this information that the Rayleigh process 
would iterate towards the 1-node modal frequency.
Thus a better approximation to is obtained
from the table by equating internal Kinetic 
and strain energies, so that
Z  (4) x (6) ... 2.1.
2  (2) x (3)
Performing this operation numerically, producing a
second Holzer table at the new frequency and
repeating the process, a sequence of values of 
, X 2^  starting from Table 2.4.1, 888264.4 -
881107.6 - 866577.8 - 837926.9 - 790737.0 - 749866.1
- 741140.7, is obtained, showing that, in this
instance, the Rayleigh process indeed gives a
2
convergent iteration to CC>t as calculated in 
Table 2.3.1(b). Furthermore, in this particular 
case the basic Rayleigh process represents an 
automatic convergent iteration but, in general, 
experience shows that such success is the exception 
rather than the rule. In this example it would 
also be pointless to iterate back to the 1st 
modal frequency if this value had already been 
obtained in earlier calculations. It is thus 
demonstrated that the Rayleigh process requires 
further modification to produce a reliable 
automatic frequency analysis routine.
The work of Fourier is most popularly associated 
with the harmonic analysis of periodic functions. 
However, as was recognised by Rayleigh, (Ref.l), 
the generality of Fourier's theory has a much 
wider application to the characteristic motions 
of systems having many degrees of freedom and, in 
the present context, particularly to undamped 
forced steady-state vibration. Thus, the 
swinging form, denoted as a column of numbers, ©  , 
for a torsional system, existing in a state of 
steady forced vibratory motion, may be completely
expressed as the sum of factored components of all
From this relationship it is possible to analyse an 
arbitrary forced modal shape and deduce the 
proportion of each normal modal shape present. 
Conversely if an undamped system is subjected to 
a specified regime of excitation at a particular 
frequency, it is possible to synthesise the resulting 
vibrating shape from components of all the system's 
normal modes. In both cases, obviously, a complete 
knowledge of all the normal modes is a prerequisite.
The derivation of expressions for determining 
these Fourier modal components is given in Appendix 
2. Referring thence to Section 4, the expression
4.2 defines the proportional component of the t* — 
mode, A  , contained in an arbitrary vibrating 
shape G for the system in stable forced vibration. 
In the current notation, this is
Having regard to the suggested procedure for 
Holzer tabulation, it is more convenient for 
numerical application to use this expression in the 
form
normal modal columns, ©jp , for the system. That is
e« a(et + a2e2-v ”V" CL 0  9 9.n n  —  ^ • Zm
2.3
For practical illustration the expressions
2.3 or 2.4 maybe applied to the trial Holzer table
2.4.1 in conjunction with the natural frequency 
tables 2.3.1(a) to (e). This operation shows that
a
o
= -.01733546
= +.49219708
S
= +.52529510
a 3
= -.00016526
a 4
S +.00000895
which, since their sum is unity, proves that they 
are the complete set of constituent modal components 
of Table 2.4.1. The inclusion of the "rolling 
mode" component, ^ Q, must not be overlooked.
An alternative procedure for determining
these Fourier modal components is indicated in
Section 9 of Appendix 2 and is more closely related
to the concept of the trial Holzer table as
representative of a state of forced vibration. In
general, if a system is excited at a particular
frequency by a regime of harmonic torques applied
as T, at each ,th inertia, it is possible to 
3 3
deduce the amount of each normal mode present in 
the resulting vibration or, alternatively by 
adding these modal components, to synthesise the 
vibratory conditions. In this approach the 
expression for each modal component is
Referring to a trial Holzer table such as
2.4.1 at a frequency ^  , as a forced vibration
. thbalanced by a single exciting torque at the P 
inertia and equal to -R,
CL^ — —  R  . Qpy.
Once again, for purposes of practical 
application it is more convenient to rearrange 2.6 
in the form,
J R   .
0 - £ )  -  
»r»
since the second term on the right-hand side is 
available directly from each modal frequency table.
Applying 2.7 to the example trial table
2.4.1 and referring to the associated modal tables 
2.3.1(a) to (e), the same values of the modal 
components # ♦ **^4. , as given previously, are
obtained, showing the identity between 2.4 and 2.7.
It is an incidental instructive exercise to 
reconstruct the essentials of the trial table 2.4.1 
by synthesis from the summation of products of 
the modal components f CL0 * . ♦ ^ 4. , evaluated
using 2.4 or 2.7, and the appropriate quantities 
in the modal tables 2.3.1(a) to (e). Thus
<xt*= -
for deflections,
Mode
r
©i © 2  
CLy» © 2L
0 3 © 4 © 5
©Sic*
0 -.0173355 -.0173355 -.0173355 -.0173355 -.0173355
1 .4921971 .3900828 .2070394 .0247837 -.2204028
2 .5252951 .3784434 .1257940 -.1063160 .2130496
3 0001653 .0001157 .0002000 -.0000062 .0000008
4 .0000090 -.0000210 .0000193 -.0000003 . 0000000;
TOTAL 1.0000004
. .. . -
.7512854 .3157173 -.0988742 -.0246879
Table 2.5.1
The bottom row totals of Table 2.5.1 agree 
well with the deflections of Col.(2) in Table
2.4.1 and similar agreement would be obtained, say, 
for the torques in Col.(4).
An even more interesting and informative 
example of the generality of manipulation of normal 
modal components in undamped forced vibration 
is provided by Example A when it is demonstrated 
that this system can be forced to vibrate in a 
pure 1st modal shape, (Table 2.5.1(b), at its 2nd 
modal natural frequency, by the appropriate 
application of external exciting torques. This 
is detailed in Table 2.5.2 below.
^ 2  = 998429.64 rad./sec?
Col. 1 Col.2 Col.3 Col.4 Col.5 Col.6
J
^  . 2 lb. m.sec Rad.
io~6jia220 10~6Z J O j 6 K
Vo lb.m,/irad Rad.
14 1.0 13.97801 10.37332 50 .2074663
14 .7925337 11.07805 18.59452 50 .3718904
14 .4206433 5.87976 22.95798 62 .3702901
354 .0503533 17.79707 36.16548 72.6 .4981471
109 -.4477938 -48.732 88 0 - -
TABLE 2.5.2.
It is clear, for this condition of forced
vibration, that columns (2), (4) and (6) must agree
with the corresponding columns of the 1st modal
table 2.3.1(b). However, column (3), which is
Z
calculated at the 2nd modal frequency, ^ 2' ^or 
individual inertia torques, is inconsistent with 
col. (4 )^ until external exciting torques are applied 
at the inertias to restore the balance. Inspection 
of Table 2.5.2 shows that the required column of exciting 
torques must be -
Ti
S5 - 3.604699
T2
= - 2.856846
T3
= - 1.516293
T4
= - 4.589569
T5
= + 12.567400
Summing the products of these exciting torques and
This value substituted in expression 2.5, together 
with the data from the 1st modal frequency table
2.3.1 (b) gives
thus proving the validity of Table 2.5.2. Furthermore,
the individual values of the exciting torques/
T- .. ., T , necessary to sustain 1st modal vibration 1 5
at the 2nd modal natural frequency, could have been 
predicted solely from knowledge of the 1st modal 
characteristics? that is,
which is derived from expression 2.5, when CX{ = 1.
aspects, the essence of the discussion so far is that 
a trial Holzer table, when balanced by a fictitious 
exciting torque, takes its place in the generality 
of undamped forced vibration and, from a knowledge 
of the normal modal characteristics and natural 
frequencies of the system, means are provided for 
deducing the components of normal modes present in 
a trial table, or alternatively the table may be shown 
by synthesis to consist of the sum of its predictable 
constituent modal components. However, the present
2  T j 8 .( = -12.365368.
Cl( = l.oooooo
Apart from some informative diversionary
proposal for a method of natural frequency analysis is
based on the Rayleigh Principle, involving energy
considerations. It is, therefore, more relevant to
have means for determining the constituent normal modal
energies present in a trial Holzer table. Accordingly,
reference to Appendix 2, Section 6, shows the
derivation of expressions for the components of maximum
th
Kinetic and potential energies, arising from each t*
normal mode, contained in a general forced vibration
of a system at a frequency CO . Thus, utilising 
til
the t* modal components, OL^ ;
(2 K.E. ) = <J?Q-r ( 2  Jj © j O  ...2.8
and (2 P.E. )^= U>'r <X? C2  3} 6j \ (  2 K.E.)^ ...2.9
It is also shown that the two maximum energies in a 
forced mode of vibration are the sums of the corresponding 
maximum energies of the component normal modal motions 
present, that is,
(2 K.E.) = (2 K.E.) + (2 K.E.)- + (2 K.E.) „etc. ..2.1O I 2
and
(2 P.E.) = (2 P.E.)1 + (2 P.E.)2 + etc.   2.1
it being noted that there is no potential (or strain) energy 
component due to the ‘O', or rolling mode.
For practical computing purposes, in dealing with 
a trial Holzer table having a residual torque R at the 
1? ^  inertia, it is more convenient to eliminate 
the normal modal component, CL^ , from expressions 2.8 
and 2.9 by substitution^using 2.7. Thus,
(2 K.E. )
and (2 P.E.) =tr
R 2 6  fry CS*_______ 2.12
{—
VO)
I )  (2 K.E.), as before in 2.9.
In order to illustrate these principles, reference 
is again made to the trial Holzer table, 2.4.1 relating 
to Example A, and the modal energy components are 
evaluated from the data provided by the associated 
natural frequency Holzer tables, 2.3.1 (a) — (e). On 
this basis, expressions 2.12 and 2.9 yield the modal 
components set out in Table 2.5.3 below -
MODE
( M
—6
ENERGY COMPONENTS ( X 10 )
(2 K.E.)
r*
(2 P.E. )yk
0 .1348044 -
1 10.3344273 8.6205251
2 13.3581770 15.0148986
3 .0000010 .0000069
4 .0000000 ‘.0000001
TOTALS 23.8274098 23.6354308
TABLE 2.5.3.
The bottom line totals for the sums of modal 
energy components in Table 2.5.3 are seen to agree well 
with the summations below the trial table, 2.4.1 and 
thereby demonstrate the validity of the energy equations 
2.10 and 2.11.
The Rayleigh Principle of equating energies forms 
the theoretical basis for a powerful approach to natural 
frequency analysis, but practical experience shows 
that its direct application^in general^does not provide 
a completely satisfactory method. Too many procedural 
decisions are involved for simplicity in an automatic 
computing routine and, in more complex problems, the 
method may lack reliability in achieving particular 
solutions. Thes£ shortcomings may be predicted from 
the extensive theoretical investigation of iterative • 
convergence for the Rayleigh process in particular 
frequency regions, carried out by Wilson, (See Appendix 
2, Sect.9) and later by Crandall and Strang, (Ref: Bo ). 
Furthermore, Wilson provided the essential means for 
overcoming these difficulties and restoring the 
viability of the Rayleigh process by his proposal to 
extract the energy components of any known modes, 
contained in the energy summations for a trial Holzer 
table, prior to equating them in accordance with the 
Rayleigh iteration procedure.
However, before proceeding further, it is 
relevant to comment on the important influence exerted 
by the choice of inertia station in a system at 
which the Holzer table residual torque (or fictitious 
excitation) is placed. The first observation is 
that a residual torque placed at a free end inertia 
must, in theory, enable all the natural frequency 
solutions for the system to be obtained. This follows 
from the basic deduction that a free end inertia, 
unlike an internal inertia or a junction point in 
a branched system, cannot be a nodal point for any 
normal mode of the system and, therefore, excitation 
applied there must, at any frequency, induce components
of all the normal modes of the system. Having established 
a primary preference for placing the residual torque at 
a free end there is then a choice between two or morei
such positions in a free straight or branched system.
The important aspect in this respect is that the chosen 
inertia will have its own distinctive set of relative 
amplitudes corresponding to the complete set of normal 
modes of the system and the larger the amplitude at 
that point in a given mode, the more easily will that 
inode of vibration be induced by excitation applied 
there at any frequency in a Holzer trial. Thus the 
particular choice of position for the residual torque 
exerts a strong bias towards solutions for the natural 
frequencies of those modes most powerfully excitable 
at that position;. It must be remarked also that, 
other factors being equal, the lower the intrinsic 
energy of a normal mode of vibration, the more easily 
may it be excited. In general terms, then, once the 
starting inertia, which is arbitrarily given the 
reference unit amplitude in each mode, and the inertia 
position of the Holzer residual torque have both been 
chosen in the system there will be a distinctive 
preferential heirarchy^ tending to arrange the modes in 
the order of their ease of excitation. The above 
considerations have a profound influence on the 
conduct of solution using the Rayleigh-Holzer technique. 
Even though the iterative process may be started at a 
frequency chosen to lie within the apparent region of 
convergence for a particular mode, and the initial 
rounds move towards its associated natural frequency, a 
more easily excited mode may frequently intervene and 
attract the Rayleigh iteration ultimately to its own
natural frequency solution. This process leads to 
repetitive return to frequency solutions for the 
"powerful" modes and likely inability to obtain solutions 
for the weakly excited modes. The importance of the 
Wilson modification is therefore apparent.
Wilson proposed that, when the basic Rayleigh 
energy iteration process encountered such difficult . 
conditions, the components of all known modes should 
be extracted from the Kinetic and potential energy 
summations of each Holzer table in the iterative 
sequence, before equating them in accordance with 
Rayleigh to obtain the next better natural frequency 
approximation. In this way the Rayleigh equation 
is void of the energies of previously found modes, 
which are likely to be powerfully attractive, and opens 
the iterative process to the desired, or a weaker 
modal frequency solution.
This proposal was adequate for desk calculations, 
which could be controlled by 'human inspection and 
intervention, but was still not completely satisfactory 
for a fully automatic digital computing process. 
Accordingly the Writer has taken the further step of 
applying the Wilson energy extraction technique as 
a rigorous standard procedure at every round of 
iteration in every solution.
The modal energy components contained in the 
total energies, (2 K.E.) and (2 P.E.), obtained from 
a trial Holzer table at a frequency, LO, are given by 
equations 2.12 and 2.9 in Section 2.6. Thus the 
routine modified Rayleigh expression used by the 
Writer in each round of iteration, to obtain the next
'i
approximation, for a desired solution becomes
CO- (2 P. E.) -  S  ( 2P.E.\
(.2 K.E.) - (2 K.E)o - S  (2 K.E^S . 2.13
in which 2  (2 P.E.)_ and 22 (2 K.E.) are the sumss s
of energy components of the known modes, contained in 
the forced vibration state represented by the Holzer 
trial table. The "rolling" mode contributes only to
immediately deducible without prior knowledge of any 
modal solutions.
preceding section combine to form a method of modal 
frequency analysis which is both highly effective in 
dealing with a wide variety of torsional system 
configurations and also is ideally suited to automatic 
digital computing. It will be appreciated that the 
method becomes automatic and requires no human 
intervention, once started, simply because very little 
is done to divert the energy approach, coupled with 
the modal extraction device, from its natural tendency 
to pursue modal frequency solutions in descending 
order of their susceptibility to excitation, until the 
analysis is completed to the end-point specified by 
the user.
The normal requirement in practice is to find 
solutions for all modes and natural frequencies lying 
below a specified upper frequency limit. The analysis 
is initiated by the provision of a starting frequency, 
which may be chosen to be close to any suspected 
natural frequency, although such a choice is not
the Kinetic energy and its component, (2'K.E.) is
2.7 The principles and processes described in the
greatly important. During iteration towards the first
solution the modal energy extraction process in each
round involves only the "rolling" mode, since this is
the only solution predictable at the outset. Once
the first solution has been obtained the general
process of extracting the energies of all previously
identified modes is performed in the iterations for
succeeding solutions. After each modal solution has
been achieved to a specified accuracy, a nodal count
is performed on the modal shape in order to establish
which particular mode has been obtained, since the
natural frequencies will not necessarily be isolated
in ascending order. Before embarking upon the next
iterative solution, a search is made of the nodal
counts recorded for previous modes, and the new
2starting value of CO is based on the mean obtained 
from identified frequencies embracing the lowest 
gap in the nodal count sequence. The analysis 
proceeds from solution to solution, at each stage 
being guided automatically into the lowest gap in the 
modal sequence for its trial starting frequency, until 
the recorded nodal counts indicate that the complete 
set has been obtained, including the next immediately 
above the specified frequency limit. This provides 
proof that all the required modal solutions have been 
found and the analysis terminates automatically at 
this point. Alternatively the analysis may terminate 
on having obtained all the possible solutions for the 
system, if these collectively lie below the upper 
frequency limit.
It is apparent that the method is too laborious 
for recommendation as a hand desk-calculation process, 
but the complexity of problem encompassed by its
analytical capability would, in any event, prohibit any 
attempt at hand calculation. However, the method is 
ideal for modern high-speed digital computing, taking 
maximum advantage of facilities available with such 
equipment, and presenting inherent simplicity in terms 
of computer programming and operation.
Certain unusual or unfamiliar features are 
also characteristic of the method. In the first place 
the modal solutions are likely to be obtained in an 
apparently random fashion, unlike the conventional 
sequence in order of ascending frequency. Furthermore, 
if relatively "powerful" modes lie outside the 
specified frequency range, they may be discovered before 
weaker modes within the range, and are discarded as 
irrelevant, with an associated sense of wasted effort. 
However, this latter aspect, combined with the 
additional calculation involved in each iterative 
round, is balanced in most cases by rapid convergence 
of the iteration and the total amount of computation 
required for complete problem analysis compares 
favourably with more conventional methods.
The modal energy extraction process requires the 
highest available accuracy in the arithmetic processes 
and the modal solutions, since any residue of a powerful 
mode remaining in subsequent energy extractions would 
adversely affect the overall efficiency of the method. 
However, a high standard of numerical accuracy is 
justified in other methods^ particularly for identification 
of modes in more complex or "critical" problems. On 
very rare occasions the method may have difficulty in 
obtaining particular solutions, especially if two
modes of equal importance cause oscillation and interfere 
with the progress of the iterative convergence. This 
is where the structural organisation concept of a 
dynamic system, especially when having a branched 
configuration, becomes an important feature of the 
method, since it is frequently possible to reorganise 
the system with alternative starting and terminating 
inertia positions so as to resolve the difficulty.
This facility for re-modelling the system would not 
be possible, for example, in a matrix approach method.
To summarise the preceding account of the 
method of modal frequency analysis proposed here, it 
is clear that a capability has been provided which 
is eminently suitable for the general treatment of 
torsional systems, both of straight-chain and branched 
arrangement. Any problems of decision in the course 
of analysis, or additional involved and high level 
calculation, have justifiably been passed over to 
the digital computer which, in turn, has the capability 
for dealing with them extremely rapidly and cheaply.
.8 It is constructive to conclude by giving a
practical illustration of the method in action and, to 
demonstrate briefly the scope and generality embodied, 
reference is made to Example B. This is a simple 
branched system, full details of which are given in 
Section 2.3, together with the complete set of modal 
frequency tables in Tables 2.3.2(a) - (e). The 
system comprises four sections: a "Starting" section, 
inertia stations (1) to (2), starting at (1); a 
"Branch" section, stations (3)-(4), inertia (4) 
joining the main system at (2); a second branch section, 
stations (5)— (6), inertia (6) also joining at (2);
and finally a "Stem" or continuation section, stations 
(7) - (8), inertia (7) continuing from (2) and the 
system terminating at (8), where the residual torque
is placed. It is assumed that an initial starting
2 2 frequency equivalent to ^  = 2000 rad./sec and an
2 2 upper limit of 2200 v.p.m. ( to = 53076.54 rad./sec )
are specified. The early stages of the analysis by
the proposed method happen to evaluate the first
two modal frequencies in ascending order, with
lOj2 = 1274.58 and 60^ = 4853.466 rad./sec2,
respectively, as given in Tables 2.3.2(b) and (c).
The next trial starting value will then be the mean
associated with the gap between C^2 and the upper
. . . . 2limit, that is, at 28965.002 rad./sec . The procedure
is now demonstrated by considering the new trial 
tabulation at this point, as the start of the 
iteration to the next mode to be discovered.
<^ 0 = 28965.002 rad./sec
col. 1 Col. 2 Col.3 Col.4 Col.5 Col.6
T
lb-in.sec.
e
Re. (A.
id*** J* cc? ©
K
\o* %.\n./r'cA.
A  ©
2309
346.5
1.0
-38.809637
66.88019
-389.5081
66.88019
-322.62782
1.68 39.8096373
1134
133.5
15.7922820
-38.8096373
518.71823
-150.07019
518.71823
368.64805
9.5 54.6019193
95.7
62.69
-140.4858121
-38.8096373
-389.41975 
- 70.47116
-389.41975
-459.89091
3.83 -101.6761749
73.5
690.
-38.8096373
143.3898457
- 82.62291 
2 865.76819
-413.87068
-496.49359
2369.27460
2.725 -182.199483
( = R)
10~6 2  (2) x (3) = 500770.992 lo“6 2  (4) x (6) = 161041.073
TABLE 2.8.1
Details of the new starting trial tabulation are given 
in Table 2.8.1 above and it will be remarked from reference 
to modal Table 2.3.2(d) that the trial frequency lies above 
the 3rd modal frequency. The trial tabulation characteristics 
also indicate that it is apparently within the region of 
Rayleigh convergence towards the 3rd mode. However, 
application of the Rayleigh energy equation in its unmodified 
form gives a new value
2
CO ~ 28965.002 x 161041.073 = 9314.747 rad./sec,
* 500770.992
Thus the process has talten the iteration down through the
3rd modal frequency and closely approached the 2nd. Further
tabulations will be found to give successive values of
2
4402.46 and 4820.84 rad./sec , from which there is rapid 
convergence to the 2nd modal value of 4853.466 in 
Table 2.3.2(c). The basic Rayleigh process therefore fails 
in this instance by returning to the frequency of the more 
powerful 2nd mode^which has been obtained earlier.
In contrast, using the proposed modal energy 
extraction modification, the energy contributions from 
previously determined modes, evaluated by application of 
expressions 2.12 and 2.9, are given in Table 2.8.2 below.
MODE (2 K.E.)
r
(2 P.E.)r
0 40167.038 -
i 58627.898 2579.870
2 261746.456 43859.048
| TOTAL
i..........
360541.392 46438.918
TABLE 2.8.2.
Subtracting these contributions from the respective energies 
of Table 2.8.2 and then using the Rayleigh equation gives
^ X
= 2 8965 . 002 x / 16 1041.073 - 4643 8.91 8 
V500770.992 - 360541.392 
2
= 23671.55 rad./sec .
This value is extremely close to the 3rd modal value of 
a
as 23399.326^ shown in Table 2.3.2(d) and immediately 
converges to it upon further iteration.
The simple branched system, Example B, has thus 
demonstrated the development of the Rayleigh Principle 
into a powerful and effective analytical tool by the 
addition of the modal energy extraction technique. In 
the example chosen, failure of the basic process, by return 
to a previously determined solution, has been overcome 
and freedom has been given to continue the analysis to 
further desired solutions.
COMPILATION OF THE DIGITAL COMPUTER PROGRAM
3.1. General Description
The proposed method for the comprehensive analysis
of natural frequencies and normal modes of torsional 
♦
systems, as described in the preceding Section 2, 
has been implemented by the development of a 
digital computer program, LR66. The program is 
written in FORTRAN language and has been designed 
for execution on an IBM 360 or 370 series computer, 
or any other type having similar capabilities. 
Maximum advantage has been taken both of the 
automatic features of the proposed method of 
successive solution and of the characteristic 
potential of modern computing facilities, thereby 
producing a program possessing simplicity in its 
organisation and use, and which is capable of 
running with high speed and accuracy to the desired 
end-point, without external intervention.
The structural organisation concept of a 
torsional dynamic system, as indicated in Section 4 
of the Introduction, provides a convenient form 
for the internal arrangement of the program, 
together with simple rules for the user to apply 
the program with equal facility both to straight- 
chain systems and to branched configurations of a 
high level of complexity. This concept also 
affords the user flexibility of choice of starting 
and terminating stations in many system arrangements, 
so enabling a preferential sequence of solution to 
be initiated, where experience may be appealed to 
for guidance.
The scope for system organisation has been
retained at the level of a notional "through-route", 
to which simple primary side branch sections may be 
joined with freedom. The great majority of practical 
installations are capable of systematic arrangement 
within this framework and it is rare to find a system 
which demands consideration of secondary or "nested" 
branchings, or even looped configurations.
Accordingly, the decision to- omit the capability for 
dealing with such arrangements was fully justified. 
However, the structural concept can be extended' 
in this respect without any inherent difficulty; 
incorporation, should the need arise, would merely 
demand a higher level of complexity in the program 
organisation.
Similarly the adopted approach imposes no 
inherent limits on the size of the system or the 
numbers of its branches and junction points. For 
purely practical purposes the maximum numbers of 
inertias and constituent sections of a system 
have been set at 200 and 20 respectively in the 
program, catering for adequate scope of detail and 
realistic modelling of the largest practical 
installations.
Since the repetitive routine arithmetical steps 
of the process are organised broadly on the Holzer 
tabulation principle within the program, it follows 
that, as each analytical solution is obtained, the 
associated natural frequency and modal characteristic 
values are immediately available as computed 
results in a form suitable for output presentation, 
either as a desired end or as a data base for
subsequent estimates of vibratory magnitudes by the 
"dynamic magnifier" or similar simplified conventional 
methods.
The program accepts the dynamic system input 
data as a numbered list of mass moment of inertia 
and shaft stiffness values, all referred to a 
particular shaft speed and expressed in any scheme 
of consistent units. The input data also includes 
a coded organisation of the system in terms of 
sections, each designated as "starting", "branch" 
or "continuation", and given reference numbers 
indicating
(a) the sequence of numbered inertias and shafts 
involved
and
(b) the structural position of the section in relation 
to the other members within the complete system.
The extent of the analysis performed by the 
program is controlled by user-specification of the 
desired upper limit of the frequency range and the 
total possible number of modes for the system.
The analysis terminates when all the natural frequencies 
lying below the specified limit have been found, or 
alternatively, when all the possible solutions have been 
exhausted.
The program is activated by a selected input 
starting frequency, which may take any value, although 
preferably close to a suspected natural frequency.
The proposed modified Rayleigh-Holzer iteration then 
proceeds to the first solution, converging on the
most attractive or powerful modal frequency, as 
determined by the chosen arrangement of the system. For 
the first solution, the Kinetic energy contribution of 
the “rolling" mode only is extracted at each round of 
iteration before equating energies in order to obtain
/ N 2the next trial value of W  . The iteration ceases 
when the particular modal frequency has been obtained 
to the specified criterion of accuracy. The 
criterion is expressed as the ratio of corrected
energies departing from unity by an error of less
-14 .than 0.5 x 10 , this accuracy being purely arbitrary.
Having obtained a natural frequency solution, 
the associated normal modal shape is scanned to
count the number of nodes and an entry is made in
the appropriate nodal count store. In turn, these
stores are then scanned for zero entries to
determine the lowest gap in the ascending sequence of
nodes. When the first gap in the sequence is
detected, the number of nodes immediately adjacent
are noted and the mean of the corresponding modal
/ v 2 . .values of uj is evaluated as the starting point 
for the next iterative solution. This process 
provides an artificial bias towards obtaining the:; 
lowest modes first. Modal energy contribution 
factors are computed from the modal solution data and 
stored for use in the energy extraction process 
during subsequent iterations to new solutions. The 
natural frequency value is compared with the 
specified upper limit and if it is equal to or below 
that value, the associated set of modal data is 
stored for print-out; otherwise it is discarded.
The foregoing procedure is repeated by the 
program for subsequent solutions, in each case the 
iteration being initiated by the newly pre-determined
y x 2
starting value of CO . However, for all solutions 
after the first, the energy extraction feature of the 
modified Rayleigh iterative process involves taking 
out the cumulative contributions of all previously 
determined modes after each round and applies to 
both Kinetic and potential energies.
The program run reaches a natural end to 
the analysis when the desired complete sequence of 
modes has been computed. However, in order to 
avoid wasted computer time, provision is made in 
the program for rare fault conditions. Consequently, 
the run will abort if iterative convergence in any 
solution is not achieved within 30 rounds, or if the 
convergence returns to a previously determined mode 
having the same number of nodes.
The program is provided with an optional 
iteration trace facility, which may be called for by the 
user in the initial control coding. This facility 
produces a trace print-out in each sequence of 
iterative convergence, recording for each round of 
the process the current value of Q  and a rational 
factor indicating the change in this quantity. The 
trace is a useful diagnostic feature, showing for 
each solution the relative rapidity and the course 
of the iterative convergence.
Following the initial print-out of the input 
data giving full details of the dynamic system 
and its structural organisation, the program prints
out a table of detailed modal data as each natural 
frequency solution is obtained. During the iterative 
calculation towards each solution the program starts 
with unit amplitude at the first inertia station. 
However, the user may elect in the coding to place the 
unit modal amplitude at any station in the system and 
the program rescales all the modal data quantities 
accordingly prior to printing out each modal table.
Each modal print-out records the number of 
nodes, the natural frequency and tu t followed by 
a table listing, for each mass station, the relative 
amplitude inertia torque summation and the product 
Jj . 0 j . Regarding the last-mentioned quantity, 
a summation of these values for the whole system is 
recorded at the end of the table and is available 
if required for "equilibrium amplitude" calculation 
in conventional simple methods of vibratory 
magnitude estimation.
Where the latter approach is adopted it is 
necessary to have modal vector summations as a measure 
of lumped engine cylinder exciting torques. This 
feature is catered for in the program as an option, 
in which case the user must include the appropriate 
data in the initial problem coding. Provision is 
made for 2 and 4-stroke cycle engines and any 
inertia station in the system may be indicated as
a crank-throw having 1 or 2 cylinders, (in-line or
►. / , . . .
Vee engines). The relative firing angle crank
positions must be coded in the input data. The 
program then computes for each modal solution the
vector summations for all the harmonic orders or 
half-orders specified by the user, and these are listed 
after each modal print-out table.
3.2 Preparation of Program Input Data
The details of the computer program, presented in the 
form of a FORTRAN listing, are dealt with in the next 
section, (3.3).
#
It is convenient, however, at this stage to 
introduce the associated nomenclature of coding, as 
an aid to better understanding of the organisation 
and procedural steps in the program. With this in 
mind, the following notes are included here, although 
they are essentially in the form of instructions for 
the guidance of the intending user when preparing the 
problem data for computer implementation.
When using the program the necessary computer 
input data for a particular problem are assembled in 
a standard manner, by entries on special coding sheets, 
as illustrated on page A^.... This information is 
then reproduced on standard 80-column punch cards 
for acceptance by the computer Card-Reader.
TITLE CARD The title of the problem may be accommodated in columns 1 - 54 of the first data card.
2nd Card - Control Variables
N
13
Cols. 1-3
Total number of inertia stations in the 
equivalent dynamic system.
The maximum number is 200.
NCYL
13
Cols.4-6
Total number of all the cylinders of the 
engine (s) in the system.
NSTR
13
Cols.7-9
Type of engine cycle - (2- or 4-stroke, 
single acting.) Enter '2' or *4'.
LC
13
Cols.10-12
Station number of the reference inertia in 
the system at which the standard unit 
amplitude is required for each mode of 
vibration.
NVEC
13
Cols.13-15
Indicator to show whether or not modal vector 
summations are required for use in subsequent 
magnitude of vibration calculations and, if 
so, the type of engine cylinder formation.
'0* —  No vector summations required.
*1' — In-line engine cylinder arrangement. 
*2' — 'Vee' engine cylinder formation.
NQRD
13
Cols.16-18
Upper limit of the number of harmonic orders 
or half-orders for which vectors summations 
are required.
NSECT
13
Cols.19-21
Total number of sections, or chains of 
inertias which constitute the complete dynamic 
system. (Enter * 1 • for a straight unbranched 
system).
NMOD
13
Cols.22-24
Total possible number of modes of vibration 
for the system, including the zero-frequency 
rolling mode. (That is, the total number 
of flexible shafts in the system, plus 1.)
ITRAC
13
Cols.25-27
Enter *1' if the trace facility is desired. 
This trace records the essential details of 
each round of iteration in the progress 
towards the isolation of a particular modal 
frequency.
Dynamic System Data Cards. (One card for each station)
MN
?4
Cols.1-4
Engine cylinder marker.
*0* —  Reference station is not a cylinder 
position.
'I1 —  One cylinder at reference station. 
'2' —  Two cylinders ('Vee1 formation)
DESCRIPTION 
Cols.7-20
Columns 7 to 20 on each data card are available 
for a brief descriptive identification of the 
inertia at that station.
W
F 10.3 
Cols.21-30
Polar mass moment of inertia, referred to 
crankshaft or reference shaft speed, 
concentrated2at that station. Units may be 
in lb.in.sec or Kg.cm.sec .
C
F 10.3 
Cols.31-40
Torsional stiffness of the shaft section 
immediately following the inertia station, 
referred to crankshaft speed. Units must be 
consistent with those used above for inertia, 
that is, 106 lb.in./rad. or 106 Kg.cm./rad.
The value for the last station of each section 
of the system should be zero. A zero value 
quoted for a shaft element within a system 
section implies complete rigidity.
FANGA 
F 10.3
Cols.41-50
FANGB 
F 10.3
Cols.51-60
FANGA AND FANGB provide for the entry of the 
appropriate cylinder firing angle(s) for one or 
two cylinders as specified by MN, and if 
harmonic excitation vector summations are 
required by NVEC. The angles are based on 
360 , (two-stroke), or 720 (four-stroke) cycles.
System Organisation Data Cards
Each section of the dynamic system requires a separate card 
giving the control specifications listed below. The 
maximum number of sections is 20.
No cards are required if the system is unbranched 
or single-sectioned.
1
MST
13
Cols.1-3
Station number of starting inertia in each 
section of the system.
MFIN
13
Cols.4-6
Station number of the last inertia in each 
section.
LAB
13
Cols.7-9
Indicator for the type of section 
'O' = Starting section.
11• = A stem or continuation section. 
'2' = A branch section.
MRE
13
Cols.10-12
Station number of the reference or junction 
inertia on the main system to which the branch 
or continuation section is joined.
No entry is required for the starting section.
Frequency Parameter Card
FS 
F 10.3
Cols.1-10
Starting frequency, (v.p.m.), for the process 
of natural frequency analysis.
The value chosen need not be less than the 
estimated fundamental frequency, since the 
process is not of the frequency scanning type.
FF 
F 10.3
Cols.11-20
Upper limit of frequency below which it is 
required to obtain all the natural frequencies 
and modes.
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PROGRAM LR66
NATURAL TORSIONAL FREQUENCY FROGFAM FCR BRANCHED SYSTEMS 
DIMENSION W(200)*C!200)*THETA!200)*SUM!20 0)*CONTRI200)*NODE(200), 
1MEG2(200)* MST(20)•MFIN!20),LABI 20)*MREI20), NBRI20)*SCAL(20).LB(20 
2)*F ANGA(200)* FANGBI200)*MNI200)
DIMENSION TITLE!14)
DOUBLE PRECIS ION SUMW.CONTR.WW*TTT, VVT.T*THETA • SUM*TT«TRQ.VV* TWIS 
DOUBLE PRECISION DELT* SCAL*SCAL2 #TTR• VVR* OMEG2* DIF* QA*QB.TTCOR,ZA 
DOUBLE PRECISION VV CGR *CRIT * F • W WL* WWH *SCALE * WWF * W « C * TOT
1 READ!5* 20 0*END=999)TITLE 
WRITEC 6*300)TITLE
READ ( 5 *201)N•NCYL# NSTR*LC *NVEC» NGRD•NSECT *N MOD*ITRAC 
IF(NVEC—1)61 * 62» 63
61 WRITE (6,202)
GO TO 65
62 WRITE(6#216) NCYL# NSTR 
GO TO 64
6 3 WRITE!6*217)NCYL.NSTR
64 ASTR=NSTR
CONV=* 3.490659E—01 / ASTR 
WRITE!6,218)
LA=0
65 SUMW=0•0 
DO 2 J=1 ,N 
NODE!J)=0
READ(5* 20 3)MN(J) ,W(J) *C ( J)# FANGA!J)*FANGB IJ )
SUM W=SUMW4-W ( J )
IF!NVEC)66 *66 #67
67 IF(MN(J))66*6 6 * 68
68 LA=LA+1
l b(l a 5=j
IF(MN(J)-1)66*69,70 
70 WRITE!6,203)J*w!J),C(J)*FANGA!J).FANGB!J)
FANGA!J)=FANGA(J)*C ONV 
FANGB!J)=FANGB(J)*CCNV 
GO TO 2
69 WRITE!6*203)J *W(J)* C!J)* FANGA!J)
FANGA!J)=FANGA!J)*C CNV
GO TO 2
66 WRITE!6,203)J*W!J),C!J)
2 CONTINUE
IF!NSECT-1)3*3*4
3 MST!1)=1 
MFIN!1)=N 
LAB!1)=0 
NF=N
GO TO 5
4 WRITE (6*204)
DO 60 J=1•NSECT
READ !5*201)MST!J).MFINIJ),LAB!J)*MRE!J)
60 WRITE !6*205)J*MST(J),MFIN!J)*LAB!J),MRE(J)
NF-NMOD
5 NO=l
CONTR!1)=1•0/SUMW 
NODE!1)=1
0MEG2C11=0.0
6 READ (51 206 IF S *FF 
WWF=FF*FF*.109662270-07 
WW=FS*FS*.10966227D-G7
7 K=1 
K A= 0
8 TTT=0.0
V VT =0.0 
LBR = 0 
T=0 . 0
DO 9 J=l*NSECT 
N ST = MST(J >
NFIN=MFIN(J)
NSTA=NST+1
IF (LAB!J )-l)10*11•10
10 THETA(NSJ1=1.0 
SUM < NST)=WW*W(NST)
TT=SUM(NST)
GO TO 12
11 NREF=MRE(J)
THETA(NST)=THETA!NREF)
TRQ = WW*W(NST)*THETA(NST)
SUM ( NST ) = T-t-TRO 
T=0 • 0
TT=TRQ*THETA<NST)
12 VV=0.0
DO 13 L=NSTA * NFIN 
IF(C!L-1) )34,32,34 
32 THETA(L) = THETA!L—1)
GO Vo 35
34 TWIST=SUM(L-11/CCL-l)
VV= VV+TWIST *SUM(L—1) 
THETA(L)=THETA(L-1)-TWIST
35 TRQ=WW*W(L)*THETA!L)
SUM C L) = SUM(L—1)+TRQ
13 TT=TT+TRQ*THETA! L)
DELT=SUM(NFIN)
IF (LAB(J)-l)14,14,15 
15 LBR=LBR+1 
NBRC LBR) = J 
NREF=MRE(J)
SCAL(LBR)=THE TA(NREF)/THETA!NFIN) 
SCAL2=SCAL!LBR)*SCAL(LBR) 
DELT=DELT*SCAL(LBR)
VV=VV*SCAL2
TT=TT*SCAL2
14 T=T + DELT 
TTT=TTT+TT
9 VVT=VVT+VV 
TTR = 0•0
V VR = 0 • 0
DO 16 1 = 1 * NO 
DIF=0MEG2!I)-WW 
QA=T/DIF
QA=QA*QA 
QB=QA*CONTR(I)
ttr=ttr+q b *ww
16 VVR=VVR+QB*0MEG2( I )
TTCO R=TTT—TTR 
VVCOR=VVT-VVR 
CRIT = VVCOR/TT COR 
WW=WW*CRIT 
CRIT=CRIT—O.1001 
IF(I TRAC)17,17*18
18 WRITE(6*207)K,WW,CRIT
1 7 I F(DABS(CRIT >-0.50-14)1 9* 19,2.0
20 IFC 30—K )22* 22,21
21 K=K+1 
GO TO 8
22 WRITE (6,208)
WRITE (6* 207)K*WW*CRIT 
GO TO 55
19 IF (KA)23,23,24
23 KA=KA+1 
GO TO 8
24 ND=1
DO 25 L=1.NSECT 
NSTA=MST(L)+1 
NFIN=MFIN(L)
DO 26 J=NSTA,NFI N 
IF (THETA(J))27,28,25 
27 IF (THETACJ-l)>26,26,28
29 IF (THETA(J-1)>28,26,26
2 8 ND=NT)+1 
26 CONTINUE
25 CONTINUE
IF (NODE(ND)>31.30,31 
31 NOD=ND—1
WRITE (6,209)NOD,WW 
GO TO 55
30 N0=N0+1 
NODE{ND)=NQ 
0MEG2(N0)=WW
qa=ttt/ww
QB=THETA(N)*THETA(N)
IF ( LBR.152 ,52 ,57
57 IF (NSECT-NBR(LBR))52*58,52
58 QB=QB*SCAL2
52 CONTR(NO)=QB/QA 
ZA=WW*.1E+07 
F=DSORT(ZA)
F=F*.954929660+01 
NOD=ND-1
WRITE (6,210)NOD 
WRITE (6«211)F,ZA 
IF (FF—F)33,33,37 
37 WRITE (6,212)
IF(LBR)38,38*39
39 DO 40 L=1.LBR 
MBR= NBR (L)
NST=MST(MBR)
NFIN=MFIN(MBR)
SCALE=SCAL(L)
DO 41 J=NST,NFIN 
THETACJ)=THETA(J)*SCALE
41 SUM(J)=SUMCJ)* SC ALE 
4 0 CONTINUE
38 TOT=1,0/THETA(LC)
TOTAL=0.0
DO 42 J = 1«N
THETACJ)=THETA(J)*TGT
SUMCJ)=SUM(J)*TOT
WTH2=W(J)*THETA(J)*THETA(J)
T0TAL=T0TAL+WTH2
42 WRITE (6,213)J,THETACJ)•SUMCJ), WTH2 
WRITE (6,214)TOTAL
IFCNVEC-l136,71,71
71 IFCNSTR-3)72,72,73
73 WRITE(6,219)
GO TO 74
72 WRITEC 6*220 )
74 ORD=0,0
75 DO 77 K=1,NORD 
ORD=ORD+1,0 
SUM1=0,0 - 
SUM2=0.0
DO 78 1=1,LA
l =lb'c i)
IF(MNCL)-l)36,76,79
76 ANG=ORD*FANGA(L>
SUM1=SUM1+THETAC L) *SIN(ANG) 
SUM2=SUM2+THETA(L)*CGS(ANG)
GO TO 78
79 ANGA=ORD*FANGACL)
ANGB=ORD*FANGBCL>
SUM 1 =SUM1 +THETA(L)*(SIN(ANGA)+SINCANGE)> 
SUM2=SUM2+THETA(L)*CC0S<ANGA)+CGSCANGE) ) 
78 CONTINUE
SRT2=SQRTCSUM1*SUM1+SUM2*SUM2>
77 WRITEC 6,221)K,SRT2 
GO TO 36
33 IF CNF-ND)36,36,43 
4 3 NF=ND 
3 6 KB=1 
KC=0
44 IF CNODECKB))45,45,46
45 IF (KC)47,47,48 
47 KC=KC+1
MODL=NODEC KB-1)
WWL=0MEG2CMODL)
GO TO 48
46 IF C KC)48,48,49
4 9 MODH=NODE(KB)
WWH=0MEG2(M0DH)
WVI={ WWH + WWD/2.0 
GO TO 7 
48 IF ( KB-NF >53,54, 54
53 KB=KB+1 
GO TO 44
54 IF ( KC) 55’» 55* 56 
56 WW=(WWL+WWF)/2.0
GO TO 7
55 WRITE (6,215)
GO TO 1
999 WRITEC 6,222)
STOP
200 FORMAT(IX * 14A4)
201 FORMAT (1613)
202 FORMAT C/5H MASS18X7HINERTIA7X1HC)
203 FORMAT(14 *2X,14H ,2F10.3,2F10.4)
204 FORMAT(/29H SECTION FROM TO TYPE REF)
205 FORMATC1X14,5X13*2X13,2X13,3X13)
20 6 FORMAT (2F10.3)
207 FORMAT(/IX,13,2X,020 «12,2X,015*8)
208 FORMAT(//18H ITERATION FAILURE)
209 FORMAT(//I4H MODAL REPEAT ,13,2X,D20•12)
210 FORMATC*1*,///,13,5H NODE)
211 FORMAT(1 OH FREQUENCYF9.2,3HVPM9X12HANG.VEL. SQ El 5.8,8H/SEC/SEC)
212 FORMAT (/5H MASS8X5HTHETA10X5HSIGMA7X10HTHETA**2*J)
213 FORMAT(I4»F15.7»F15.4,F15.31
214 FORMATC 29X5HT0TALE15*8«13H LB—IN• UNITS)
215 F0RMAT(//4H END)
216 F0RMAT(/I4,11H CYLINDERS *I4,23H STROKE IN-LINE ENGINE,)
217 FORMAT(/I 4,11H CYLINDERS ,14,19H STROKE VEE ENGINE.)
218 FORMAT(/5H MASSl8X7HINERTIA6X1HC6X13HFIRING ANGLES)
219 FORMAT(/l1H HALF ORDER9XIOHVECTOR SUM)
220 FORMAT(/6X5H0RDER9X1CHVECTOR SUM)
221 FORMAT(5XI4,F20.5)
222 FORMATC////30X,•END OF LR 66•)
300 FORMATC•1',///,IX,14A4)
END
DISCUSSION OF THE RESULTS OF PRACTICAL
APPLICATION OF THE METHOD
4.1 The proposed method for torsional natural
frequency and modal analysis, described in Section 
2 of this Part, is developed into a practical' 
computing tool, program LR66, in Section 3. Some 
examples of the application of this program are 
dealt with in Section 1 of Part IV.
These examples typify the range of treatment 
required for the torsional vibration analysis of 
marine machinery installations of increasing 
complexity. They have been chosen to give a 
brief indication of the scope and suitability of the 
program for automatic computing in this area of 
work, together with the effectiveness and 
characteristic features of the method.
4.2 Referring to Part IV, Section 1, the first 
example considered, (1.1), is a simple straight- 
chain system having only eight inertias and 
representative of the older type of slow-speed, 
direct-drive marine propulsion machinery installation. 
As such, its natural frequency analysis poses
no.problems and its inclusion here may be viewed 
with some surprise. However, it is a system which 
has appeared frequently in previous works, (Refs.
24, 30, 32 and 26), where its characteristics have 
been discussed in relative detail, and its 
revival here affords scope for direct evaluation 
of the proposed method in comparison with other 
previously adopted analytical approaches. Further­
more, the treatment of this example demonstrates
many of the characteristic features of the method and 
the operation of the computer program and, in these 
respects, the simplicity of the system aids the 
clarity of illustration.
In each of the several treatments of this 
system the program automatically achieved the full 
set of seven solutions without trouble and with 
satisfactory economy of computation, as indicated by 
the minimal machine time required. The balance in 
the economy of effort must be assessed as the 
extra computation involved in each round of iteration 
being outweighed by the relatively small number of 
rounds required for convergence to each solution, 
having regard also to the high prescribed accuracy 
of solution.
Considering analysis by existing methods, the 
conventional Holzer technique could cope with this 
example quite adequately, since the natural frequency 
solutions are fairly evenly distributed but, overall, 
it is likely that more computation would be required 
in terms of a much larger number of incremental 
scanning and interpolative tabulations. However, 
the latest Holzer modification by Dawson and 
Davies, (Ref.27), could greatly reduce this volume 
of work, although solutions by this method would 
have an inherently limited accuracy. Since this 
example was chosen as an "all-out" solution it is 
likely that a matrix orientated method could 
compare favourably in this instance, but this 
approach would depend on the efficiency of the computer 
program used. In spite of the treatment of this
example by Crandall and Strang, (Ref.30), the basic 
Rayleigh-Holzer technique, which they used 
successfully to obtain the 2-node modal solution, 
would have great difficulty in obtaining the complete 
set of analytical results, even with constant manual 
intervention.
Comparison of the results set out in Tables 
1.1.2(a)-(g) and ■ 1.1.4 (a)-(g) clearly demonstrates 
the pronounced influence exerted on the conduct 
and sequence of successive solution by the initial 
arrangement of the equivalent dynamic system and 
particularly the choice of inertia station for the 
application of the fictitious exciting torque.
In the first set of results, with the system 
ordered to terminate with the placing of the exciting 
torque at the propeller inertia, the predominantly 
excitable mode is the 1-node fundamental at 254.6 
v.p.m. With this arrangement, irrespective of 
the choice of starting frequencies at 100, 5000 and 
9500 v.p.m. in the three runs, the proposed method 
invariably resulted in extremely rapid convergence 
on the powerful 1-node mode. This phenomenon is 
the more impressive when it is realised that the 
modal energy extraction process in the iteration to 
the first solution involved only the rolling mode 
and, furthermore, that the high starting frequency 
of 9500 v.p.m. was in close proximity to the 7-node 
mode. The three starting frequencies were chosen 
somewhat at random and it is possible that within the 
range of 100 to 9500 v.p.m. there exist very narrow 
bands, close to other natural frequencies, from 
which the starting iteration could be attracted to
converge on those solutions, rather than towards the 
dominant 1-node mode. However, since the method as 
a whole has proved so successful in operation, the 
detailed investigation of this possibility has been 
considered irrelevant to the present work, but could 
well provide an interesting topic for later research.
Turning to the results in Tables 1.1.4(a)-(g) 
for the system treated in the opposite direction 
it is seen that a different situation arises with the 
exciting torque placed at the engine free-end station. 
The powerful 1-node mode is no longer easily excited 
at this end of the system and, in its place, the
2-node mode assumes dominance. However, this appears 
to be less pronounced in relation to other modes, 
than is the 1-node mode in the first arrangement.
The trials starting from 100 and 2000 v.p.m. certainly 
lead directly to convergence on the 2-node mode 
frequency, but the 5000 v.p.m. start produces a 
different sequence, the initial convergence being to 
the 4-node mode at 5586 v.p.m. The latter case 
may involve a local band of convergence, since the 
starting frequency was reasonably close to the 4-node 
value. It is also significant that the 3-node mode 
was the next to be found, since, having eliminated 
the 4-node mode, the next automatically computed 
starting frequency happened to lie close to the
3-node solution, on which the iteration rapidly 
converged.
The iterative trace facility in the program, 
giving print-out details of each trial round
preceding each modal table, provides an informative 
guide to the sequence of solutions. In the present 
example, examination of these traces indicates that 
the first arrangement of the system, with the 
propeller inertia last, leads to a more efficient 
overall solution, requiring a total of 35 rounds of 
iteration as against 44 rounds for the reversed 
system treatment.
It may be noted that the modal tables of 
results for both arrangements of the system have the 
unit relative amplitude invariably at the No.1 
engine crank position. This feature is not 
associated with the method of analysis but arises 
from a final scaling process carried'out in obedience 
to the user's optional specification.
.3 Interesting analytical problems are presented
by the 25-inertia, symmetrical, straight-chain system 
treated in Example 1.2. This type of equivalent 
system arrangement is frequently adopted in the 
treatment of multi-engine branched installations having 
identical engine branch sections meeting at a common 
junction point such as the reduction gearing. It is 
a convenient organisational device for the separate 
analysis of the group of modes in which the identical 
branches vibrate against one another with a node at 
the junction point and any other sections of the 
system remain stationary. These particular 
centrally-noded modes are excited when the identical 
engine torque harmonics are in antiphase relationships.
The analysis of the engine-against-engine 
straight chain system should produce all the modal
solutions, which include those having antinodes as well 
as nodes at the central inertia and these two types 
tend to occur alternately up the frequency range. For 
the partial arrangement of systems envisaged above, 
only the noded modes are of interest, since the 
antinoded modes involve consideration of the complete 
branched system. Alternatively the symmetrical 
system could be taken as a realistic model of a 
complete installation, having engines on either side 
of a central inertia,such as a generator, in which case 
all the modes would be of interest for in-phase and 
anti-phase excitation.
From the analytical viewpoint, the interesting 
feature of symmetrical systems is, not only that the 
noded and antinoded modes alternate in ascending 
order, but that they tend to arise in pairs at 
frequencies which become increasingly close together, 
to the point of virtual coincidence. This character­
istic distribution of natural frequencies present a 
most extreme test of the analytical capability of any 
method of solution. The application of the 
conventional Holzer tabulation method based on residual 
torque consideration, in its original form or as 
any of its modified extended variants, could achieve 
limited success in isolating some of the solutions 
at lower frequencies, but would predictably fail in 
separating the paired solutions in the higher 
frequency range. Similarly the basic Rayleigh- 
Holzer technique would fail to an even greater extent. 
It is possible that a matrix orientated eigenvalue 
analysis approach could prove effective, but this 
would depend largely on the manner in which the 
program routine was organised and the degree of
numerical accuracy employed.
In comparison, the treatment of Example 1.2
by the proposed method in the form of computer
program LR 66 automatically obtained all 24 modal
solutions successfully with relatively little effort.
The details of the system are given in Fig.14 and
the print-out Table 1.2.2. The complete results
of the computer analysis are summarised in Table
1.2.1. which lists the modes in ascending order,
giving the corresponding natural frequencies, CO  ^ ,
the sequential order of solution and the number
of iterative rounds required to achieve each solution
A brief selection of full modal print-out results
is presented in Tables 1.2.3(a) to (g), the first
four being in the actual order of solution from the
initial starting frequency of 2400 v.p.m. Taken
collectively these results clearly demonstrate the
power of the method and its remarkable ability to
separate the paired modes at almost identical frequen
cies and yet with identifiably distinct modal shapes.
Tables 1.2.3 (f) and (g) for the final pair of modes
are particularly impressive in this respect, their 
. v 2 . .
values of Co being distinguishable from "double 
roots" only by the high accuracy adopted in the 
iterative trace records and their characteristic shap 
being "noded" and "anti-noded" respectively.
Additionally, in the treatment of Example
1.2 the engine vector summation facility was invoked.
For this purpose the relative firing crank angles
for the two 9-cylinder, 2-stroke engines were
ospecified as 180 apart. Accordingly the vector
summations for harmonic orders 1 to 12 were computed and
printed out after each modal table. These are included
with the selected Tables 1.2.3(a)-(g) and it will be
noted that the "noded" modes, that is, those with an
odd number of nodes, are excited by the odd-numbered
harmonics, the even-numbered harmonics causing vector
ocancellation as a result of the engines firing 180 
apart.
The first application of the method to the 
natural frequency analysis of a branched system is 
given in Example 1.3. The system chosen was typical 
of a modern integrated trawler machinery installation, 
the medium speed, 4-stroke oil engine providing 
propulsion power through reduction gearing, the latter 
also incorporating power take-off wing drivels to 
generators. The equivalent system is shown in Fig.15 
and its organisation for computing is indicated in 
print-out Table 1.3.1. These specifications of the 
system illustrate the capacity of the program, LR66, 
for realistic and detailed modelling of the equivalent 
dynamic system in the analysis of such installations.
Furthermore, the organisation of the system 
for computing was chosen to have a five-section, two 
junction point configuration, comprising a starting 
section from the engine to the gearing, two generator 
branches joining at the gearing and two continuation 
sections representing respectively the layshaft and 
the propeller line shafting, terminating at the 
propeller inertia. In this case preference was given 
to solutions for those modes most easily excited at 
the propeller. However, the structural organisation 
concept featured in the method offers great versatility 
in the organisation of the system for analysis, and
starting and terminating points could have been specified 
with a wide variety of permutations of the free ends.
The terminal inertia could also have been chosen as one 
of the junction points if considered desirable.
This example was also used to demonstrate a case 
of analysis in which it was not required to obtain a 
complete set of solutions, this being arranged by 
specifying an upper frequency limit of 10000 v.p.m.
The computer run was started from a frequency of 
300 v.p.m. and the desired results were successfully 
obtained with only minimal wastage of effort, having 
regard to the extreme rapidity of solution. The 
complete sequence of modal print-outs is given in 
Tables 1.3.2(a) to (g), from which it is noted that 
the first four natural frequencies were isolated in 
correct ascending order. These were followed by the 
7th, 9th and 17th modes, all having natural frequencies 
above the specified limit. Finally the 6th and 5th 
modes were obtained with frequencies below 10000 v.p.m. 
and, since the 7th mode had already been identified 
above this limit, it was confirmed that the desired 
set of results had been obtained. The economy of 
computing is measured by the total of 55 rounds of 
iteration, including the penalty due to isolating the 
superfluous 9th and 17th modes? and this would compare 
favourably with any other method.
The first three worked examples have provided 
brief, but adequate material for practical evaluation 
of the effectiveness of the proposed method for 
natural frequency analysis, together with the scope 
and rapidity of automatic operation of the associated 
computer program. The final example, 4.1, also
demonstrates many of these features, but has been 
included rather as an indication of the practical 
techniques adopted in the treatment of more complex 
branched systems. The equivalent system shown 
diagrammatically in Fig.16 is a typical representation 
of a modern multi-engine, medium speed integrated 
marine machinery installation. The port and 
starboard 7-cylinder engine sub-systems are identical, 
each having a forward-end power take-off drive 
through gearing to a generator. However, the central 
aft engine has 9 cylinders. All three engines are 
fitted with free-end spring dampers and may be 
clutched into common propulsion reduction gearing 
in a variety of combinations according to operational 
requirements.
This system could be organised within the scope 
of program LR66 for the natural frequency analysis of 
all the possible modes. However, to illustrate the 
alternative approach for systems having identical 
branches or sub-systems, it has been postulated in 
Example 1.4 that it is required to find all the modes 
up to a frequency of 13500 v.p.m. which have antinodes 
at the gearing? that is, those modes excitable by 
the engine harmonic excitations all in phase. The 
analysis of modes with nodes at the gearing and 
involving only the two identical engine branches 
in antiphase would be the subject of separate treatment 
similar to Example 1.2.
Accordingly, the technique here is to combine 
the two identical engine sub-systems by "lumping" 
together their inertias and stiffnesses and thereby 
reduce the complexity of organisation to a five-sectioned,
two junction point system as detailed in Table 1.4.2.
As a further variation, the system was organised to 
terminate at the gearing junction point rather than at 
a free-end inertia. Having regard to the remarks made 
previously concerning the theoretical advantages of 
placing the fictitious excitation at a free-end, this 
arrangement should have increased the difficulty of 
solution, although this limitation was not discerned 
in the results.
The computer run was initiated from a starting 
frequency of 500 v.p.m. and was successfully completed 
in 4 seconds of active computing. In this time the 
desired set of solutions, comprising 25 modes, lying 
below 13500 v?p.m. was achieved and its completion 
verified by the location of the 26th mode above the 
specified limit. The essential details of the 
sequence of solutions are given in Table 1.4.1, from 
which the effectiveness and economy of effort 
displayed by the method may be judged, taking account 
of the overall number of iterative rounds and the 
absence of any unrequired higher frequency modal 
solutions.
PART II
THE CALCULATION OF TORSIONAL VIBRATION 
CHARACTERISTICS WITH GENERALISED 
EXCITATION AND DAMPING
• SURVEY OF EXISTING METHODS
The basic principles necessary for the development 
of techniques for the calculation of the generalised 
forced-damped vibration characteristics of torsional 
systems, in which the sources of excitation and damping 
are considered in detail, have existed for over fifty 
years and are rightly credited to Holzer's work in 1921, 
(Ref: 7).
The name of Holzer is understandbly more familiar 
in connection with the well known tabulation process 
for evaluating the undamped natural torsional frequencies 
and vibration modes of multi-mass systems, since this 
technique, used in conjunction with the energy balance 
conceptfbetween lumped excitation and overall damping 
dissipation, formed the standard basis of torsional 
vibration analysis for many years and remains today as 
an effective method for investigating the resonant 
conditions of simpler systems.
On the other hand the development of detailed 
forced-damped techniques was not actively pursued until 
the 1940's, largely due to insufficiently reliable 
experience in assessing the magnitudes and nature of
discrete sources of damping, and possibly also due to 
the lack of suitable means for carrying out the 
associated lengthy and laborious calculations. The 
demand for this more complex and detailed treatment of 
torsional problems arose with the increasing 
adoption of specially designed damping devices and 
the better understanding of damping generally. It 
also coincided with the rapid development of the 
mechanical and electro-mechanical desk calculators.
One of the first to consider appreciable 
discrete damping in the equations of motion for a 
multi-mass system was O'Connor in 1946, (Ref;39 ).
He introduced a single concentrated damping term at 
the beginning of the equivalent system, as a 
preliminary step in the production of a subsequently 
simpler method for estimating the optimum performance 
of the Houdaille untuned viscous damper. His 
solution for the equations of motion was achieved by 
a matrix determinant process.
However, a more important contribution was
made later in the same year by Den Hartog and Li,
(Ref:40 ). They referred to Holzer's original work
and showed how the conventional undamped frequency
table could be extended to incorporate discrete
external and internal viscous damping terms. In
thgeneral^this was achieved at each j position m  the
2system by replacing the inertia torque J. tO by
2 ^(j.u> - j to c .) and shaft stiffness K. by (K. + jtoh.).3 3 3 3 3
In this process the Holzer table concept was closely
followed, since the starting amplitude was taken as
unity and the residual torque emerging from the end
was considered as the measure of exciting torque necessary 
to maintain steady-state vibration. Den Hartog and Li 
observed that, as a result of the manner of introduction 
of the damping terms in the table, most of the calculated 
figures would be complex numbers, unlike the purely real 
values of the undamped case. This applies equally to 
the residual torque, which consequently could not 
become precisely zero, but instead would have minima at 
certain values of CO , these being referred to as 
"damped natural frequencies". The main purpose of 
their paper was to investigate the effect of damping in 
causing these damped natural frequencies to shift away 
from their undamped counterparts. Apart from the 
residual torque, no other sources of excitation in the 
system were considered, and it is possible that this 
accounts for the Authors 1 adoption of complex number 
notation in their procedure, particularly in spite of 
having initially remarked that the motions of the system 
with damping would be of the general form,
® j = A.: . sin CO t + B . * cos t.
 ^ J
The writer considers the use of complex number notation 
in this context to be an unnecessary and unfortunate 
mathematical complication, which has been adopted in 
the works of later investigators. Possibly this 
trend would not have persisted if Den Hartog and Li had 
initially considered several discrete excitations, in 
which case they might have been inclined to express 
the phase relationships of the excitations and system 
responses in simpler trigonometric forms.
The next major advance in this field came in
1949 and is attributable to Spaetgens, (Ref: 13). 
Starting more or less at the stage reached by 
Den Hartog and Li, Spaetgens proceeded to develop 
numerical techniques for the treatment of forced-damped 
torsional vibration analysis in almost complete 
generality. An extended Holzer tabulation procedure 
was still followed, but provision was now made for 
the external imposition of harmonic exciting torques 
at many points in the system and their phase 
relationships could be arranged to simulate the cyclic 
torque regime acting on a typical reciprocating engine 
crankshaft. As in previous methods provision was 
made for external and internal damping acting 
discretely through the system. The generality of 
the method was further increased by its equal suitab­
ility for the investigation of non-resonant as well 
as resonant regions of frequency or engine speed.
The potential scope of the method was clearly 
illustrated by several examples worked in detail.
However* Spaetgens* paper once again raises 
the issue of complex number notation. Study of the 
worked examples reveals an odd mixture of notations 
where the excitation phases are retained in their 
trigonometric form, yet the steps in the tabulation 
procedure are carried out in the complex notation.
It should also be noted that the system responses, 
as calculated,are referred to a datum time 
representative of the motion of the first mass in the 
system. This convention is somewhat unrealistic 
from a practical viewpoint, particularly when the 
first mass happens to be the seismic ring of a 
viscous damper.
Apart from the ever constant desire to produce 
more discerning calculating tools for torsional 
vibration analysis, added impetus in this direction was 
provided by the development of the digital electronic 
computer in the 1950's and its increasing availability 
in the early 1950's for performing the laborious and 
lengthy calculations with extreme rapidity. As a 
result there appeared at that time several papers 
devoted to, or including details of computer programs 
suitable for torsional vibration analysis.
Possibly the first important paper of this 
nature was produced by Sarsten in 1952. (Ref:14).
A detailed description of the program was provided 
and its working illustrated by particular examples.
The program was based on the extended Holzer complex 
number procedure, as used by previous Authors, and 
was relatively versatile, catering for the location 
of "damped natural frequencies" by examination of 
the complex residual torque? the general forced-damped 
analysis with external harmonic exciting torques ? 
and even providing for the simplification of the 
linear regions of systems containing non-linear 
elements, for subsequent approximate treatment of the 
non-linear aspects. Also, for practical purposes, 
the program was more realistic, since the procedure 
was so organised that all the system response 
phase relationships were referred to a datum position 
or time for a selected engine crank, rather than the 
first mass. This introduced a direct causal 
relationship based on excitation.
In 1963 papers by #rbeck, (Ref: 15) and
Archer, (Ref: 16) included detailed listings or flow 
diagrams for computer programs having very similar 
capabilities for detailed forced-damped torsional 
vibration analysis. In the latter paper the 
particular program was the second in a suite of 
three, designed to cater in turn for harmonic analysis 
of engine cylinder turning moment curves, followed by 
forced-damped system response analysis for individual 
harmonic orders and finally the synthesis of all the 
harmonic torque responses in each shaft.
It is opportune at this point, having just 
mentioned the computer programs described in the works 
of Sarsten, 0rbeck and Archer, to revert to the 
question of the general treatment of phase 
relationships. Phase, in itself, is insufficient 
unless defined or qualified as being a "lead" 
or a "lag", related to an identifiable datum. In 
the case of Sarsten this distinction is not clearly 
made and it is therefore uncertain whether his phase 
considerations, both for excitation and response were 
correct. The use of complex number notation did 
nothing to clarify the situation.
By comparison, 0rbeck was careful, firstly 
to express the Fourier analytical torque series as
oo
T = T0 + Tn * sin (ni*>t + £n),
n = 1
which correctly implies that each basic harmonic 
phase angle, n* if positive, represents a phase
lead. Secondly, he stated the importance of noting 
that relative crank angles were positive in the
direction of rotation, implying logically that sequential 
firing angles for the several cylinders relative to the 
datum should be entered as program input with negative 
signs, thereby correctly treating them as phase lags, 
which was consistent with the subsequent analysis.
In the case of Archer's paper there was, once 
again, a degree of ambiguity concerning the intended 
phase relationships between harmonic exciting torques 
applied at the several cranks, resulting from the 
definition of crankshaft angle, but, on balance, the 
interpretation must be that the treatment of relative 
phases was inconsistent with the subsequent analysis.
This concern with the true phase relationships 
may be considered somewhat inconsequential, as it may 
be argued that, even if the incorrect sign convention 
is adopted at the program input data stage, the 
resulting system responses, in terms of computed 
vibratory amplitudes and torques, will still be 
correct in magnitude and will merely suffer a 
"mirror-image" type of phase reversal. This view, 
however, is erroneous since the writer has 
demonstrated by several typical sets of calculations 
with reversed-sign phase relationships, that the 
responses are measurably altered in both magnitude 
and phase in the case of minor engine order excitation 
with damping present. The respective values are 
identical for both treatments only when major orders 
are involved, or in the absence of any damping.
It is for this reason that the writer has 
adopted a rigid convention for phase relationships,
starting from the fundamental definition at the 
harmonic analysis stage and maintaining it throughout 
the subsequent treatment of the dynamic system to 
obtain the resulting responses. Likewise complex 
number notation has purposely been avoided since this 
tends to detract from the practical visualisation and 
interpretation of the final results. This approach 
is even more important when dealing with branched 
systems, which may have excitations applied in more 
than one section of the system, and extreme care is 
necessary in setting up the correct phase 
relationships.
The foregoing survey covers previous notable 
work in the field of forced-damped torsional vibration 
analysis, but such work was restricted to the 
treatment of straight or unbranched dynamic systems.
By 1970 it was known informally that several 
researchers were actively pursuing the subject in 
the direction of methods for treating systems of 
complex branched arrangement, but to the writer's 
knowledge no published work had appeared at that time. 
This situation, in fact, was the prime reason for 
embarking on the present project, particularly in 
view of the increasing need to provide computer 
facilities, capable of analysing branched-configuration 
machinery installations in detail.
It should be mentioned, however, that in the 
interim period, a paper by Gray and Edwards was 
presented in January 1974, (Ref: 41), describing 
a computer program facility developed at the 
Computer Aided Design Centre, Cambridge, which, 
with regard to the analysis of branched systems,
apparently had the necessary capabilities. Superficially, 
the theoretical approach adopted appeared to have novel 
features, being based on the electrical analogy for 
"in-line ladder" networks. Thus, basic features of 
the system such as inertia, stiffness and damping were 
represented by 2 x 2 complex number "transfer matrices". 
Torques and amplitudes were arranged as 2 x 1 column 
vectors. The equivalent of a conventional Holzer 
chain process was achieved by a succession of 
multiplications and additions of these simple matrices. 
Having dealt with each branch chain of inertias in 
this manner, joining up was arranged by setting up 
further "junction matrices", the size of the latter 
depending on the number of branches, and thei r number 
depending on the number of junction points. Essentially, 
apart from difference in notation, the process appears 
to be merely another way of expressing a complex number 
Holzer chain calculations. It would also appear to 
have inherent limitations, since system configurations 
having different numbers of junction points would seem 
to require definition as different types of problem 
and consequently separate treatment in the computation.
In the writer's view the method, in general, is 
unlikely to find favour amongst the majority of 
practical vibration engineers. Extreme ease of 
preparation of the associated input data is claimed 
for this method, but it is suspected that this is 
based on mechanical obedience to rigid rules, rather 
than a direct appreciation of the physical nature 
of the problem or of the quantities involved? an 
opinion applying equally to the resultant output.
DERIVATION OF THE PROPOSED METHOD
2.1. General Principles of the Chain Procedure
The essential features of the typical idealised 
multi-mass torsional system, whose vibration 
characteristics are to be analysed, are as 
illustrated and specified in 4.2. of the 
Introduction.
In general form, the method of solution 
presented here follows the concept of the familiar 
extended Holzer tabulation technique, such as used 
in previous works, (Refs: 14, 15 & 16). However, 
unlike most previous treatments, the complex 
number notation is avoided, a trigonometric form 
being preferred. This departure presents no 
basic difference, the results being identical, 
but merely serves to preserve the continuity of 
approach, following naturally from the causal 
relationship with harmonic excitation, particularly 
with respect to phase.
The 3-mass system considered here provides 
adequate generality, in terms of the representative 
features of multi-mass systems, for the purpose of 
deriving the method and indicating the essential 
procedural steps for solution.
The system has a mean angular velocity of rotation,
SL rad/s ec. or N  r.p.m., to which the
sinusoidal exciting torquet applicable at each of
tlithe concentrated inertias, is related as an n 
order harmonic. Although each set of exciting
torques, in total, may comprise many harmonics,
. ththe system is treated separately for each n
til
order harmonic component in turn. Thus each n 
order exciting torque is expressed generally as
T j ( t ' )  = | T | j .  s in  C u ) t  +  Y} ' )  f
in which the common frequency of forced excitation, 
CO = n. ,fL rad/sec.
If the exciting torques are such as those 
imposed at each cylinder position of a 
reciprocating engine, it is assumed that there 
will be a common phase lead angle, obtained
from harmonic analysis, which relates each torque 
to a datum time, such as the T.D.C. position 
for the respective cylinder. In turn, the phase 
relationships between the exciting torques 
applied at the several cylinder positions are 
determined by the respective crank angles ,
relative to one chosen datum cylinder, in their 
normal firing sequence. Accordingly, the 
combined phase angle, Yi = ir\ C^)j #
For analytical purposes the exciting torques are 
separated into their sine and cosine components 
of uit # or
T j (t) = P y sin tot + Qj cos , where
Pj = | T |j cos Y* and Qj = I T Ij • Y j *
The equations of motion for the 3-mass system, 
expressed as balances of -torque acting on each 
inertia, are
J , © >  c,©, +  h,(er © 2) +
s P| sin. to t 4- Q  t cos to fc  i
J2 © z + C 2 © z  - W ,(er © 2 '> +  H 2 ( e 2 - ©j')
= P 2 sintot-*• Q 2 costot ......  2
= P3 sin to t -t cos tot ......  3
The particular solution for steady-state vibration 
is,
©j = I© Ij Sin (cob -4- tyj ) = 0^ sin tot +  cos COt ; where 
0^ j = |©ljCostyj and — |0 |j sin 'tyj
Expanding equations 1, 2 and 3 in these terms,
- Tj uz'C odj sin tot -4- j3t cos tot) -V- co( o(4 cos tot — /Sj sin to fc}
■4- hjCO (o(( costot-/^ sin tot — 042 cos tot -v /2>z sin to fc }
-V* K, C^! sin tot + y8 t Cos tot — ^ 2  sin tot — ccs lot}
=  Pj sin tot +  Q  t cos tot  0i
- to l(<*2 Sm tot COS tot} 4- C^CO C CoS CO-t — Sin 101}
-  KjtoCoCj c o s t o t - ^ ,  sin t o t  -  0^2 C o s to t  4 - £ 2 s i n i o t }
4* h 2to(ot2ccStofc - p 2 sin lot - 0^3 COS tot 4- ^ 3  Sin <ot}
• (od, sihiot .4? /3, COS tot ~ 0^ 2 sincot - /£2 CoS lot }
4- K 2 ( o^ 2 sin tot 4* y©2. CoS 101 — sin tot ** |3j cos (Ofc }
*2 sin to t 4- Q 2=  P-> -  cos tot ......  2
-  J * u ? U 3 s in to t 4 *^ 3  c o s c o t}  4> C ^toC  0^3 c o s u i t - /S 3  s in  c o t}
- h 2tO ( 0^ 2 CoS tofc-^s2 sintot - 0^3 CoS ufc 4-/2>3 Sin tot}
siniot 4- £ 2 cos tot - 0^3 sin 101 - cos cot} 
?3 Sintot 4- Q 3~ P> s  * CoS tot   3
/ i t
Equating like component terms in 1 , 2 and 3, the 
following sets of paired equations are obtained
J,wV,-C1W/Q|-K|uj(/3i-/32'>+ X,(o(1-eC2') = P, 
J,wi^ , + c itooil +  H 1u ( o ^ |-od2')+K,C|3 ,-/3 2') =  Q ,  }.. .......
JaO*c(2-Czuj/32 + K,o>C/a,-/32^  ~ K2o(/52-/i0 
— K t ( ot,— ot-0 •+ K 2( o ^ - o t ^  = P 2
J2to /£2 4*C2coo^ 2 - hjco(<*,- ot2} 4- K 2toCoC2 -oC3}
4-K.2 C/^-/^} — Q 2
/i
2
CT^ to <^ 3— C^cO/^ 3 *+‘ — P 3  ^ ^
3
J3WX +  C^to^- K 2io(c^ 2-.ot3}- K2t£2-/33} = Q 3
//
Re-arrangement of the equations 1 gives
K / o^ - c^ }  - t ^ i o C ^ - ^ }  =  Pv .... 4(a)
h.toCo^-o^} 4r K/jSj-lB } =: J t ^ ^ - C . U S ^ + q ^  .... 4(b)
Let the right-hand sides of equations 4(a) and 4(b) 
be denoted by S , T s and s . % ,  respectively.
Then the solution is
K,Cs,'r8>4.hlo t E lT O
* " ^ =  K * + h ^  - •  5(a)
and /3,-/32 = tT<^~ ,<-3 ( S  ^ s )  .... 5 (b)
K *  +  h f o *
// //
Similarly, by addition of equations 1 and 2 ,
K^C 0^ - 0^  *" ^ 2 ^  =  S  t^ Ts 4* J 2 coao^ 2 4-C 2l0^2“t
... 6 (a)
h 2c^> C odz- 0(3) + K 2 = 2 , Tc + J2 -c2toc^2+Qi
... 6 (b)
Again, letting the right-hand sides be denoted 
by an^ ? 2.^c / respectively the
solution of equations (6) is,
and 7 (b )
K *  +  h ^ o 2.
The generality of the relationships 
demonstrated by equations (4) to (7) establishes 
the principle of the Holzer-type process, passing 
along the System from one inertia to the next, 
as a means of solution for the equations of motion.
Thus, in general terms, the amplitude
.thcomponents are obtained at the j inertia from 
the expressions
... 8(a)
and
8(b)
and the torque components to the right of each 
inertia from
2 ^ %  ss +  ( Jjto oij +  CjCO/Qj
...9(a)
and
i %  - s j-t%  +  ( J j ^ A s  -  c j <*> +  Q j ) ^  9 (b)
Considering, for the moment, the simple case 
of the straight chain system, it is an obvious 
requirement for the complete solution that the 
torque components emerging from the last inertia, 
as obtained from the relationships of equations 
(9) must vanish if the system is free7ended.
This condition can be satisfied only if the 
correct values of amplitude components in sin tot 
and cos uifc , 0^  and [^>l have been assumed for the 
starting conditions at the first inertia. In 
general these will be unknown quantities.
Consequently it is necessary to appeal to the 
principle of superposition to obtain a solution. 
Firstly, the step-by-step process, as already 
defined, is carried out through the systemt 
introducing the actual exciting torque components 
as they arise, but starting with zero amplitude 
components at the first inertia. As a parallel 
process two auxiliary variable functions are 
obtained by similar runs through the system, starting 
in turn with unit values of sin<-i£ and cos
amplitude components#respectively and no 
application of external exciting torques. The 
latter two auxiliary variable runs provide 
amplitude and torque "influence coefficients" 
throughout the system, produced by the respective 
unit amplitude components prescribed- at the first 
inertia.
The requisite free-end condition at the 
terminal inertia of the system is then satisfied 
by addition of like components of the residual 
torques from the first run and scaled amounts 
from the auxiliary variable runs and equating to 
zero. The two resulting simultaneous equations 
provide a solution for the two scaling factors, 
which are the required starting amplitude 
components, and .
The following steps illustrate the processes 
in detail.
(a) Applied Exciting Torques Only
The starting conditions are taken as zero sine 
and cosine amplitude components at the first 
inertia, ( 0^ = = o ), and no torque
components immediately before this station. 
Thus, immediately after the first inertia, the 
sine and cosine torque components are 
respectively,
Proceeding to the second inertia,
0lx =
K tP| -v-
K 3 +  h* Oi3
2. . .*2.
k ^ k ; io
and
The torque components immediately after the second 
inertia are
-  e,+ pa -Ja« -
and
2 aTc =
L Kf + hf u>2 J
+  C,to K^, P, + h/jQil
K* +  K^co1 j
and so on^  similarly^ through the system.
(b) Effects of Unit starting Sine Component of Amplitude
The first inertia in the system is given a prescribed 
unit sine component of amplitude. No other external 
effects are applied. Thus,
0L i = 1 and = 0.
The resulting torque components arising immediately
after the first inertia are, therefore,
CO 2  T  zr - C CO i c I
The amplitude components at the second inertia
are
and
K , J tU 3 - 
K 3 4- h 3 U>3
f t  2. -
K , C lco 4- K, J ( 
K.,3 4- h 3 Ci3
The torque components immediately after the 
second inertia are
rr
2. S 1 C K 3 +  h t3o 3 ) (. K, 4- K 3 1*5 J
T  =: c
f- i.'.-t. rr K , _
L K 3 4- K 3co3 .■
c2o |- K, J,u)3— K.c.o31 
K 3 4-hf*o3 j
and so on through the system.
(c) Effects of Unit Starting Cosine Component of Amplitude
Correspondingly, the first inertia in the system is 
given a prescribed unit cosine component of amplitude. 
No other effects are applied. Thus,
°£| = 0 and = 1
The resulting torque components immediately 
after the first inertia are.
The amplitude components at the second inertia
are,
.S ,-'T8 “ and •
- *2. . *2.
K* -  h * c 4<-0
xj *2* . \ *2 *2.
K, +  h. u
The torque components immediately after the 
second inertia are
2 aT 8- c , « - J 2ci
K ?  +  h.2u>z
and
H 27c = J2ca - | -
r
J
and again similarly through the system.
These three sets of procedural relationships
through the system may be summarised generally in
terms of symbolic influence coefficients,
representing the responses produced at, and
. th .immediately after each j inertia station.
Firstly, the particular applied external
exciting torque regime, assuming zero amplitude
at the first inertia, gives (O'oC)- and (T/3 )•j J
as sin and coswt amplitude components, and
(7T-)* and (T'T)* as ttie sinot and cosut 5 4 C J
torque components.
Secondly, starting with unit sin to
amplitude at the first inertia and no external
torques gives (O^ oC ). and (0L& )- as sin ust,J • J
and cosut amplitude components, and
(o£'T ). and (OCT-)* as the sinuat and cosu)t 5 J C 0
torque components.
Thirdly, starting with unit cos U>t 
amplitude at the first inertia and, similarly, 
no external torques gives ( /3> o£ and ( 
as sinuit and cos tot amplitude components, and
torque components.
It is important to refer back to the 
detailed expressions for these auxiliary influence 
coefficients in the second and third sets, noting 
the identities in the direct coefficients and the 
"skew-symmetry" of the reciprocal relationships.
Thus,
U o O j  = C/S/SV ; = (/5TC^  ,
C ^ y ^ - C o L ^  , C/3Ts\ . =  - U T c\-
This means, in practical terms, that the auxiliary 
variable procedure need only be performed for the 
"unit sin tot amplitude" condition and the 
resulting responses allow the corresponding "unit 
cos tot amplitude" responses to be deduced 
simultaneously*
Procedure at Junction Points in Branched Systems
A simple branched system is considered as comprising 
a main "stem" mass-elastic chain passing through} 
the system, starting at one free end and terminating 
at another, to which may be attached numerous free- 
ended branch chain sections.
A junction point occurs in the system wherever 
one or more side branch sections are attached to the 
main stem.
Consider the first junction point in a branched 
system, such as illustrated in the diagram above. (Fig. 
The first section of the main system is the chain 
of inertias from 1 to 4. Here a branch chain 
5 to 7 is introduced, the motions at inertia 7 
necessarily being the same as at inertia 4.
Inertia 8 is the start of the continuation section 
of the main stem of the system and likewise its 
motions are identical to inertia 4.
Starting the calculation procedure for the 
system at inertia 1 and working through to 4, 
coefficients denoted as in 2.1 are obtained, i.e. 
for applied excitation and zero amplitude at 1,
C ' T T c V
for unit sin^C amplitude at 1,
, Cot/3^ ,
(oLVs\  , U 7 C\
and for unit coscot amplitude at 1,
At this point a similar procedure is carried 
out for the branch section starting at inertia 5 / 
thereby obtaining similar coefficients at inertia 7,
(T o0 7 , (t p V ,
(7 % \
U / 2>)7 ;
(£oc)7 ,
mm mm
The identities and reciprocal relationships 
among all these coefficients will be as indicated in 
2.1.
It is now necessary to join the branch to the 
main stem by equating amplitudes at 7 to amplitudes 
at 4, for each of the basic starting conditions at 
1, using factored amounts of sin cot and c o s  
amplitudes at the start of the branch.
Thus, for applied excitation and zero 
amplitude at 1, let AT and BT be the required 
sin cat and cosut branch factors, so that
(7o04 = (7<*)7 •+ A t (c(o07 + b t (/3o07 
and ( 7 / 2 > V =  (7£>7 + A t (<X/3)7 + B t (|S/3)7 ,
or
(7o04 - (7(X.')7 = A T(otoL\ - B t Cotf^7
and — CT/3>)7 ~ A 7 (oi^ ^ 7 +  B y  C ^ o 0 7 /
whence r i f
= O O 4- <T<* M  +  W 7|(T/3)4 - (T/3)7j
At ” U*)* +
and Bt
(<*X)7f(7p)4 ~(7ft)7} -  (aftVf (TqQ4 - C r a y }  
(oCOL) * +  (oip) 7
With these branch scaling factors, the components 
of combined torque entering the continuation section 
at inertia 8 are,
CT7s)a + (77^ 7 + At(oCTs)7 - Bt(oXTc')7 in sin
C 7 T c)4 +  ( T 7 c ) 7  +  A t ( ^ T c \ +  B t ( o( T s) 7 in cos •
For unit sin<j3t start at 1, let and    s s
be the required sin cat and cosut branch factors, so 
that
(0(0^  =  A s(oCo07 +  B s (/SoL\y
and (<*£)* s  A s Co(.^)7 4- B s (y3/S^7 ,
or {UoOA = As(<Ao07 -  Q,<.(oLp>)r 
(o(/S)4  =  A s (d((S)7  4- Bs(o£o07 ,
whence
a = C 0LoL V  (oXoQ7 4- ' (ot/5)7
s (c*o0 7 -*-U/2>)7
and B = CcXfilt - (QtoO 7 — QXffY?
S (oCoX) 7 + (<Xj3) 7
With these branch scaling factors the components 
of combined torque entering the continuation section
at inertia 8 are,
U ts)4+ As(cX%)7 - BsCcXTc\  in sin Lit
and U % \ +  A s  +  B s( «  Ts>7 in cos Lit t
Similarly, for unit cos lat start at 1, let 
Ac and Bc be the required sin u>t and cos ^  branch 
factors, so that
C|SoX)4 = Ac (oto07 4- BcC/3o07 
(jB|S)4 = Ac Cot/S'^ 4- /
-6*/S)4 = A c(^ oC)7 - B c(oX/a')7 
(otcO^  = At CoC/3)74- Bc(<Xo07 /
whence
(oXo(.)4-Ufi\ - (oc^u-CoCoO-,
Ac (otc07 4- (oC/S}*
and B =
c (<Xo07 + Co(/3)7
Again, with these branch scaling factors the 
components of combined torque entering the 
continuation section are
4- Ac(cX 7s)7. ~ Bc(oXTc^7 in sin (-it
0 X T s^ 4 4- A c CtX"3 '^)7 4- '£>^ (.lZ>t'y^ )7 in cos ^
and
or
The expressions above, which determine the 
process of joining a branch section to the main stem 
and continuing on through the system, once more 
exhibit the identities and reciprocal relationships 
existing among the sinut and cos vat auxiliary 
functions. Thus, for the branch scaling factors,
B c ~ A s and A c = — B s
It will be noted also that the combined continuation 
torque components of these functions are similarly 
related. This important feature means that, in the 
intermediate treatment of the branch and its 
junction with the main system, it is once again 
necessary to consider only one of the auxiliary 
variables, say unit sintpt start, and the responses 
for the other are directly deducible.
Several branches may join the main stem at 
the same point, in which case the procedure of 
treatment and scaling for compatibility with the 
main system station is repeated for each of the 
branches and the combined sums of the torque 
components are carried forward into the continuation 
section of the system, as described above.
More complex systems may have several junction 
points at which branches are attached and these 
will be encountered in turn as the treatment proceeds 
through the system. The method of connecting 
branches expressed above is quite general and applies 
equally at each of several junction points.
It is further concluded that the special relationships 
between the coefficients of the two auxiliary
variables will also apply generally, so that 
throughout the whole of the treatment it is necessary 
only to evaluate one of the sets.
2.3. End Condition Treatment
Having carried out the foregoing procedures through 
the complete system and arrived at the last, or 
f> th, inertia, on the assumption that this is a 
free end, it is necessary to set up equations 
expressing the condition of zero torque components 
after the p inertia. These equations make use 
of the coefficients obtained for the main and 
auxiliary functions at the last insrtia and lead 
to the complete solution for the problem by yielding 
the unknown starting values <U X , and .
^ th . .Thus at the p inertia, the coefficients of 
torque components running out of the system for the 
three functions will be,
( T T s\  , CT"TcV
, (<*'TCV
and C/aTsV  - (oi'O*.. , •
The two equations for free-end conditions are,
C'T'TS\  +  0(( ( o C T sV  +  / 3 , ( P T S\ =  o
and ( T T C)„ +  c * , U T c\  +  £>, (pJc\  = O
Hence/ making use of the coefficient identities, the 
solution is,
^  _  ( T T sy ( o ( T sX  +  ( T T c V C ^ T c V
' +  (oL7cY p
and /s,. =  - (t % X - U % V  .
C o t T ^ - v  (!>Lr&
With this solution for the unknown starting 
values of the amplitude components, it is now 
possible to evaluate all the amplitude and torque 
components throughout the system.
. Thus, in general for the jth station on the main 
stem,
= (Toi + 0 (o<.oC ). -<S,(<X/5 );
( 'T/S )y + /3( ( aioL
< T " V .  + - £ , ( < * %  )j
and S j V  ( T T c )j + 0C,(0CTc)<i + /S,(0<Ts )3
If it is desired to express the values in terms 
of resultants with phase angles, then, for amplitudes,
®j = S\r\C tot /
where
i®ij =  M +
and — tan 1 C/8j /  OLj) j
and similarly for the torque values.
For final evaluation of actual amplitude and 
torque components within the branch sections of the 
system, it is necessary as a further step to bring 
in the branch scaling factors.
Thus, for instance, the complete expression for 
the sin cot amplitude component at the jth inertia in 
a particular branch, taking account of the overall 
system scaling factors, 0^ | and and the branch 
scaling factors, Ay , By, Ag, Bs and Ac, Bc, becomes
= (Toi)j + at (o<o(.)j - bt (<rt/a) ■
+ oil { Ag (c<0<.) • - Bg (oCfi )j }
+ /8, { Bg (o<.o0- -  Ag ( >
This expression may be re-written in the same form as 
for components at inertias in the main stem of the 
system so that, for a branch
(T o O j + <*B (o(oU. -
AT + °^ \‘ ~ /^ | *^s
/36 = By + °^'6>S ■+■ /3|* A S .
Similarly the remaining components, f
and can be written in the same form as for
main stem inertias and identical values of the 
combined scaling factors and apply.
in which 
and
It should be noted that, in the foregoing 
procedure for evaluating the unknown starting 
amplitude components ^  and ^  it is immaterial 
whether the end of the system is a true free-end 
or a terminating junction point, except that in the 
latter case the evaluation will be based on the 
combined sum of all the scaled torque coefficients 
for the sections of the system meeting at the 
terminal junction point.
As has been specified earlier, the present 
work caters only for systems having simple, or 
first-degree, branched organisation. However, the 
above procedures would be similar for second-degree 
or nested-branch systems, except that arrangements 
would be required for the combination of three 
types of scaling factor in the final evaluation 
following the end point equations solution.
2.4. Validation
The method of vibration analysis, as derived 
from first principles in the foregoing sections, and 
made particularly applicable to the forced-damped 
treatment of branched torsional dynamic systems, has 
been developed on the basis of appeal to numerous 
well founded postulates. These include such 
considerations as the similarity of form between the 
motion responses of a dynamic system and the imposed 
regime of excitation when the latter is a periodic 
simple harmonic? the applicability of the principles 
of superposition? the generalisation of proved 
particular reciprocity features, and so on.
There is no question that such principles, 
individually are completely sound and are universally 
accepted. It is considered that there should likewise 
be no doubt as to their validity when appealed to in 
a combined form such as that instanced by the above 
work. However, as with many other situations of 
this nature, it is highly desirable to provide proof 
positive, in confirmation of the validity of the 
method, by supporting evidence from some other 
entirely independent analytical approach.
Most of the other conventional methods of 
approach make use of one or several of the same 
basic postulates and would thus fail to provide the 
necessary convincing validation.
In this search for a completely independent 
means of confirming the present method the only 
satisfactory approach to be found was through the 
utilization of analogue computing. As will be 
explained later, the analogue computer is by no 
means the most satisfactory method for torsional 
vibration analysis, at least in its present concept, 
and at best it can only deal with relatively small 
dynamic systems. However, its unique capabilities 
for obtaining solutions to differential equations 
of the type under consideration, by direct 
integration, completely by-pass the present areas 
of doubt. For this reason analogue computing has 
been resorted to, as explained in later sections, and 
in addition to validating the present method, 
provides an alternative method of analysis, worthy 
of investigation in its own right in the future.
COMPILATION OF DIGITAL COMPUTER PROGRAM
3.1. General Description
A digital computer program, LR 269, written in 
FORTRAN language for execution on the IBM 360 or 
370 series of computers, has been developed by the 
writer, essentially for the investigation in detail 
of the generalised forced-damped torsional vibration 
characteristics of multi-mass marine shafting 
installations driven by reciprocating oil engines.
In particular the program has been designed for 
the treatment of torsional systems having branched 
configurations. The scope of detail in the 
treatment and the conceptual organisation of 
branched systems are as defined in Section 4 of 
the Introduction, and the computing procedures 
are based on the analysis and techniques 
described in the preceding Section 2.
The simplicity of approach adopted in this 
work, particularly with regard to branched system 
organisation, means that no inherent basic limits 
are imposed on the numbers of inertias and, 
especially, branches and junctions, which may be 
dealt with. However, for purely arbitrary 
practical purposes the maximum numbers of inertias 
and system sections have been set at 200 and 20 
respectively, thereby enabling the program to 
treat virtually any installation with acceptable 
degrees, of detail and realism. As indicated 
earlier, it has not been found necessary, so far 
in practical installations, to cater for "nested"
branches, organisation in a simple branched system 
configuration usually being possible. However, 
there is no serious obstacle to the incorporation 
of a “nested" branch facility apart from the added 
complexity of a higher level of program 
organisation.
In addition to the primary capability of 
the program to analyse the forced-damped vibratory 
characteristics of idealised dynamic systems, 
the practical value of the program is enhanced 
by the inclusion of various subsidiary routines, 
designed to generate the requisite numerical 
quantities automatically from the minimum of 
basic installation data, so reducing the amount 
of preliminary external data preparation.
Each and every inertia station in the system 
may be designated as an engine crank position, at 
which harmonic exciting torques may be applied. 
Provision is made at each such position for 
consideration of either one or two cylinders by the 
specification of relevant firing positions in 
terms of crank angle relative to a datum, thereby 
catering for in-line or Vee engine configurations 
and establishing the correct phase relationships 
between the harmonic exciting torques applied 
at the various cranks. Data packs of harmonic 
gas torque components/m.i.p. relationships are 
inserted as program input and therefore are 
variable at will. The appropriate magnitudes 
of exciting torque are computed from these data 
packs, in conjunction with engine cylinder
dimensional data, and additionally the values for 
the lower integer harmonic orders may be corrected 
to include the effects of the reciprocating piston 
and running gear masses. The requisite values of 
m.i.p. at the specified engine speeds are computed 
from engine performance data input, being either 
constant,or varying in accordance with a propeller 
power/speed relationship.
Viscous damping may be applied externally at 
each inertia station or internally across each 
shaft section by specifying appropriate individual 
damping coefficients. In the latter case a 
viscous type damper may be simulated by combining 
internal damping with a "shaft" of zero stiffness. 
Similarly a spring damper or a damped flexible 
coupling may be simulated by an appropriate 
combination of shaft stiffness and damping coefficient. 
In addition, special provision is made for damping 
of the type associated with a propeller or any other 
device having similar characteristics. This is 
arranged by quoting a value of specific damping 
coefficient for the inertia nominated as a propeller, 
from which the variable damping is computed for the 
chosen running conditions in accordance with the 
Archer method, based on the propeller power/speed 
relationship. (Ref: 42 ).
The program computes in detail the responses 
to harmonic excitation throughout the system on 
an incremental basis within selected engine speed 
ranges. In each application, up to 8 speed 
ranges, defined by selected lower and upper limits,
may be treated, but there is no restriction on the 
number of speed values considered in each range,
this being determined only by the size of the
incremental step selected. At each individual 
speed value the program can compute system 
responses for up to 16 different orders of harmonic 
excitation and the selected orders may differ for 
each speed range.
The printed output from the computer commences 
with a tabulated reiteration of the essentials of 
the input data for the system and certain computed
constants and factors. This is followed by the
main computed results presented as a succession 
of tables giving responses in detail for all 
points in the system. Each table refers to one 
harmonic exciting order at one engine speed value 
within a particular speed range. The table 
comprises components and resultant of vibratory 
amplitude at each inertia, together with vibratory 
torque, phase angle and stress in each shaft 
section. Computed exciting torques are also 
quoted as well as propeller damping torque where 
relevant. It should be noted that the output 
tables give actual values of amplitude and torque, 
taking account of relative shaft speeds, bearing 
in mind thattin the input data,the quantities 
defining the equivalent dynamic system are always 
referred to engine speed.
Preparation of Program Input Data
The necessary computer input data for the treatment 
of a particular problem is assembled in a standardised
manner by entries on special coding sheets, 
illustrated on pages \56 and 159^prior to reproducing 
the information on standard 80-column computer punch 
cards.
The following notes are essentially instructions 
for the program user, intended for guidance in filling 
in the coding sheets. Apart from their general 
informative interest, they also.serve to introduce 
much of the nomenclature used for the coded 
quantities, which will be referred to in the next 
section detailing the actual procedural operation of 
the program.
TITLE CARD The title of the card may be accommodated in 
columns 1-54 of the first data card.
2nd Card - Control Variables
N
13
Cols. 1-3
Total number of inertia stations in the 
dynamic system.
(Maximum number is 200). 1
NCYL
; 13 
| Cols. 4-6
Total number of engine cylinders.
(In multi-engine installations it is assumed i  
that the cylinder sizes are constant : 
throughout.)
NSTR 
I 3
! Cols. 7-9
Type of engine cycle. (Single-acting).
s / \ /
Enter 2 or 4
MEAS
13
Cols. 10-12
Indicator for system of units used for input
data. v ' „ ... , ..0 = British Units f
1 = Metric Units ,
NVEE
13
Cols. 13-15
Indicates type of engine cylinder arrange­
ment.
\ f
1 = in-line engine,
= 'Vee* engine.
NPROP
13
Cols. 16-18
Number of the inertia station which is to 
be treated as a propeller, (otherwise zero).
NRAN
13
Cols. 19-21
Number of separate speed ranges to be 
investigated.
(Maximum number is 8).
1 NSECT 
13
Cols. 22-24
Number of sections, or chains of inertias, 
making up the complete branched dynamic 
system. Each section comprises 2 or more 
inertias.
An entry of 0 or 1 Indicates a straight 
unbranched system. (Maximum number is 20.)
3rd Card - Engine and Propeller Data
BHP 
F10.1 
Cols. 1-10
Total brake horsepower of engine(s), 
expressed as British or Metric.
RPM 
F10.1 
Cols. 11-20
Service or rated speed of engine(s), 
corresponding to BHP above.
BORE 
F10.4 
Cols. 21-30
1"""" ■ ■" > " ■ ' .I.!. . ■ . . . i . i ,
Engine cylinder bore diameter.
Units are in. or mm.
STROK 
F10.4 
Cols. 31-40
Engine piston stroke. 
Units are in. or mm.
PS DC 
F10.4 
Cols. 41-50
Propeller specific damping coefficient used 
to compute damping torque at propeller 
inertia station, NPROP. Normal value 
is 30.
EFF 
FlO.4 
Cols. 51-60
Mechanical efficiency of engine. (Decimal 
fraction). If no entry is made a value 
of 0.83 is assumed.
RECIP 
FlO.2 
Cols. 61-70
Weight of reciprocating parts per cylinder. 
Appropriate units are lb. or Kg. If an 
entry is made the 2nd or 3rd order harmonic 
torques will include the effects of 
reciprocating parts.
System Organisation Data Cards
Each section of the system requires a separate card giving 
the control numbers listed below. Maximum number of cards 
is 20. No cards are required if the system is unbranched 
or single-sectioned.
MST
1 3
Cols. 1-3
Station number of starting inertia in each 
section of the system.
MFIN 
I 3 
Cols. 4-6
Station number of last inertia in each 
section.
LAB 
! 13 
Cols. 7-9
.............. ......  . . ,
Indicator for type of sectionj-
x0 = Starting section,
vl'= Stem or continuation section,
v2' = Branch section.
MRE
13
COls. 10-12
Station number of the junction inertia on 
the main system to which the branch or 
continuation section is joined.
(Entry is zero for starting section).
The quantities listed below are accommodated on two cards. 
Each speed range requires a separate pair of cards. 
(Maximum number of sets is 8).
RPML 
FlO. 3 
Cols. 1-10
Lower limit of speed range to be examined. 
(RPM).
RPMH 
FlO. 3 
Cols. 11-20
Upper limit of the speed range.
STEP 
FlO. 3 
Cols. 21-30
Increment of speed between consecutive 
sets of calculations within the speed 
range.
NPT
13
Cols. 31-33
Number of different harmonic orders to be 
considered in the speed range.
(Maximum number is 16).
ORD 
16F5.1 
Cols. 1-80
Actual harmonic order numbers to be 
considered. (NPT values).
Up to 16 may be listed across the second 
card.
Dynamic System Data Cards
IMN
14
Cols. 1-4
Engine crank position indicator.
Zero entry — inertia is not a crank,
X t 1
1 - 1 cylinder,
'2r - 2 cylinders (i.e. Vee formation).
IDENTIFICATION 
Cols.7-20
Component name or other identification 
for the inertia station in the system.
VI 
FlO.2 
Cols.21-30
Polar mass moment of inertia concentrated 
at the station, referred to crankshaft 
spaed. 2 2 ; 
Units - lb.in.sec or Kg.cm.sec .
cs
FlO. 3 
Cols. 31-40
Torsional stiffness, referred to crank­
shaft speed of the shaft section 
following each inertia.
6 6 Units are 10 lb.in/rad. or 10 Kg.cm./rad.
The last value of CS in each section of
the system should.be zero. Elsewhere
in the data set, if CS and RI are both
zero, the shaft will be considered
infinitely stiff.
RE 
FlO. 1 
COls.41-50
Coefficient of external (mass) damping. i  
Units are lb.in.sec./rad. or Kg.cm.sec/rad..
RI 
FlO. 1 
!  cols.51-60
Coefficient of internal (shaft) damping. 
Units as for RI.
DI 
FlO. 3 
COls. 61-70
j  ■  1 ■ ,j'" ■,j 1 1 ■ .. j j-j 1"
Nominal diameter of shaft section for 
stress evaluation. Units are in. or cm. i
(An entry is always required).
GR 
FlO.4 
COls.71-80
Speed reduction ratio of inertia and 
shaft, relative to crankshaft speed.
No entry indicates that the shaft runs 
at crankshaft speed.
Firing Angle Data Cards
Each engine crank inertia card is followed immediately by a 
card givingQthe appropriate firing angle (s), based on a 
360 or 720 engine cycle. Each firing angle represents 
the crank rotation to the firing position of the particular 
cylinder after the T.D.C. of the datum cylinder. Although 
entered as positive values, these angles represent phase 
lags and their sign is reversed in the program execution.
1 . . ...
FANGA Firing angle in degrees for a cylinder of
FlO.4 an in-line engine, or for an *A' bank
Cols.61-70 cylinder of a 'Vee' engine.
FANGB As FANGA but referring to a *B* bank
FlO.4 cylinder of a 'Vee' engine.
COls. 71-80
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G O  T O  8 3
. 8 1  W R I T E  ( 6 , 1 3 7 )  _ - , .. ..
N 0 R D = 2 4
n h m — 2  .• . ... 1
P M I N = 2 Q  o
P M A  X = 2 8 0 • - . ’ ' _ ' . '
P I N C =  2 6 0 •
. 83.. R E A C  ( 5 . 1  0 0  > N , N C Y L * N S T R ,  M E A S  , N V E E *  N P R O P ,  N R A N . N S E C T  
R E A C ( 5 ,  1 0 6 ) B H P , R F M , B O R E  , S T R O K , P S D C , E F F , R E C I P
I F ( E F F ) 7 4 , 7 4 , 7 5  ' 7 ' " . rV '  ' 7
7 4  E F F  =  • 8 3
7 5  W R I T E ( 6 , 1 0 7 ) B H P , R P M  . ■
I F { M E A S ) 3 , 3 , 4
4  W R I  T E ( 6 ,  1 0 8 )  B C - R E , S T R O K , R E C I P
B O R E - B O R E / 2 5 o 4  . /  r\: ; ' -...  . '
S T R C K = S T R O K / 2 5 o 4
B H P  = B H P * o  9 8 6 3  : • ■V 7 ~
R E C  I P = R E C I P * 2 * 2 0 4 6  
• G O  T O  5  
3  W R I T E ( 6 , 1 0 9 ) B 0 R E , S T R O K , R E C I P
5  A S T R = N S T R  
C Y L = N C Y L
I F  ( N V E E - 1 )  6 , 6 , 7  ^  - .
7  W R I T E ( 6 , 1 1 0 ) N C Y L , N S T R  
r_:- G O  T O  8  - :
6  W R I T E ( 6 , 1 1  1 ) N C Y L , N S T R
: ^ i a : ; i F ( N S E C T - i ) i 5 , i 5 , i 6  . "........ -
1 5  M S T  (1 ) = 1
. . M F  I M  .1 ) =  N  , .. ; . . - • ..... _ . ;
L A B ( 1 ) = 0  *
' G O  T O  1 7  ’ ; ' : •' - ’ 7 ■
1 6  W R I T E ( 6 , 1 3 0 )
DO 76. J = 1* NSECT
REAC(5,100)MST<J).MFIMJ)* LAB(J),MRE<J)
76 WRITE<6*131)J,MST(J),MFIN<J),LAB<J)* MRE ( J ) __
DO 67 L=1•NRAN
READ(5,120)RPML(L),RPMH(L),STEP(L),NPT{L )
NZ=NPT(L)
67 READ(5,121){GRD< L, M)",M=1* NZ) .
17 WRITE(6 ,112)
WRITE (6 . 113) - ^ . : > V ;'7_.-~y. /-7^ . ■ :
IF ( ME AS ) 9 , 9 * 10
10 WRI TE (6,114) ~... • ~ J. _ •. V. 7v • •
GO TO 11
9 WRITE (6 ,115) .. ' • v,J;v “ "• 7
11 DO 12 J=1,N
• - _ READ ( 5,116) I MN{ J ) « V I < J ) * CS. < J) * RE( J ) ,RI(J),01,GR < J ) . - : : V.
Z(J)=DI*DI*DI*.19634954EC 
_ IF(GR(J>>14,13,14 .7 . -
13 GR(J)=1,0
14 IF ( IM N { J } —1 >18, 1 9*20 .. ■ ..
20 READ(5,132)FANGA(J),FANGB C J)
21 WRITE(6,116)J,VI(J),CS(J),RE{J),RI(J),DI.Z(J),GR(J),FANGA(J),FANG 
1 ( J)
FANGA ( J )■=—F ANG A ( J) *o0174533 7 r 7.7 ' s
FANGB(J)=-FANGB(J)*.C17 4533
g o ..to 12 .. - . - 7 . '7;;
19 READ(5,132)FANGA(J)
WRITE(6,116)J * VI(J) »CS(J),RE(J),RI(J),DI,Z(J),GR(J),FANGA(J>
7' 7. FANGA < J.) =rFANG A < J ) * oC 174533 .../ :7 -/p..:- 7-777:77777 h :7.~
GO TO 12
718~ FANG A.( J > =0 O i:;7 7. ^  \ ■ .7--- - 77. L ,.r -. ;:77^-;.i777777:7
FANGB(J>=6,0
WRI7TE ( 6 , 11-6 ) J ,V I<J > .CS < J) . RE < J ) , RI ( J ) , DI V z  i J >7 ;7
12 CSC J)=CS< JJ_*olE07
HTF •= 1 "o 57O796 * B Q R E * B 0 R E * S T R 0K/ A S T R 7 | 7 :: .7. 7 7: : 7.^7'7 7:' 7^ r
RECF2=RECIP*STR0K*STRCK*RFN*RPM/HTF/281884©
‘ ' REC F3=RECF2 * • 36 . '  7 i7‘.77 7- : '
PME=396CC0o *EHP/HTF/CYL/RPM
_ PM I =P ME /EFF . .   \.  ^ ., -7 -
PMF =FMI—PME
QS=6,3G25*BHP/RPM  ^7;7..:\. • ..-.V:.
WRITE(6,117)FMI,FME,PMF
. WRI TE (6 , 11 8 ) HTF , GS , EFF . ..' 7- • r ----- 7-,-7-7.7^7-V7^^-- ^
IF(NFROP)22,22.23 
23 WRI TE < 6 , 11 9 ) PSDC -,-7.. -
CP=10 000o *PSDC*GS/RFM/RPM
22 DO 24 L=1 • NR AN   - : ■  -- - - -
RF V=RPML(L)
NQ= NPT(L->  ^ 77.- ’■ ..' ' - 7 - ...
54 DO 25 K=1,NQ
_W=REV *ORD( L, K)/9 #54929 ’  -- - --- ■■"--■■■  -,7 ,
WW=W*W ■
IF(NFROP)26,26,27 : • - ;...
27 RE ( NPROP)=CP*REV 
.126. 6 ^ 22.)’REV, CRD ( L.,K ) . ± L ^  .... ~■
JA=0RD(L*K)*2.
f PC = RE. V * RE V/ fi P M/ R F M " - - .. .. --I _-,v. r-7/-7" -
PE=FME*PC
.- PIe PE+PMF-;.:. ... . --77^ 777^ 77^ 7:~:77'7'II; -
IF(FI—PMAX >26,29,29
29 KA=NHM \
GO TO 3G 
28 IF(PI-PMIN)31,31 *32 
31 KA=1
3 O F R = A A ( J A * K A ) . - ^
_GO TO 33 
32^ ,KA=1 17 , _
 AC=FI—PM IN
3.6 .IF ( AC—PINC >34,34,35 
35 AC=AC—PINC
:_7ka=ka+i
GO TO 36
34 REM=AC/PINC 
^ jS?=CT«C-REM)^AA{JA,KA)+REM*AA(JA 
33 IF (_C R D ( L , K > -3 • ) 77, 78 ,79
7 8 _Jr§C^ R I / i.?. 6 #:7 '7:^  -i=7bS-‘
_FRS=SQRJ(FR*FR-FRC)
"7 T^JfRS =HRs7-RECF3*PC -X
FR=SQRT(FRC+FRS*FRS)
. “ GO .70-79.. : 7_
77 IF(GRD(L,K)-2o>79,80,79
89:^RC=PJJvPl/196. L ... 7;:'\ 71..
FR§f?GRTif R*f r-f r c)
:K^Sj^R5^ECF2*P
FR=SQRT(FRC+FRS*FRS)
79jHk€F¥^HTF... . 7 -7. .777 - ;7V. ; •
_ IF(MEAS)37,37,38 
38-IBM = H M /Oo867952 . . ;.. - " 577
RECNPROP)=RE(NPROP)/C•867952 
77 7^ w¥I-T^  C 6;, 123.) HM , P I 7 - : - -
WRITE C 6,124 >
TT^^RiW e (6,125)
GO TO 39 
37_I.WRI TEC6 i 126 > HM, PI" .7
WRITE(6,124)
,WRI._TEC6 , 127)
39 TE=0o 
. TF=0.
TG = Co 
. TH=0,
DO 40 1=1,NSECT 
NST=MST(I)
NFIN=MFIN CI )
NSTA=NST+1 
CI T =0 •
.SIT—0 «
IF ( IMNCNST)-1)43 ,41 ,42 
42 ANGA=FANGAC NST) *GRD(L,K)_ .. 
ANGB=FANGB(NST)*ORD(L,K)
77;CI T =H M* ( cos ( ANG A ) +COS C ANGE ) )
SIT =HN * ( SINC ANGA) + SINC ANGE))
7 IQ 743 1.^ 7 ; . ;
41 ANGA=FANGA(NST)*CRD(L,K) 
i ClT=HM*COS( ANGA)
SIT=HM*SIN(ANGA)
.43 WWI=VI ( NST) *WW . ; , 7 .
WDE=-RE(NST)*W
WDI=RI(NST)*W
,IF (CS < NST)+RI(NST) > 68,68•69
68 RCPD=0,
>>G0> TO.77077 ; ' ^  - , ' -.^ .l'^  "'7; _ >_
69 RCPD=l,/{WDI*WDI+CS(NST)*CS(NST)) _ 
.70-571F i L AJ3 ( I ) —1 ) 55 ,56,5 5 >1'; .. .. J ; =
55 A ( N ST ) = 1 •
.. b< nst> =o0 ■ ". •. ..I'll 1 >1:7
C(NST)=Oo 
. d(n s t)=o , . _ .1. ...
E { N ST)=WWI
-. _ F< NST. ) =WDE 1-17 -j. . . > . .  ...v.,  >
G ( N ST)=CIT 
. ■ H.(.NST)=SIT.^^Z:, l ■.. , .
0=RCPD*(WWI*CS(NST)+WDI*WCE)
>.:^ !PeRCPD*{ WO£*CS( NS.T)-WOI*Wtt I >1 ^ >^7 
Q=RCPD*(CIT*CS(NST)+WDI*S IT)
: 1r=RCPD*{ sIT*cs( NST ) — W CI*CIT ) 1.1 > ,v 
GO TO 57 
56. ;_NR.EF= MRE < I ) .vL .1 1>,.
A(NST)=A < NREF )
Lb.(.NSTJ =B (NREF) ,. .
C(NST)=C{NREF)
D ( NST )=D(NREF) :
E(NST)=TE+WWI*A(NST)-WDE*E(NST)
F ( NST ) =TF+WD£*A ( NST ) +WWI *E (NST ) 1 171. 
G(NST)=TG+WWI*C(NST)-WDE*D(NST)+CIT 
-H( NST ) =TH+WDE*C( NST )+ WW I*D ( NST.) +S IT 
TE=C.
.^...1 - . -11
TG=0,
: 11th=o; 11 il:l:ll:.;.7 . . >  ;1_- •
0=RCPD*(E(NST)*CS(NST )+WDI*F(NST)) 
lljPFRCP^WSl^T > *CS( NST ) ^ WDI *E( NST ) )1_;
Q=RCPD*(G(NST)*CS(NST)+WDI*H(NST)) 
IIReR CPD*(H(NS T) *CS (N S T)-WDI*G(NST) )
57 DO 58 J=NSTA,NFIN
Cl T =0 e . .
SIT =0•
.IF( IM N (J)—1 > 61,59,6 0
60 ANG A=FANGA(J)*ORD(L,K)
.ANGB=FANGB(J)*ORD(L,K) ; -
CIT=HM*(COS(ANGA)+COS(ANGB)) 
SIT=HM*(SIN(ANGA)+SIN(ANGB)) "
GO TO 61
59 ANGA=FANGA(J)*ORD< L,K)
... CIT=HM*COS( ANGA)
SIT =HM*SIN(ANGA)
61 A(J)=A(J—1)—O 
B(J)=B(J-l)-P
TllQi JJ=C( J“1 ) “G
D(J ) = D(J-l)-R
:>1 wwi =yi (j)*ww . I
WDE=-RE(J)*W 
. £ ( "JJEEI J -1)±WWI *A( J)-WDE*E ( J) _
F(J)=F(J-l)+WDE*A(J)+WWI*E(J)
—— G ( JjjrGl J-I It * WI *C ( J J—WDEtp ( J7+ C IT _^1 
H(J)=H(J-l)+WDE*C(J)+WWI*C(J)+SIT 
iTIFlll^ NFJ N) 44,58,44 . Til 1„ 112k
44 WDI=RI(J)*W
__ _ I F ( CS IJ ) +RI(J))71,71,72 _ 7
71 RCPD=Oo
1— k _.GG_ Tp_.73 ...... 1 . ■ .. ..:.l \ . . 7 _. .. 7" .: ,. 2.1. .' ^27kkE2-k:"kkl.-.7 . ■
72 RCPD=1•/(WDI*WDI+CS(J)*CS(J))........................ .. .
. 73 0=RCPD* ( E( J) *CS (J)+WDI*F < J ) ) 1 I I . _._1 ,7-.ll.:^ ;ik>k>?iy^ 2lL7‘ 7...
P=RCPD*(F(J)*CS<J)-WDI*E(J))
,. ^  kQ=RCPD* (.G( J ) *CS( J) + WCI *H f J ).)
R=RCPD*(H(J)*CS(J)-WDI*G(J)>
58 ’continue .7,. 1.17 . "■:■ I7;klk7^ -^ 5:^k^7k^771111Mlllllk7^7^71ill21I:l 7_..
IF(LAB(I)-l>45,45,62 
. 45 TE=E(NF IN) 7‘. ... -~v ■ ■ " k “T k l ' 7
TF=F(NFIN)
 TH=H(NFIN) _ , __
77^ .ItIgo7 to 40 - 7 k, lv ,77 . ■_-! li■ . .  ...... ...7 7 "’-I7 vklk2kk.lE2I7.’7.. .77
62 NRFF=MRE(I) _ _  ^ Z  ZZ"Z"
7 ITk^iD^li/iA( NFIN) *A(NF IN ) + B ( NFIN)*B( NFrlN)') 71ikl-k7;7:"^ k^ 7k:112^rr7 .
XR(I)=RD*(A(NFIN)*(C(NREF)-C(NFIN))+B(NFIN)*(D(NREF)-D(NFIN)))
7„-, 7X L<X) ;=RD~* ( A ( NFI N ) *_{ D< NR£F)-D ( NFIN.) ) - B iNFIN jPM C CNREFJ -Cl NFIN > ) )
TG=TG+G(NFIN)+XR(I)*E(NFIN)-XI(I)*F(NFIN)
.. _ - _TH= TH+H ( NF IN ) + X R (I ) *F( NFIN)+X I ( 1 )*E ( NFIN.) '. 711117 77221'/' 7 ""I".:" .
YR(I)=RD*(A(NFIN) *A (NREF)+E(NFIN)*B(NREF))
YI ( I)=RD*(A( NFI N)*B (NREF) -E<NFIN)*A{NREF ) )7 17 :77^ .:;lkk 1;11,:7 .
TE=TE+YR(I)*E(NFIN)-YI(I)*F(NFIN)....................
tFrJP+YRt i )>F(NF IN3+YI ( I ) *E< NF IN) 7
40 CONTINUE
...7: - rd=1o/(t e*TE+t f*tf) _ 2-••?--T^l"5k:ikl~:kl27kIk:711'k:7-::"71I.'Ik-1
UR=-RD*(TE*TG+TF*TH) ~1
.. ... •. •.,.-UI=.RD:*.<.TF».TGrTE*TH). •. . ■' ;
DO 46 J = 1,,NSECT
NST = M ST ( I ) _ _______
IF(LAB(I) —1)64,64,63 
63.SCALR=XR(I)+UR*YR(I )-UI*YI(I) .~.■ ^:k-:^lklkkk^i7^^k^71271:27.:
SCALI = XI(I)+UI*YR(I)+UR*YI (I) _
64 SCA LR = UR
SCALI=UI . .• • ll- . >- 7;7ll 7. .' -7 :1. .7: 1177? 71-7.k-
65 DO 66 J=NST,NFIN
THR=(C( J ) + A( J) *SCALR-E( J ) *SCALI )/GR( J ) 1
THI=(D(J)+A(J)*SCALI+E(J)*SCALR)/GR(J)
 AMP=SQRT( THR*THR+THI*THI ) . . - 7 rv
SUMTR=G(J)+E(J)*SCALR-F(J)*SCALI
SUMTI=H( J)+E( J)*SCALI+F( J)*SCALR . _ . -.v - - 7 ,  ,:-^ 7: ; ;r:: ~7-"k 
SUMT=GR(J)*(SQRT(SUMTR*SUMTR+SUMTI*SUMTI))
IF( SUMTR)47 ,48 *49 . 17_;., _:;7,
49 PHI=ATAN(SUMTI/SUMTR)
GO TO 52 : . k  k-. ;
48 IF(SUMTI)50,50,51
50 PH I =—1 © 570796 _ 7. ,i:. v:177-77
GO TO 52
1:51-1 PH I =17.577079 6 7- 5r . 7-~". 7— . • ^---v .
GO TO 52
47 PHI =ATAN( SUMTI/SUMTR )—3o l 41593 ’ 71-"’k22=-^rlklz271"lk=z--:^ -
52 TS=SUMT/Z(J)
• IF( ME AS ) 66 ,66 ,53 - . - ■ ''l" '
53 TS=TS*14o2233
66 WRI.TE(6,128) J*,THR,THI ,AMP,SUMT,PHl,TSr
46 WRITE(6,102)
25 CONTINUE . , ; ... .7.
REV=REV+ STEP (L ) ' ~  ”
- IF ( RE V—RPMH (L) >54,54,24. 7, : ;  k k k k 7 7 k  \. - _
24 CONTINUE........................................... ....  ...
.V,._ WRI TE_( 6 ,129) . . 1 ;;■ 1 O • ; . / 7 ~ :' 7k.J:, : 7 77k.//7 .
99 STOP ..... . ~ .
100 FORMAT ( 1613) Ik'' . .
101* FORMAT(413,3F6, 1 )
102 FORMAT!/), _ . ‘
103 FORMAT( 13F6o 2) " " “....... .
104 FORMAT( 6F10# 4) ..k'k.ik-^kk ”k ...7
105 FORMAT(18(A4) ,5X,I3) " ’ ........... .
1 06 FORMAT(2F1 Op 1 *4F10 o 4 «F1 0o2 ) .. ‘ • -.”:7.-k " k k / k k k k / k k '
107 FORMAT(/5H BHP=F8.1 ,7H RPM=F7.1)
108 FORMAT(6H BbRE=F7ol,12 HMM STR O KE= F7 o1,2HMM20 X13HRECIPJT/CY L=FI0 
1 o 2 , 2H KG) .....  ... .
109 FORMAT(6H BORE=F8o4,12HIN STR0KE=F8o4 , 2HI N~2Q X12HREC IP WT/CYL=F10
110 FORMAT(/I4,11H CYLINDERS ,I4,19H STROKE VEE ENGINET) ~~
111 FORMAT ( / 14 , 1 1 H CYLINDERS/ , I4,23H ST ROKEllN^LTNE7^Ng INEt, VkkTkkk.-.
112 FORMAT(/5H MASS16X7HINERT1A3X9HSTIFFNESS3X16HDAMPING COEFFTSo5X4HD 
1 IA o 3 X 9 HS EC T o MODo 3X5HSPEED3X1 3HF. IR IN G ANG LES ) k_,-;
1 13 FORMAT(28X1H23X1H61 1X4HEXT.6X4HINT.18X1H36X5HREDN.6X7HDEGREES)
114 FORMAT!20 X22 HKGCM,SEC• 10 « KGCM/RA0«3X13HKGCM•SEC/R AD,7X3HCM o 6 X 3HCM
1 o )
115 FO P MA T (20 X2 2 HL BIN © S EC o j 0 o L SIN/RA Do 3 X13HLBINo SEC/R AD o 7 X 3 HINe 6 X 3 HIN 
1. >
116 . ,F_.b B.HAI {14 ,2X14 h7 ; ■ -:r-7 7 r. Flpo2, FI 0 o 3,-2F 10 ok 4 1^ . V
117 FORMAT(/5H MIP=F6ol,5H MEP=F6o1,5~H MFP=F6,1 ,11H (LB/SQ•IN ))
1 18 FOR MATT 5 H.- HTF=F9 «2 ♦ 6H I N* *34X3HQS=F8 • 2, 1 lHXlOttCk )
119 FOR MAT(32H PROPo SPECIFIC CAMPING COEFFT•=F8.4)
1 2d FORMAT_(3F10• 3 , 13 ) ' .. ■ * 7 - r vV;;• , 7 • / -^
121 FORMAT(16F5o 1 )
22 FORMAT<///FI 6 • 3 , 22H RPM / HARMONIC ORDER. F5,17)_2k7£k77k^kkk^ 7^ ■
123 FORMAT(/5X1 3HHARMo TGRQUE=F10o1,14H KGCMo MIP=F6ol,10H LB/SQoIN
124 FORMAT(/5H MASS3X9HAMF®(COS)4X9HAMP•(SIN)4X9HAMPLITUDE5X6HT0RQUE7X 
1 5HPHA SE9X6H STRE SS) - ‘
125 FORMAT!10X4HRAD.9X4HRAD.9X4HRAD.9X5HKGCM.8X4HRAD•8X9HLB/SQ•IN*)
126 FORMAT!/5X13HHARM© TORQUE=F10o 1,14H LBIN o " MIP=F6ol* 1 OH LB/SQoIN 
lo ) ,   ' •
127 FORMAT!10X4HRADo9X4HRADo9X4HRADo9X5HLBINo8X4HRAD.8X9HLB/SQ.INo)
128 FORMAT! I 4 ,3 XF1 0 o 7,3 XF 10 o 7 ,3XF1 C o7 ,3XF10 o0 • 3XF1 0 o 6, 3XF1 OoO )
129 FORMAT (//4H END) ' . - --r, -k kk.\\..-r7 ..'k7' • -
130 FORMAT(/29H SECTION FROM TO TYPE REF)
131 FORMATU XI4, 5X13 ,2X13,2X13,3X13). • _.r,.. 1 :.
132 FOR MAT!60X ,2F10•4)
133 FORMAT!•1 *,41X,52HLR269 ToVo FORCED-DAMPED TABULATION WITH BRANC 
lHESo)
134 FORMAT!//)
135 F0RMAT(10X,18(A4))
136 FOR MAT ( 1 00 X, 12,1H,, I2,1H,,I2) 7.7. .'^ k--7 ;
137 FORMAT(19H STANDARD HARMONICS)
7 END . : -/>.-• , _ . . - '
DISCUSSION OF THE RESULTS OF PRACTICAL
APPLICATION OF THE METHOD
4.1 The full derivation and description of the
proposed method for the generalised forced-damped 
vibration response analysis of straight and branched 
torsional systems has been given in Section 2 of this 
Part and has been developed for practical use in the 
form of computer program, LR 269 in the following 
Section 3. The results of application of this 
program to the analysis of three examples are 
presented in detail in Section 2 of Part IV.
Some difficulty was experienced in the 
selection of these practical examples since the 
main aims in presenting them were,
(a) to cover as wide a variety of marine machinery 
installations as possible, with reasonably, 
detailed realism in the modelling of the 
equivalent systems,
(b) to bring out the essential features of the working 
of the method of analysis and
(c) to demonstrate the scope of facilities and 
versatility embodied in the computer program.
The program is notorious for its massive potential 
for voluminous output. Accordingly it has been 
necessary to attempt the illustration of as many 
facilities as possible within a severely restricted 
treatment of each example and, even then, only a 
brief sample of the results has been possible.
In assessing the value of the presentation in Part IV, 
Section 2, therefore, it must be appreciated that, 
in normal productive use of the program, the treatment 
of a system could be far more extensive, particularly 
in the number of harmonic exciting orders considered. 
Furthermore, to provide interesting characteristics 
some details of the systems may have been slightly 
modified or exaggerated and consequently the results 
should not be viewed as necessarily reflecting any 
approval or acceptability of a particular installation 
in terms of reasonable standards of vibration 
engineering.
With reference to the curves of system responses 
selected to illustrate the calculated examples, these 
curves are restricted to the plotting of resultant 
magnitudes of the respective vibratory torques or 
amplitudes. For completion these quantities should 
be complemented by an indication of the corresponding 
phase relationships, particularly since pronounced 
variations in the latter are generally associated 
with regions of apparent discontinuity or rapid 
change in the former. However, such phenomena could 
not be depicted adequately in this work without 
resort to some form of three-dimensional portrayal, 
although phase angle values are presented in the 
printed output tables.
The first system chosen for analysis, Example
2.1, was realistically modelled on a typical marine 
close-coupled generating set, that is, with the 
generator connected to the engine by a short shaft of 
relatively high torsional rigidity. Although 
an apparently simple straight-system, it serves to
demonstrate the problems encountered with this type of 
installation, in designing for acceptable torsional 
vibration characteristics. The relative complexity 
arises from the typical occurrence of two predominant 
modes, whose natural frequencies are brought into 
close proximity by the influence of the close-coupling. 
At the same time the 4-stroke engine produces many 
exciting harmonics which increase the density of 
distribution of resonant critical speeds. The 
first essential of designing for acceptable torsional 
vibration characteristics of such installations, 
therefore, is to ensure that the specified service 
speed is situated in a non-resonant gap between the 
more powerful resonant critical speeds, having regard 
to the two main natural frequencies and the major or 
more powerful orders of harmonic excitation.
A further requirement, apart from shafting stress 
consideration, is to limit the magnitude of total 
vibratory torque imposed on the generator rotor, 
since many failures have been experienced, which were 
attributable to fatigue damage or loosening of the 
connection between shaft and rotor, or even 
disintegration of the rotor structure, resulting from 
continuous operation under relatively high vibratory 
conditions. This limitation frequently poses serious 
design problems even in non-resonant regions, due to 
the cumulative effect of appreciable vibratory 
contributions from the two dominant modes and several 
exciting orders. The generalised forced-damped 
analytical approach is therefore highly relevant to 
the investigation of non-resonant ranges particularly 
near the service speed in these installations.
The particular problems are clearly demonstrated 
in Example 2.1, for which the system has the first 
two natural frequencies at 7917 and 9318 v.p.m. and 
the third occurs remotely above 22500. consequently, 
in the region of the service speed at 1200 R.P.M. there 
is a cluster of resonant conditions arising from the 
first and second modes, excited by the 7th, 1% and 
8th orders, the 7% order predominating and resonating 
above and below the service speed. The appreciable 
contribution from the powerful 6th order excited lower 
flank of the first modal resonance also requires 
consideration. These complex conditions are well 
illustrated in the plotted forced-damped analytical 
results shown in Figs. 18 to 21. Such characteristics 
would be very difficult to predict by conventional 
methods, particularly if the analysis were based on 
the treatment of the two dominant modes in isolation, 
together with the simple estimation based on the 
concept of "flank magnifiers" off resonance.
Although the service operating speed is seen to 
be satisfactorily located in a non-resonant position 
amidst the several critical speeds, Fig.21 indicates 
that the cumulative contributions from the various 
harmonic orders amount to an appreciable level of 
vibratory torque imposed on the generator rotor. A 
more precise estimation of the total peak-to-peak 
magnitude of this cumulative torque would require 
synthesis of all the harmonic torque responses, taking 
into account their correct phase relationships. At 
present this synthesis facility has not been 
incorporated in the subject computer program, LR 269.
However, the facility is available in an existing 
program, LR 278, designed to perform a similar type of 
analysis, but restricted to unbranched systems, and 
the latter program would normally be used in the 
treatment of the present example.
Example 2.1 has also been exploited to demonstrate 
the importance of adhering to a consistent concept 
of harmonic phase relationships. It has been 
emphasised earlier that the convention stems from 
the basic Fourier analysis of exciting torques, which 
yields sinusoid harmonic components, each having an 
associated phase angle which, if positive, is to 
be considered as a phase lead for the function 
relative to some arbitrary datum reference. This 
convention must be strictly applied throughout the 
analysis to the end-point where harmonic system 
responses of the same general sinusoid form are 
obtained. Thus, the phasing of several engine 
excitations involves the specification of relative 
crank angles in a firing order sequence, which, if 
expressed as a set of positive numbers actually 
implies phase lags and must be treated negatively 
in the analysis. It is erroneous to assume that 
these angles may be dealt with as positive numbers 
in the course of analysis and the sign of the phase 
angles of the resultant responses merely changed to 
give the correct results. In fact the magnitude 
of the responses is also altered by this approach, 
due largely to the effect of damping, and the results 
will be inaccurate.
This phenomenon is illustrated in the present 
example by recomputing with the engine firing 
angles reversed in sign. Typical results for this
reversed treatment are given in Tables 2.1.3(a) to
(d), and the differences are shown from comparison 
with Tables 2.1.2(a) to (d). As could be predicted, 
the results are identical only for major harmonic 
orders such as 6 and 7%. However, for the minor 
7th and 8th orders the results differ, particularly 
at the forward end and in the engine crankshaft 
region. This difference could lead to serious 
misinterpretation of practical measurements taken, 
for example, by a seismic pick-up at the forward 
engine free end.
4.3 A more representative application of the program
LR 269 is given in Example 2.2 where the subject 
of the analysis is a fairly simple branched system, 
modelled on a typical modern integrated trawler 
machinery installation. Apart from demonstrating 
the general manner of treatment of a branched system 
by the proposed forced-damped procedure, implemented 
by the application of the associated computer 
program LR 269, this Example also makes use of many 
of the automatic auxiliary facilities incorporated 
in the program.
Thus, over the speed range investigated, the 
engine harmonic exciting torques were computed as 
variables, their values being determined from a 
specified service rating and an assumed propeller 
torque demand obeying the speed-squared law. The 
3rd order exciting torques, furthermore, were 
computed with correction for reciprocating inertia 
effects, these being combined with the variability 
of the gas pressure torques.
Similarly a variety of damping concepts, 
catered for in the program, was utilised. Thus the 
viscous damper at the engine free end was simulated 
by a pure viscous connection, of constant damping 
coefficient, between the two essential elements.
The damping flexible couplings in the two generator 
side branches of the system were represented by 
elastic shafts and constant coefficient damping 
terms acting in parallel. Engine cylinder and 
propeller external viscous damping sources were 
introduced, the latter again being computed 
automatically as a speed-squared variable. All 
these features serve to emphasise the versatility 
of the method and program.
The undamped natural frequencies for this 
system were already available from the treatment 
in Example 1.3, where the first five modal 
frequencies were computed as
342.75 v.p.m. - Engine coupling mode,
671.55 v.p.m. - Propeller shaft mode,
1504.1 v.p.m. - Winch Generator branch mode,
2247.9 v.p.m. - Auxiliary Generator branch mode,
and 4410.7 v.p.m. - First Crankshaft mode.
Taking account of the speed range and the particular 
harmonic exciting.orders selected for investigation, 
resonances for the latter three modes, only, are 
apparent in the results presented, those relating 
to the first two modes occurring below the lower 
limit of speed specified in this Example. Reference
to Figs. 23 to 26 shows the plotted harmonic torque 
responses at particular positions in each section 
of the system, and these curves clearly indicate 
the speed regions where the resonant conditions 
arise. The winch generator branch mode (1504 v.p.m.) 
has sharply tuned 3rd and 6th order criticals close 
to 500 and 250 r.p.m. respectively, while the 
auxiliary generator mode (2247 v?p.m.) has a 
similar 6th order critical at about 375 r.p.m.
It is a feature of these minor branch modes that 
control of their vibratory magnitudes at resonance 
is effected almost completely by the small amounts 
of damping within the branches and they respond 
only slightly to the heavy damping in the main 
regions of the system. This localisation of the 
effects of discrete damping is brought out by the 
forced-damped detailed analysis, but would not 
be obvious from treatment by simpler conventional 
methods.
It is interesting to note from Fig.23 how 
little effect these branch modes have in the 
engine region forward of the flywheel. Their 
resonances are discernable only as minor disturbances 
in the 3rd and 6th order response curves and, in 
fact, additional computing was carried out in much 
finer detail to establish the true nature of the 
curves close to these resonant speeds.
In contrast the same illustration, (Fig.23), 
shows the well damped shape of the 9th order 
critical for the 5th, or "crankshaft" mode, at
about 490 r.p.m. The responses for this mode in 
regions of the system aft of the flywheel would 
be barely detectable.
4.4 In Example 2.3 is presented a mere glimpse of
the extent of the analysis required for a full 
understanding of the overall torsional vibration 
characteristics of the more complex arrangement of 
branched system, increasingly encountered in 
modern marine engineering. Fig.27 shows the 
dynamic system modelled in detail on a typical 
multi-engine, medium-speed, geared, integrated 
machinery installation. In this case, two 
similar engines drive a common line of propulsion 
shafting through two-stage reduction gearing, but 
the symmetry of the arrangement is upset by the 
geared-up power take-off to the main generator on 
the starboard side. This assymmetric feature 
is reflected in the dynamic model by the 
introduction of a small degree of flexibility in 
the gear meshes on each side of the main wheel.
The preliminary natural frequency analysis, for 
which the results are indicated in Table 2.3.1, 
also exhibits the node/antinode-at-gearing sequence, 
characteristic of such basically symmetrical 
systems, but the modal shapes have the nodes 
occurring slightly to one side of the central main 
wheel and the propulsion shafting has vibratory 
motions in all modes.
Once again, as in the preceding Example, the 
subject case, apart from being more complex and 
demanding in its analysis, makes full use of the
computing facilities embodied in the program. However, 
in order to demonstrate yet another capability, the 
effects of having one engine cylinder inoperative 
are simulated by omitting the firing angle for the 
first kb ' bank cylinder of the starboard engine 
from the system specification (Table 2.3*.2). This 
simulation has important practical validity, since 
a one cylinder "out" situation frequently arises 
in multi vee-engine installations and, furthermore, 
its equivalent condition in terms of rough running 
or unbalanced combustion has a more pronounced 
effect in such systems.
In the first computer run the crank angles 
were so specified that the two engines would be 
firing precisely in-phase and the system responses 
were calculated for 1st and 6th order excitations 
over a speed range from 160 to 460 r.p.m.
The resulting response curves for vibratory 
torque at a few points of interest in the system are 
plotted in Figs. 28 to 32. The rather unfamiliar 
appearance of these curves clearly demonstrates 
the greater realism produced by the more detailed 
treatment of a relatively complex system by 
generalised forced-damped analysis, in contrast 
with the anticipated results obtainable by simpler 
conventional methods.
In particular the 1st order excitation 
potentially could have resonances at 183, 241 and 
376 r.p.m. for the first three modes of vibration. 
Normally at such low frequencies and with perfectly 
firing engines the 1st order excitation would be 
weak due to vector cancellation, except in the
engine crankshaft regions. Furthermore, with 
the engines in-phase and perfect symmetry of the 
system the first resonance at 183 r.p.m. would not 
be apparent in the propeller shafting since the 
mode would have a node centrally in the reduction 
gearing. However, with the effects of slight 
assymmetry in the system and one cylinder 
inoperative the response curves are more random in 
shape and the resonances are less pronounced or 
absent. Thus, in Fig.28 the propeller shafting, 
as expected, exhibits somewhat distorted forms of 
the second and third resonances only, as 
anticipated. In Figs. 29 and 31 all three 
resonances are traceable in the starboard gear 
mesh torque curve, but the port side curve is far 
less easily diagnosed, apparently having only 
two local peaks and being generally lower in 
magnitude. Fig.30 is the only 1st order response 
curve showing a pronounced resonance, (3rd mode 
at 376 r.p.m.) and this is predictable since the 
curve is that of the generator drive torque and 
the 3rd mode is the "generator branch" mode.
For 6th order excitation the responses plotted 
in Figs.28 and 30 for the propeller and generator 
shafting indicate well damped resonances at about 
161 and 456 r.p.m. associated with the "propeller 
shaft" mode and the antinode "crankshaft" mode,
(971 and 2738 v.p.m. respectively). However,
Fig.32 shows only the pronounced resonances in the 
vibratory torques forward of the engine flywheels 
due to the antinode crankshaft mode and the 
magnitudes of port and starboard sides differ
somewhat due to the imperfections introduced into 
the problem.
In the second computer run the 6th order
excited responses were analysed over the same speed
range, but with the engines arranged to fire in
antiphase for this harmonic order, (port engine
o
crank angles lagging by 30 ) and with the same one 
cylinder inoperative. Broadly speaking this 
arrangement should excite only the node-at-gears 
type of modes. Figs. 33 to 35 show some 
comparative responses with the engines in and out 
of phase.
The propeller shafting responses in Fig.33 
are interesting since, with the engines in phase 
the two resonances of antinode modes at about 161 
and 456 r.p.m. are quite distinct. With the 
engines antiphased, the fact that there is any 
propeller shaft response at all is due entirely 
to the bias in the system and the effect of 
the inoperative cylinder. The differences in 
magnitudes of torque response in the gearing 
meshes shown in Figs. 34 and 35 for the engines 
in and out of phase demonstrate the danger of 
excessive vibratory torques in the engine branch 
drives when the node-at-gears modes are excited 
by the engines firing out of phase.
It would be possible to comment on many other 
pertinent aspects of the results obtained in this 
and the preceding Examples. However, the 
foregoing discussion should suffice to demonstrate
the capability of the computer program LR 269 to 
deal in realistic detail with systems both diverse 
and complex. Additionally it is shown that the 
forced-damped analysis gives a significantly 
different picture of vibratory characteristics of 
systems generally, in comparison with simpler 
methods of prediction? an observation which is 
increasingly supported by analysis of practical 
measurements.
PART III
• THE APPLICATION OF ANALOGUE COMPUTING TO TORSIONAL
VIBRATION ANALYSIS
INTRODUCTORY AND GENERAL
1.1. Analogue computing has been adopted here as an 
alternative approach to the general analysis of 
torsional vibration, in order to obtain a 
completely independent and overall verification 
of the several processes involved in the main 
method of treatment developed earlier in this 
work, the latter leading essentially to a 
digital computer orientated means of calculation.
At first glance, this choice of approach 
may appear surprising, since analogue computing 
is by no means an effective tool for the routine 
analysis of torsional vibration, particularly on 
the scale of detail^representative of realistically 
practical machinery installations? neither 
does the torsional vibration problem, as 
conventionally expressed, exploit to the full 
the particularly unique capabilities of the 
analogue computer. It is to be hoped that this 
paradox will be adequately resolved as the theme is 
developed in the following notes. The inclusion 
of these explanatory notes is also well justified 
as a means of clarification of certain widely held
misconceptions or confusions of thought, associated with 
analogue computing and the analogue concept, itself.
1.2. Classification of Analogue Computers
Firstly it is informative to define the basic nature of 
an analogue computer and classify its many variants.
An analogue computer is a device which operates 
by representing the variables of a particular problem 
by easily generated or controlled physical quantities, 
such as shaft rotations or electrical voltages and 
currents. The representation is such as to give a 
continuous behavioural correspondence to the actual 
variables of the problem under study. Even a slide- 
rule is a rudimentary form of analogue computer, but 
attention is concentrated here on the much more 
complex types and specifically those of an electrical 
or electronic nature.
e.g. Flight Simulators 
Plant Process 
Controllers, etc.DIRECT INDIRECT
GENERAL PURPOSE SPECIAL PURPOSE
ANALOGUE COMPUTERS
Equivalent D.C. Electronic
circuits, Network Analogue Computers.
Analysers, etc.
8Fig...
The generic classification of analogue computers 
as a family is illustrated in the above diagram, (Fig;8 ).
Special Purpose Computers, as the designation 
implies, are set up to provide a simulated model of 
one particular problem or process, and therefore lie 
more properly within the disciplines of Control 
Engineering, where they are used to great effect.
By comparison. General Purpose Computers 
incorporate numbers of circuitry modules which can be 
organised and interconnected in many different ways to 
simulate a wide variety of unrelated problems. In 
particular, they can be arranged to simulate the 
behavioural dynamics of vibrating mechanical systems, 
and consequently the present work is concerned with 
computers in this group.
General Purpose Computers are further 
subdivided into Direct and Indirect classes.
The electrical network analyser, which belongs 
to the direct analogue class, is the oldest of the 
general purpose computers. Its operation is based on 
the physical analogy of the mechanical behaviour of 
such components as dash-pots, springs and massesfto 
the corresponding electrical behaviour of resistors, 
capacitors and inductors. Unfortunately, the 
network analyser, in spite of the ease with which the 
circuit arrangements may be derived to simulate the 
mechanical systems, has not achieved the widespread 
use that it would appear to deserve. This is due to 
the relatively high cost of such equipment, together 
with the limited accuracy and tendency to variability 
and deterioration of its basic components.
In almost all cases, therefore, the Indirect 
Computer, exemplified by the D.C. Electronic Analogue, 
has superseded all other types in the analogue field.
This type of computer is indirect in the sense that it 
sets up a mathematical analogue of the equations of 
motion of the system under study, rather than 
simulating the direct physical behaviour of the 
mechanical components. Because of its mathematical 
approach this type of analogue computer is more 
specifically called an Electronic Differential Analyser. 
However, even this description is misleading, since the 
actual solution of the appropriate differential 
equations is achieved by circuitry based on electronic 
integrating amplifiers, and therefore a more precise 
appellation would be an Electronic Integrating 
Synthesizer] Nevertheless, disregarding conflicting 
views on nomenclature, the Electronic Differential 
Analyser is the type of analogue equipment used 
exclusively in the present work, and this will be 
implied in any reference to analogue computing in 
later sections.
1.3. The Analogue Concept of Torsional vibration
Admittedly, the mainstream of torsional vibration 
analysis, throughout its history, has been carried out 
by numerical calculation based on classical solution 
of the appropriate equations of motion? an approach 
which has led to the present almost exclusive 
utilisation of the high speed digital computer. However, 
the analogous behaviour of mechanical systems and electrical 
or electronic circuitry, in this respect, has been 
appreciated for at least 20 years, although its concept
and even more so, its practical application, have been 
exploited to a very limited extent.
It is rewarding at this point to consider the 
various forms the analogue may take, in order to 
understand the underlying principles and to eliminate 
another source of confusion mentioned in 1.1.
1.3.1. Direct Analogies
The BICERA Handbook, (Ref; 12), gives a 
detailed description of two forms of the 
direct analogy.
The first analogy is based on the 
correspondence between torque in the 
mechanical system and voltage in the 
electrical circuit. Thus, for instance, the 
mathematical equation governing the behaviour 
of one-mass system subjected to a sinusoidal 
torque is precisely of the same form as 
an equivalent electrical circuit connected 
to a sinusoidal voltage
Mechanical System 
Electrical System
*J©+ C © +K6 = T 0 sin to t 
+ = vc sin CO t
MECHANICAL QUANTITIES ELECTRICAL QUANTITIES
Torque - T
Angular Displacement - 0
Stiffness - K
*
Angular Velocity - 0 
Damping Coefficient - c
« 0
Angular Acceleration - 0
Moment of Inertia - J 
Phase Velocity - ^
Voltage - V
Charge - q
1/Capacitance - 1/C
Current - q
Resistance - R
Rate of change of 
current _ cy
Inductance - L
Phase Velocity - ^
The diagrams, (Fig: 9 ) 
analogous correspondence for a
^2
C
Figs 3.
below, illustrate the 
3-mass system:-
The second direct analogy relates torque to 
electrical current. Thus, the sum of currents in 
an electrical circuit corresponds to the sum of 
torques in the mechanical system.
The analogous equations for the one-mass 
system are;-
•* •
<J8 -*-C© -V K 0  = to sinWt. 
c 0  - Ie sinUt.
I\ u—
1 2 • • • • *•
Mechanical System 
Electrical System
MECHANICAL QUANTITIES ELECTRICAL QUANTITIES
Torque - T Current i
Angular Displacement - e Flux = $v.dt
Shaft Stiffness K 1/Inductance - 1/L
Angular Velocity e Voltage = V
Damping Coefficient - c 1/Resistance - i/r
Angular Acceleration - © Rate of change of, 
Voltage - V II
Moment of Inertia J Capacitance - c
Phase Velocity - Phase Velocity Ui ;
The analogous diagrams, (Fig; IO ), for a 3-mass 
system would be:-
1-2.
Kz K,
I  t t
Fig, IO
1.3.2. The Indirect Analogy
As indicated earlier,, the indirect analogy, which 
is the one appealed to exclusively in the present 
work, does not relate correspondences in physical 
quantities in the mechanical and electrical 
systems. Instead, the analogy deals with the 
mathematical model, representing the mechanical 
system, in the form of its differential equations 
of motion, using electronic components to provide 
the required solution. The analogy has 
only one type of variable, namely discrete 
variable voltages, which may be interpreted as 
representing different physical variables, 
directly or indirectly, according to the 
particular circumstances. The variable voltages 
are obtained by the appropriate results of 
arithmetric electrical processes of addition, 
subtraction and multiplication, together with 
continuous integration with respect to time.
Thus, considering the one-mass torsional 
system with excitation and damping (Fig* 11 ):-
j
©
Fig.
the mechanical equation of torques is * -
vJ0 -+■ C. 0 © — "To Sin ^ 1.3.
and the corresponding analogue equation of voltages 
in re-arranged form is:-
e = - <s
K Q j "To * stw Ca) b 
O' T
1.4,
Without, at this stage, going into details 
of the operation of the components and the scaling 
of quantities, the corresponding simplified 
analogue circuit diagram, (Fig* 12), for the 
solution of this differential equation would be:-
v, (= -e)Ce)
IMTECRATTo R INTGGRPvTOR
MULTIPLIER.
 ^ c/j
v3 (= R6/J)
t^ULTlPUER.
rv»
V5 (= —. "To Sin CO t ^
Fig, 12
(Note* The voltage outputs of all integrators 
and summers suffer a change of sign).
It can be seen from the above diagram that 
voltages may variously represent angular 
displacements and their time dependent derivatives 
or, (by scaling) torques.
1.4. Previous Use of the Analogue Concept
The electrical analogue concept applied to the 
analysis of mechanical torsional vibration is a 
viable approach and one which appeals to those 
trained to think in terms of electrical circuit 
network analysis. However, as already mentioned, 
the practical application of the concept to 
torsional vibration, using actual electrical 
circuit hardware in the form of one or other 
types of analogue computer, has serious limitations, 
associated largely with the accuracy obtainable 
and the size of torsional system that can be 
accommodated.
It is known from discussions with various 
authorities that practical application has been 
achieved to an appreciable extent, particularly in 
the specialised field of torsional vibration 
analysis of simple branched geared turbine marine 
installations, but clear evidence of such work 
is not apparent in available published literature.
Possibly the first comprehensive treatment of 
the electrical analogue was presented by Yates 
in 1955, (Ref: 4*9). Although this work must have 
been based on practical analogue circuit 
computation, the emphasis appears to have been 
directed towards the translation of torsional 
systems into equivalent electrical circuitry in 
order to develop the admittance and impedance 
method as a basis for numerical calculations. 
Incidentally, the particular analogy dealt with
By Yates was the first of the direct types considered 
in 1.3.1., based on the correspondence between 
torque and voltage.
This approach was taken further by Mott and 
Fleeting in 1957/ (Ref: 29), who proceeded to use 
the method as a basis for producing digital computer 
programs, which they presented in detail. Again 
there was no clear evidence of the practical 
application of an analogue computer to this work.
In fact, the only positive reference to the 
practical use of analogue computers for torsional 
problems appears to be that by Nestorides in a 
contribution to the discussion of Archer's paper 
in 1963, (Ref;16). Here Nestorides mentioned the 
successful use of the electronic differential 
analyser (i.e. the indirect type of analogue 
computer), in connection with the generalised forced 
damped analysis of torsional vibration and its 
extension to the treatment of gear-branched systems.
It is interesting to note, as a typical example of 
the confusion surrounding analogue computing, 
that Archer, in reply to the discussion, referred 
Nestorides to the Yates paper of 1955*
1.5. Comparative Characteristics of Analogue and 
Digital Computers
In digital computers^numbers are operated on directly, 
the basic operation being counting. This enables 
the machine to perform the four fundamental 
arithmetical operations of addition, subtraction, 
multiplication and division.
In analogue machines numbers are represented 
as physical quantities, whose magnitudes are 
determined by the magnitudes of the numbers. 
Mathematical operations are represented by physical 
events? that is, the machines do not count, but 
instead, perform continuous manipulations equivalent 
to the desired mathematical operations. The results 
of these manipulations, in each case, are other 
physical quantities, whose magnitudes and behaviour 
represent the solution to the problem.
Also, where many events are occurring at the 
same time in the physical model, they will 
similarly take place simultaneously, or in parallel, 
in the machine - unlike the digital machine which 
performs all its operations singly and in sequence.
The precision of the digital machine is 
theoretically boundless, increasing it being simply 
a matter of accommodating more significant places 
throughout the equipment. Conversely, the precision 
of the analogue is restricted to the practical 
physical quantification of a variable and the 
possible accuracy with which it can be measured.
However, analogue devices are characterised 
by continuous operations, particularly integration, 
performed in parallel, as opposed to digital machines 
which are discrete serial devices. Analogue 
solutions are obtained in a continuous manner, all 
parts of the device operating simultaneously.
Considering mathematical models, a system is 
described analytically in terms of causal relationships 
between its component parts. The analyst derives 
equations for these relationships and builds up a 
mathematical model for the system. The individual 
equations are derived from basic mathematical and 
physical laws, such as Newton's equations of motion, 
conservation of energy, etc. The final mathematical 
model may result in a collection of integral or 
algebraic equations, although differential equations 
are the most common, some possibly being non-linear.
Solutions to such models can be obtained 
analytically by classical methods, numerical techniques 
or by electronic computation. The digital computer 
can handle known classical solutions if the model 
is composed of ordinary linear and/or partial 
differential equations, together with certain classes 
of non-linear differential equations.
Numerical solutions involve the transformation 
of tie mathematical model into a set of algebraic 
equations, replacing all derivatives and integrals 
by appropriate algebraic or finite difference 
approximations. The resultant set of simultaneous 
equations can be solved by the digital computer, 
but if the equations are ill-conditioned, problems 
of accuracy, stability and convergence may arise. 
Alternatively, intractible integrals and non-linearities 
can be handled on the digital computer by approximate 
numerical and iterative techniques, but where these 
processes are interactive, as in a network, they 
can only be dealt with sequentially.
By comparison the analogue computer can be 
arranged in most cases to deal directly with all these 
processes, the accuracy of solution depending only on 
the accuracy of the physical components of the machine, 
not on degrees of approximation in the analysis.
Further, where these processes are interactive, the 
analogue computer circuits will deal with them 
simultaneously and continuously. In fact in this 
sense, each component circuit of an analogue computer 
may be considered to be the equivalent of a whole 
digital computer central processing unit*
This comparison is vividly illustrated by such 
a simple process as obtaining a single point 
evaluation of a sine function. The digital computer 
would normally Obtain this value by calculating the 
terms of a series expansion, possibly truncated to 
give the required accuracy.
The analogue computer, however, would obtain 
the quantity directly by integrating circuitry in a 
time dependent on the magnitude of the argument.
At the same time, during the process, it would have 
generated continuously all values of the function 
up to the chosen point? a capability unparalleled 
in digital computing.
This comparative example raises other interesting 
points and it is instructive to consider it in detail. 
However, for full appreciation of these features, it 
is desirable to study the operation of the analogue 
computer and its components in greater depth. Such 
aspects are out of place here and are dealt with in 
Appendix 3, to which reference should be made.
COMMENTARY ON THE RESULTS OF PRACTICAL
APPLICATION OF ANALOGUE COMPUTING
2.1 A detailed account of the practical application of 
Analogue computing techniques to the analysis of 
generalised torsional vibration characteristics 
of a variety of dynamic system configurations 
carried out at the University of Surrey is presented 
in Section 3 of Part IV.
This sphere of work represents the essence 
of the collaborative nature of the present project. 
The primary aim of the project was to develop 
a rational and comprehensive capability for 
generalised torsional vibration analysis of 
modern and complex machinery installations, 
designed specifically with digital computing in 
mind as the ultimate means of application. For 
this purpose, Lloyd's Register of Shipping 
already possessed adequate in-house digital 
computing facilities.
However, as already explained, for various 
reasons it was deemed prudent to seek completely 
independent means of confirmation of the 
overall validity of the developed methods and, 
in this respect, Analogue computing was 
considered to be the only approach satisfying the 
requirements. It was also of interest to 
explore the somewhat neglected field of analogue 
computing as a potentially alternative or 
supplementary future approach to torsional 
vibration analysis in its own right. The 
availability of the necessary analogue computing
equipment and facilities at the University, 
coupled with the opportunity for broader discussion 
of the merits of the methods proposed with the 
University staff, provided the perfect background 
for collaboration.
2.2 Although in principle Analogue Computing offered 
an alternative and totally independent approach 
to torsional vibration analysis, its practical 
application was attended by many problems and 
limitations? sound reasons for its apparent 
neglect by previous workers. These shortcomings 
were fully appreciated when this course of work 
was embarked upon, but it was also realised that, 
if successful, apart from validating the more 
conventional methods proposed, it could open up 
a completely new aspect of vibration analysis, 
from which much could be learned, and therein lay 
the challenge.
In the first place, the outline of the 
principles of analogue computing given in the 
preceding section 1 of this Part, together with 
the more detailed description of typical standard 
circuitry in Appendix 3, indicate clearly that 
the unique ability of the analogue computer to 
perform true integrating operations is the basic 
key to the independence of approach. Yet the 
powerful potential of this feature, as compared 
with the digital computer, was to be largely 
wasted on the solution of differential equations 
for which the typical form was already known from 
classical analysis, once the right-hand sides
had been expressed as terms of Fourier harmonic 
series. Similarly with a limited number of 
amplifiers available and the reliance on 
linearity in the characteristics of thermionic and 
electronic components, the analogue computer 
could not match the digital type either in size 
of problem handleable or in numerical precision 
of solution.
Secondly, and equally important, although 
the writer had a reasonable understanding of the 
principles and philosophy of analogue computing 
and its general methods of application, there 
was a complete lack of previous experience in 
practical problem preparation and use of 
analogue computing equipment. However, this 
disability was largely overcome by the helpful 
guidance afforded by references 45, 46, 47 and 
48.
In consequence of the above considerations, there 
was a clearly defined initial phase in the work 
carried out at the University„ This was 
essentially devoted to familiarisation with the 
techniques of problem preparation and the 
operation of analogue computer equipment, 
together with methodical exploration of the 
potential capability of the computer as applied 
to analysis of torsional vibration. Familiarisation 
activities included?
(a) Operation of the controls of the Solartron 247 
Computer and practical use of the internal and 
peripheral facilities provided.
(b) Expression of particular problems in terms 
of characteristic equations of motion and 
subsequent rearrangement in a form suitable 
for analogue treatment.
(c) Wiring arrangement design of the analogue 
circuitry appropriate to the solution of the 
equations.
(d) Amplitude scaling to obtain optimum 
magnitudes of variables within the limitations 
of permissible amplifier voltage loadings
and time scaling for suitable problem solution 
running times, having regard to observation 
and recording requirements.
(e) Patching-up the circuit on the wiring panel, 
carrying out static problem checks and 
finally running the simulated computer 
solution.
Elementary level facility in the performance 
of these operations was initially obtained from 
the successful creation of a sinusoid generating 
circuit and the simple treatment of a single­
inertia damped system in free vibration, both of 
which are described as illustrations of analogue 
computer operation in Appendix 3.
Regarding the exploratory aspect of this 
initial phase of work, it was the intention to 
start with the analysis of a very simple torsional 
system and follow up with several problems of
increasing complexity, ultimately achieving the 
treatment of systems with branched configuration. 
In the course of this work experience of the 
behaviour and capability of the analogue computer 
in relation to this field of analysis would be 
methodically built-up.
It was planned that each computer run 
would start in the conventional manner with the 
analogue circuit "dead", simulating a system 
in repose, and a harmonic excitation provided 
by the sine wave generating circuit would be 
applied continuously during the run. The 
run would be allowed to progress until the 
interaction between damping and excitation had 
resolved into a condition effectively simulating 
steady-state vibratory motion of the system.
(It was accepted as inevitable that this 
approach would preclude the investigation of 
any system with zero damping, since steady-state 
conditions could never be reached.)
Accordingly, in the initial phase, this 
intended scheme of investigation was implemented 
by attempting the analysis of three different 
simple torsional systems, making use of the 
Solartron 247 Analogue Computer. Referring to 
Section 3 of Part IV, these particular problems 
are detailed as:-
(a) Example 3.1(a) - A single degree of freedom 
system with forced excitation and external 
damping.
(b) Example 3.2(a) - a two-mass free-free system 
with excitation at one inertia and external 
damping at both.
(c) Example 3.3 - A four-mass system with 
excitation at one inertia and the first 
shaft replaced by an internal damping 
connection? simulating a viscous damper.
2.4 From the outset, this phase of work gave practical 
confirmation of many of the misgivings held with 
regard to the use of analogue computing as a
means of analysis in the subject field.
The very simple problem in Example 3.1 
immediately demonstrated the difficulties associated 
with excitation of an initially static system 
and passing through the transient phase to the 
point where the motions had decayed into steady 
state vibration. Reference to Figs.38 to 43 
shows generally that the transient phase involved 
far too many cycles for practical recording on
a Flat-Bed plotter, with adequate spread of wave
form for accurate measurement of phase relationships 
of the responses in the final steady state 
condition. Furthermore, with prolonged computer 
runs the cumulative effect of errors, arising from 
slight departures of computer amplifier gain 
characteristics from the assumed ideal, cast doubt 
on the ultimate accuracy of these phase relationships. 
However, apart from this shortcoming, by ignoring 
phase, it was possible to allow each run to decay into 
approximate steady state and measure the amplitude of 
response with reasonable accuracy, this being achieved by
displaying and measuring the trace on an oscilloscope. 
Comparative analogue and digital results given in 
Table 3.1.1 indicate the level of agreement obtained.
Cursory observation of these transient phases 
provided a salutory reminder of a somewhat neglected 
area of wider vibration analysis. In many cases 
the transient motions exhibited violent oscillations, 
whose magnitudes greatly exceeded those of the final 
steady-state vibrations. It was not part of the 
present work to investigate these transient motions 
in greater detail, but it must be remarked in 
passing that these phenomena are of high practical 
relevance to the operation of machinery installations 
and reflect the effects of change in running 
conditions or, for example, the shock induced by 
sudden application of load to a generating system. 
Routine vibration analysis tends to concentrate on 
the steady-state conditions, but the effects of 
shock and transients should not be ignored and 
could provide a fruitful line of investigation on 
another occasion, for which the analogue computer 
would be eminently suitable.
Moving on to Example 3.2, the analysis of this 
system disclosed a further problem arising from the 
manner in which the analogue computer treatment 
was being carried out. Unlike the previous example, 
this system was of the free-free type and 
consequently its subjection to excitation from rest 
introduced a contribution from the zero-frequency 
rolling mode in the transient response. Thus, 
in the transient phase, in addition to the random
oscillations, the analogue amplifier voltages 
representing angular displacements at the two 
inertias had superimposed drift characteristics. This 
phenomenon is clearly visible in the recording traces 
for ©   ^ and Figs- 59, 61, 63 and 64.
It is interesting to observe that these illustrations 
also show that the voltage analogous to differential 
displacement or torque between the inertias show 
no drift, which is predictable and confirms that 
rigid-body rolling of the system is truly simulated 
as a physical feature of the problem, as treated, 
and is not attributable to any shortcoming in 
the computing method. The consequence was that 
many computer runs aborted long before any semblance 
of steady-state had been attained, simply because 
particular amplifier output voltages had drifted 
into overload conditions. As would be expected, 
this feature was most pronounced at lower exciting 
frequencies and it was virtually impossible to carry 
out runs to completion at frequencies below about 
50% of the natural frequency for the system. However, 
by scaling down the excitation voltage it was 
possible to obtain reasonable measurements of 
steady-state magnitudes in the region of resonance 
and the comparative accuracy may be judged from 
Table 3.2.1. These results also faithfully 
reflected the effects of altering the damping 
coefficients.
In the third problem analysed in the exploratory 
phase of work, Example 3.3, all the previously 
experienced practical difficulties of analogue 
computing application were encountered and their 
effects were enhanced by the added complexity of
a four degree-of-freedom system. However, in spite 
of these obstacles, and by careful manipulation 
of the computer, reasonably accurate steady-state 
vibration magnitudes were finally obtained in the 
region of the first resonance. The level of 
agreement with digitally computed responses was 
also maintained for different values of damping: 
coefficient for the viscous damper. This may be 
verified by reference to Table 3.3.3 and the 
response curves in Figs. 67 to 70.
The lessons learned during the somewhat 
lengthy initial phase of practical application of 
the analogue computer had a very important influence 
on the course of subsequent work in this research 
project.
In spite of the limited precision of the 
analogue in comparison with the digital computer, 
which had been appreciated at the outset and 
considered acceptable, it had been clearly demonstrated 
that the analogue computer was completely capable 
of analysing torsional vibration problems in 
the manner presented. The practical difficulties 
experienced in obtaining end results which would 
conclusively confirm the solutions obtained by 
digital computer orientated methods lay not in the 
deficiencies of the analogue equipment, but 
rather in the manner of attempting to arrive at 
the desired solution. In retrospect it could 
be considered as unfair to the fundamental concept 
of analogue computing to impose on it the complete 
task of "blindly1 analysing a dynamic system from
a state of repose, from which excitation would 
generate a transient phase before decaying into 
an inevitable approximation to the desired steady- 
state condition. This process obviously magnified 
all the practical disadvantages of analogue 
computing and the situation could only become worse 
if the complexity of the problems presented were 
to be increased. Accordingly it was essential to 
find an alternative, but equally valid approach 
to the employment of the analogue computer as 
an independent and comparate vehicle for analysis, 
before attempting the ultimate treatment of 
branched torsional systems.
To this end, therefore, it was argued that 
the validity of the comparative analysis would 
remain unimpaired if the analogue computer could 
be provided with additional relevant data, such 
that each run would completely by-pass the 
transient phase and start immediately in the 
steady-state conditions of motion. If the 
required additional data were obtained from the 
results of digitally computed analysis and, 
when set up on the analogue computer, produced 
an immediate and demonstrably steady-state set 
of vibratory responses of the appropriate magnitudes, 
then the original digital computer analysis, 
and the method on which it was based, would be 
confirmed as completely valid.
Considering the basic essentials of steady- 
state vibration, the salient feature is that all
the system motions or responses consist of 
continuously repetitive identical cycles, the 
periodicity of which is determined by the period 
of some causal or exciting cyclic event such as 
an engine cycle or a propeller revolution. In 
general, each cycle of response may have a quite 
complex configuration, but the sequence of cycles 
will be identically repetitive. If, as in the 
present work, a single harmonic component of the 
causal cycle is considered individually, then 
all the responses will consist of cycles made 
up of similar simple sinusoid curves.
It was realised that if all the elements of 
the system, simulated on the analogue computer, 
could be endowed with the precise instantaneous 
values of angular displacement and velocity, 
corresponding to some datum point in a typical 
cycle, say the start of a cycle of excitation, 
then the computer run, initiated with this 
excitation applied, would continue as a-repetitive 
time-dependent cyclic process indistinguishable 
from steady-state vibration. On this hypothesis, 
for comparison with the results obtained digitally, 
the immediate observation of true steady-state 
characteristic motions on the analogue computer 
display would directly confirm the accuracy of 
the various response phase relationships. Final 
validation of the solution would merely require 
comparative measurements of the magnitudes of all 
the cyclic response traces. In this way the 
analogue computer would be used to demonstrate the
correctness of the digital analysis, without in any 
way detracting from its own independence of approach.
It was further realised that the two essential 
means for implementing this proposed alternative 
analogue computing approach were readily available.
In the first place, each analogue computing 
amplifier is equipped with "initial condition" 
setting facilities. This arrangement permits the 
presetting of prescribed integrator output static 
voltages prior to the initiation of the compxi; er 
run. Thus the two integrators, associated with 
the circuit representation of each inertia in the 
mechanical system, could be provided with initial 
output voltages proportional to prescribed 
instantaneous values of angular displacement and 
velocity, respectively, prior to starting the 
analogue integrating run from the chosen datum 
time. Secondly, the requisite values of displace­
ment and velocity are deducible at the instant of 
starting a cycle of harmonic excitation from the 
analytical results of the digital computing 
method. Each output tabulation produced by 
program LR 269 presents a complete set of harmonic 
amplitude responses for every inertia in the 
dynamic system, defined in both magnitude and phase 
relationship to the reference datum excitation.
Thus, expressing the amplitude response at the 
.th .j inertia as
©J sih(Ot
the program presents the sine and cosine components,
= ©j cosr ^  in sin ot /
and &j =  ©jSitt'Vg cos tot
From these components it is deduced for datum time, 
t = o, that
which are the required initial values of angular 
displacement and velocity to be set up as analogue 
initial condition voltage equivalents on the 
appropriate integrating amplifiers.
computing technique devised in 2.5 above was first 
tested by reverting to the simple one degree-of- 
freedom torsional system and the subsequent 
treatment is fully detailed in Example 3.1 (b) of 
Part iv. For each frequency point in the range of 
investigation the instantaneous amplitude and 
velocity values were obtained from the pre-calculated 
system responses for the starting point of a cycle 
of excitation and set up as corresponding initial- 
condition output voltages on the two integrating 
amplifiers. Analogue computing runs started from 
these conditions immediately demonstrated the 
success of the technique. In every case steady-state 
motions were obtained from the outset, as 
demonstrated by oscilloscope display, and these 
were maintained over lengthy runs with complete 
absence of the practical difficulties previously 
experienced. Measurements of the displayed waveform 
amplitudes, when converted, were in excellent agree­
ment with the conventionally calculated amplitude 
response values, as shown by reference to Table
and
2.6 The practical application of the new analogue
3.1.5 and the plotted comparative response curve. 
Fig.45. As final proof of the effectiveness of 
the new technique, a multi-channel recorder was 
used to take simultaneous traces of excitation 
and response waveforms, in turn, for computer runs 
starting from the static state and from prescribed 
initial conditions. A selection of these 
recordings is presented for comparison in Figs.46 to 
52.
To confirm that the new technique was equally 
effective in overcoming the angular displacement 
drift problem experienced in the earlier treatment, 
caused by the transient excitation of the "rolling" 
mode in a free-free system, the two degree-of- 
freedom system, Example 3.2. was also reanalys&d 
on the analogue computer, with precalculated 
initial condition voltage settings. The detailed 
treatment is given in 3.2(b) and, once again, 
every run started from prescribed initial conditions 
immediately responded with characteristic 
steady-state waveform displays. Similarly, 
measurement of these waveforms agreed well with 
conventionally calculated responses, as shown by 
reference to Table 3.2.5 and the response curves 
on Figs. 56 to 58. To provide permanent evidence 
of the comparative effect of the initial condition 
setting technique, waveform traces of the reference 
excitation and the three relevant responses were 
recorded on a Flat-Bed plotter. In view of the 
single-pen plotting facility each solution required 
four separate computer runs and the results are
shown superimposed for a selection of frequencies in 
Figs. 59 to 64. It will be noted that the traces 
obtained with initial condition settings exhibit 
true steady-state configurations and there is no 
sign of drift in the angular displacement responses
for 0 . and ©  _.
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Having thus demonstrated that the main problems 
of analogue computer analysis had been satisfactorily 
overcome, it was then possible to proceed with 
confidence to the treatment of more complex systems, 
particularly those with branched arrangements.
The first branched torsional system devised 
for analysis by analogue computing is detailed in 
Example 3.4. This system was a simplified 
representation of a marine steam turbine propulsion 
installation, comprising four inertias arranged in 
three branches to simulate the H.P. and L.P. 
turbines, reduction gearing and the propeller.
Speed variable excitation (6th order) and damping 
were introduced at the propeller inertia, and 
the turbine quillshaft stiffnesses were adjusted 
to obtain 6th order resonances for the first two 
modes of vibration within the operating speed 
range.
The prescribed initial condition technique 
was adopted in the analysis, the appropriate sets 
of preset integrator voltages being calculated 
from the digital computer output for each run. 
Following this approach analogue computer runs 
were carried out for numerous frequencies in both 
resonant and non-resonant regions of the speed
range. The whole process was entirely successful, 
in every run the display immediately demonstrating 
steady-state vibration characteristics for all the 
monitored system variables. However, in the region 
of the sharply tuned second resonance, the highest 
possible accuracy in setting the analogue potentio­
meter values was required to obtain stable conditions. 
Throughout the analysis, measurements of the 
monitored waveforms, when converted to physical 
variables for the mechanical system, agreed very 
closely with the values obtained by the digital 
computing method, as may be judged from Tables 
3.4.6(a) and (b) and the selected response curves 
in Figs. 73 to 76.
For Example 3.5 a more complex branched system 
was devised, comprising five inertias arranged in a 
four-branch configuration. This represented a 
much simplified version of the integrated trawler 
machinery installation treated in Example 1.3 of 
Section 1., The oil engine was reduced to a single 
inertia subjected to both excitation (6th order) 
and constant coefficient damping. Speed variable 
damping was also introduced at the propeller.
It is indicative of the limited capacity of the 
analogue computer for analysis of this type of problem 
that, even with such a small system and careful design 
of the circuit to minimise the number of amplifiers 
employed, virtually the full scope of the solartron 
247 Computer had to be exploited and the second, 
or "slave", module linked-up to provide sufficient 
components. (See diagram in Fig.78).
The natural frequency distribution for this system 
was such that all four modes, with 6th order excitation, 
had resonances well below the operating service speed. 
The first stage of analogue analysis was restricted 
to a frequency range embracing the first two of 
these resonances. As previously, initial condition 
voltages for the various computer runs were 
calculated from the digital analysis and in every 
case the monitor oscilloscope demonstrated that 
steady-state vibration characteristics had been 
directly, achieved. Similarly, waveform measurements 
confirmed close agreement with digitally computed 
magnitudes for all the responses as shown in 
Tables 3.5.7(a) and (b) and the curves in Figs. 80 
to 85.
In the second stage of treatment of this system 
a brief attempt was made to carry out the analysis 
in the higher frequency range, embracing the third 
and fourth modal resonances, still using the 
Solartron 247 Computer. At this frequency level 
the solutions were extremely critical, requiring very 
accurate potentiometer settings and involving a 
wide range of amplifier gains in the circuitry.
The Solartron 247 machine, working to its full 
capacity and with the shortcomings of its obsolescent 
themionic type of amplifiers was found to be 
inadequate for the task of obtaining stable solutions.
However, at that time a larger and more 
modern computer, the EAL 580, having greater 
reliability in its solid-state electronics and 
transistorised amplifiers, became available and, 
after brief familiarisation with its operation, the
higher frequency stage of investigation was transferred 
to this machine. Using the same procedure as before, 
employing the initial condition presetting technique, 
a series of successful runs was carried out, in every 
case producing full steady-state conditions and, 
by measurement, confirming the digitally computed 
system response values. The agreement between the 
two methods of analysis is indicated in Tables 
3.5.12(a) and (b) and the selected response curves in 
Figs.86 to 91.
For the final problem to be treated in this 
analogue computing phase of analytical work. Example 
3.6, a more detailed unbranched system was chosen.
This was a five degree-of-freedom system simulating 
a typical oil-engine driven generating set having 
three engine cylinder inertias at which exciting 
torques could be applied with their relative phases 
correctly based on the crank firing angles. Each 
of these inertias also had external damping. The 
main purpose of this example was to demonstrate the 
validity of the assumptions made with respect to 
the convention adopted for relating the phases of 
several discrete excitation sources. It also 
demonstrated the use of a single analogue sinusoid 
generating circuit to produce several separate 
excitation signals of the same frequency, but with 
differing relative phases.
As is common in close-coupled generator sets, 
the first two modal frequencies were fairly close 
together and the analysis was conveniently arranged to 
cover a speed range embracing both resonances 
associated with both l\ and 8th order excitation.
These harmonics were chosen to illustrate both "major" 
and "minor" orders of excitation, the latter being of 
vital interest in confirming the validity of the 
phase relationship convention and its effect on the 
system responses. The analogue computer analysis 
was carried out in accordance with the now familiar 
procedure using the initial condition setting 
technique and runs were made for both orders of 
excitation over a frequency range covering resonant 
and non-resonant regions. As with the previous 
examples, the results obtained were highly 
satisfactory, observation confirming the achievement 
of steady-state vibrations and the measurements 
showing close agreement with digitally computed 
responses in all cases. These features are 
indicated in Tables 3.6.7(a) and (b), 3.6.8(a) and
(b) and Figs. 95 to 102. In particular, the 
agreement of the results for analogue and digital 
computing in the case of the minor 8th order harmonic 
clearly confirmed the correctness of the relative 
phase convention adopted, where otherwise the 
response magnitudes would have differed to a 
detectable extent. (See Example 2.1 in Section 2 
of Part IV).
2.8 The foregoing account of the practical analysis
of torsional vibration problems employing the independent 
approach provided by analogue computing techniques, 
although dealing with relatively simple branched and 
straight system configurations, has nevertheless 
adequately confirmed, in all essential respects, the 
validity of the digital computer orientated methods
developed in Part II and applied in Section 2 of this 
Part. At the same time, the analogue computer has 
demonstrated by its unique characteristics that it is 
a valuable analytical tool in its own right for the 
study of transient vibration phenomena.
However, of far greater importance to the 
future course of torsional and other fields of 
vibration analysis are the implications underlying 
the development of the "initia1-condition" technique 
for solution, described in paragraph 2.5. This 
device indirectly provides the essential key to 
an entirely different approach to vibration analysis, 
which could well supersede existing conventional 
methods.
The fundamental basis of conventional methods 
for generalised analysis, such as adopted in Part II, 
is the classical solution of sets of characteristic 
differential equations of motion, in which the 
right-hand-sides represent the cyclic exciting 
torques and are expressed as harmonic components 
derived from Fourier analysis. The only reason for 
prior analysis of the "raw" cyclic torque functions 
into Fourier components is so that the equations 
may be solved for each harmonic individually, the 
solution being known for this condition from 
classical theory. If the complete steady-state 
vibration solution is required, then the solutions 
obtained for the individual treatment of many 
harmonics must be cyclically synthesised in correct 
phase relationship. Viewed critically, this process 
appears unduly circuitous since the initial causal 
functions have to be harmonically analysed, only to 
have the results of their application to the
dynamic system synthesised once again to achieve 
the desired total responses.
It would appear more logical to ignore the 
classical harmonic solution and apply the excitations 
in their "raw", or unanalysed form, obtaining the 
complete solution directly by time-dependent 
integration. It is known from informal discussion 
that this approach has been attempted previously 
by at least one researcher. Digital computing was 
employed and the integrations were performed 
by numerical techniques repeated for successive 
small intervals of time within the basic cycle.
For a system comprising many degrees of freedom 
the treatment of each time increment involved an 
iterative relaxation process to obtain the effective 
motions throughout the system, before proceeding 
to the next time interval. This approach was 
abandoned on the grounds of the excessive amount 
of computing required to achieve a stable end 
solution.
However, this disadvantage obviously arose 
simply because the process was initiated with the 
system in static repose. In this instance, the 
completely general case of excitation, comprising 
both complementary transient decay and steady-state 
solutions, was being attempted and the prolonged 
computing was due to the large number of cycles 
to be treated before steady-state conditions could 
be achieved. (This feature has been demonstrated 
very simply and precisely in the earlier stages of 
the analogue computer treatment in the present 
work.)
It is here that the proposed "initia1-condition" 
device achieves importance, since the direct 
integration approach outlined above could be completed 
over a period of a single basic cycle if the 
instantaneous starting values of displacement and 
velocity for every element in the system could be 
so prescribed that the system returned precisely to 
those same conditions of motion at the end of 
integration over one periodic cycle. The response 
configurations for a typical cycle of steady-state 
vibration could then be fully defined.
It is suggested that these requisite starting 
conditions may be deduced, and hence the steady- 
state solution obtained, by the following outline 
procedure. A first computer run would be made, 
integrating numerically for small intervals of 
time over a complete cyclic period, using the 
iterative process in each interval, applying the 
full regime of exciting torques and starting the 
run from static conditions. The motion responses 
for each element of the system at the end of 
the period would be recorded. This would be 
followed by a set of runs following the same 
procedure. The set would comprise pairs of 
separate runs for each inertia, with no external 
torques, starting in turn with unit displacement 
and unit velocity respectively alone at the 
specified inertia. This would lead to a complete 
set of influence responses at the end of the period 
at every inertia in the system arising from unit 
displacement and unit velocity starts in isolation 
at each inertia. With p inertias in the system 
there would be 2p + 1 runs and sets of responses.
These influence responses would become the
coefficients of a set of 2p simultaneous equations 
having 2 jp unknown values of initial displacements 
and velocities. The equations would be formed to 
equate the motions throughout the system at the 
start and end of a periodic cycle. Superposition 
of the solutions would completely define the 
requisite initial conditions of motion, satisfying 
steady-state vibration, as could be confirmed 
by a final checking computer run over a periodic 
cycle. With free-free systems, the foregoing 
procedure would generate responses including 
contributions from the "rolling" mode and special 
provision would be required to eliminate this effect.
The possibility of the above approach was 
first indicated by the Writer in an Interim Report 
on the present project dated September 1972. It 
is of interest to note that it has subsequently 
been discovered that a paper by Sarsten et al.
(Ref.44), presented in April 1973 proposed a virtually 
identical approach by direct integration and 
involving the same solution for the necessary 
initial conditions of motion. Those Authors 
commented on the virtues of the directness of 
the method but had reservations about the immense 
volume of computing required in the numerical 
integration and iterative stages. In this respect, 
the Writer believes the approach to be still 
potentially viable, having regard to the increasing 
capabilities of high-speed modern computers. 
Furthermore, it would be a most elegant method, 
if the different processes involved could be 
assigned to the most appropriately efficient type 
of machine, that is, to use the analogue computer
for the influence response evaluations, and the 
digital computer for solution of the large set of 
simultaneous equations? an ideal future 
application of the hybrid computer.
This new approach to vibration analysis is 
well worth further study and, apart from the 
ability to deal directly with "raw" exciting 
functions, it opens up the possibilities of 
catering for variable coefficients, such as time- 
dependent variable inertia, in the characteristic 
equations.
PART IV
PRACTICAL APPLICATION OF THE METHODS 
OF CALCULATION
The three Sections of this Part collectively 
present, in some detail, the results obtained from the 
practical application of the methods and computing techniques 
dealt with in the preceding Parts of this paper.
The digital computing facilities provided for the 
complementary functions of torsional vibration modal 
analysis and the more generalised forced-damped frequency 
response analysis are demonstrated in Sections 1 and 2, 
respectively, while the parallel supporting approach, 
employing analogue computation, is applied in Section 3.
!. EXAMPLES OF NATURAL FREQUENCY AND MODAL ANALYSIS
The following examples of natural frequency and 
modal analysis were treated on the Lloyd's Register 
I.B.M. 370/158 digital computer, making use of the 
program LR 66, devised by the writer and described in 
Section 3 of Part I. The examples were selected to 
give a brief indication of the analytical requirements 
typically encountered in marine engineering, the 
problems ranging from simple straight systems to complex 
branched arrangements. The scope and capabilities of 
the computer program in this context are demonstrated, 
together with the interesting features, particularly 
the characteristic sequence of solution, which arise 
in the use of the method exploited by the writer.
EXAMPLE 1.1
AN EIGHT-MASS DIRECT OIL-ENGINE DRIVEN MARINE 
PROPULSION SYSTEM
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FIG. 13 .
This example represents a conventional amidships 
marine propulsion installation directly driven by a slow- 
speed two-stroke oil engine. Although it provides a 
relatively simple unbranched problem for analysis, it is 
included here for comparative purposes in view of its 
frequent appearance in previous works, having been analysed 
originally by Den Hartog, (Ref.24, 2nd Edition, p.226) 
and later by Crandall and Strang, (Ref.30), Mahalingham, 
(Ref.32), and Dawson and Davies, (Ref.26).
Computed Results
In the first' set of computer runs the dynamic system 
was organised so that the Holzer-type calculation process 
started with the first inertia at the engine free end, the 
last inertia being.the propeller, as indicated in output 
Table 1.1.1. of the results.
The upper limit of the natural frequency search range 
was set at a high value, so that all the modes of the system 
would be obtained. An initial starting frequency of 5000 
v.p.m. was specified and all the natural frequencies were 
evaluated, together with their associated modal details.
These are listed in Tables 1.1.2 (a) to 1.1.2(g), precisely 
in their order of computation. The program "trace" 
facility was invoked so that each modal table was preceded 
by the trace print-out, recording the essential details of 
each round of iteration towards a particular modal frequency. 
All seven modes for the system were obtained and the 
sequence in which they were isolated was 1,2,4, 3, 5, 6, 7.
Additional computer runs were carried out with the 
initial starting frequency altered to 100 v.p.m. and 9500 
v.p.m. respectively. In each case all of the system modes 
were obtained in exactly the same sequence as for the first 
run, indicating the pronounced dominance of the first mode, 
with the system arranged to terminate at the propeller inertia.
A final computer run was carried out with the system 
arranged in reverse order as indicated in Table 1.1.3. The 
initial starting frequency was set at 100 v.p.m. for this 
run and the modes, arranged in their order of calculation, 
are shown in Tables 1.1.4 (a) to 1.1.4(g). With the 
system thus treated in the reverse direction, the sequence 
of evaluation of modal frequencies was 2, 3, 4, 1, 5, 6, 7.
This treatment was repeated with an initial starting 
frequency of 2000 v.p.m. and the same sequence of modal 
solutions as for the 100 v.p.m. start was obtained. However, 
when the same system arrangement was treated for the third 
time with the starting frequency raised to 5000 v.p.m. a 
new modal solution sequence, 4,3,2,1,5,6,7 resulted.
As an indication of the relatively high speed of 
operation of the program, LR 66, it should be remarked that 
each computing run, producing the complete set of seven 
modal solutions, required only a half second or less of 
actual computing time.
i CYL 1 2560 .000 675.000
2 2 2560 .000 675.000
3 3 2 560 . 00 0 675.000
4 4 2560 « 000 675.000
5 5 2560.000 675.000
6 6 2560.000 675.000
7 FLYWHEEL 75000.000 13.500
8 PROPELLER 24000 .000 0.0
TABLE 1.1.1.
1 0.7121 320 339 96D—03 —0.99740245D 00
2 0.7108219 715 55D—03 — 0.1839 6342D— 02
3 0.7108219 715 49D—03 —0.85682295D—11
4 0.710821971549D-03 o.o
1 NODE
FREQUENCY 254.60VPM ANG. VEL. SQ 0.71082197D
MASS THETA SIGMA THETA**2*J
1 1.0000000 1.8197 2560.000
2 0.9973041 3.6345 2546.216
3 0.99191 97 5.4395 2518.796
4 0.9838612 7.2298 2478.036
5 0.9731503 9.0007 2424.375
6 0.9558159 10.7473 2358.391
7 0.9438941 61.0678 66820.188
8 3.57564 78 0.0 0 00 307533.063
TOTAL 0.3892 3900E 06 LB-IN<
TABLE 1.1.2 (a)
1 0.197029240191D-01 -0.96408945D 00
2 0.180001233531D-01 — 0•86423754D— 01
3 0•1800 00683909D—01 — 0 • 30 53 4381D— 05
4 0.1800006839 09D—01 -0.30808689D-14
! 2 NODE
..... — •■ - ... . ..... . ..
Ifrequency 1281.18VPM ANG. VEL. SQ 0.18000068D
MASS THETA SIGMA THETA**2*J
1 1.0000000 46.0802 2560.000
2 0.9317331 89.0146 2222.404
3 0. 7598596 125.8723 1637.825
4 0.6133822 154.1370 963.168
5 0.3850310 171.8793 379.517
6 0.1303950 177.8879 43.527
7 0.1331427 -1.8554 1329.524
8 0.0042949 -0 .0000 0.443
TOTAL 0.91363984E 04 LB-IN.
UNITS
UNITS
TABLE 1.1.2(b)
1 0.348874001929D 00 — 0•3740 0525D 00
2 0.338160325623D 00 — 0.30651972D— 6l
3 0.340528146091D 00 0.69425105D—02
4 0.341945138979D 00 0.41611623D-02
5 0.342238164118D 00 0•8569 946OD— 03
6 0.342247403499D 00 0.26938495D-04
7 0.342247412075D 00 0.2505850 7D-07
8 0.34224 7412075D 00 0.2198241 6D-13
9 0.3422 474120 75D 00 o . o
! 4 NODE
FREQUENCY 5586.52VPM ANG.VEL. SQ 0.34224741D 06/SEC/SEC
MASS THETA SIGMA THETA**2*J
1 1.0000000 876.1534 2560.000
2 -0.29800 50 615.0553 227.346
3 -1.2091980 -444.3876 3743.129
4 -0.5508460 -927.0132 776.784
5 0.8225069 -206.3710 1731.885
6 1•1282417 782.1418 3258.699
7 -0.0304869 -0.4123 69.709
8 0.0000502 0.0000 0.000
TOTAL 0.1 2367539E 05
TABLE 1.1.2(c)
1 0.135106601462D 00 — 0.2499234ID 00
2 0. 13 50 698973 320 00 -0.27166793D-03
3 0.135069897312D 0 0 -0.14785639D-09
4 0.13 50698 97312D 00 o.o
3 NODE 
FREQUENCY 3509.54VPM ANG.VEL. SQ 0.13506990D 06/SEC/SEC
MASS THETA
1 1.0000000
2 0.4877349
3 -0.2743798
4 -0.8959392
5 -1.0 5 654 03
6 -0.6788882
7 0.0485347
8 -0.0002030
SIGMA THETA**2*J
345.7789 2560.000
514.4274 608.986
419.5527 192.728
109.7557 2054.930
256.2652 2868.500
491.0104 1179.876
0.6580 176.671
0.0000 0.001
TOTAL 0.96416797E 04 LB-IN. UN ITS
TABLE 1.1.2(d)
1 0.640829935155D 00 -0 .1092 5951D 00
2 0.595195786077D 00 -0.7121101 3D— 01
3 0.592151995509D 00 -0 .51139316D-02
4 0.592144040056D 00 -0 .1343481 6D-04
5 0. 5921 440 400 C3D 00 - 0.89037264D—10
6 0.5921440 400 03D 00 0 .0
5 NODE
FREQUENCY 7348.27VPM ANG•VEL• SQ 0.59214404D 06/SEC/SEC
MASS THETA SIGMA THETA**2*J
1 1.0000000 1515.8887 2560.000
2 -1.2457611 -372.5465 3972.917
3 -0.6938404 -1424.3313 1232.421
4 1.4162801 722.5917 5134.973
5 0.3457738 1246.7464 306.072
6 -1.5012578 -1028.9935 5769.664
7 0.0231769 0.3132 40.288
8 -0.0000220 -0.0000 0.000
TOTAL 0.19016324E 05
TABLE 1.1.2(e)
1 0.8278380380C8D 00 -0 .19594573D— 01
2 0.827516476744D 00 - 0 .3884 350OD— 03
3 0 • 827 51 63 81 663D 00 - 0.11489831D-06
4 0.8275163816630 00 - 0.10005885D-13
5 0.8275163 81663D 00 -0 .41633363D-16
6 NODE
FREQUENCY 8686.80VPM ANG.VEL. SQ 0.82751638D 06/SEC/SEC
MASS THETA SIGMA THETA **2*J
1 1.0000000 2118.4419 2560.000
2 -2.1384325 -2411.7031 11706.605
3 1.4344611 627.1193 5267.656
4 0.5053954 1697.7701 653.887
5 -2.0098196 -2559.9160 10340.797
6 1.7826486 1216.5214 8135.258
7 -0.01960 54 -0.2649 28.828
8 0.0000133 -0 .0000 0 . 000
TOTAL 0.38693027E 05
TABLE 1.1.2 (f)
1 0.994 4444 36213D 00 0.33651305D-01
2 0•994444503584D 00 0.67746995D-07
3 0.994444503584D 00 0.0
7 NODE
FREQUENCY 9522.73VPM ANG.VEL. SQ 0.99444450D 06/SEC/SEC
MASS THETA
1 1.0000000
2 -2.7715229
3 3.9098161
4 -4.1548057
5 3.4505172
6 -1.9578644
7 0.0178843
8 - 0.0000101
TOTAL 0.1458 6631E 06 LB-IN. UNITS
END
END OF LR 66
SIGMA 
2545.7779 
-4509.9038 
5443.6197 
-5133.5930 
3650.6576 
-1333.6304 
0.2416 
-0.0000
THETA**2*J 
2560.000 
19664.227 
39133.852 
44191.770 
30479.535 
9813.074 
23.989 
0.000
TABLE 1.1.2(g)
MASS INERTIA fc
1 PROPELLER 24000o000 13o500
2 FLYWHEEL 75000o000 675o000
3 CYL 6 2 560 o 000 675o000
A 5 2 560 o 000 675o000
5 4 2 56 0 o 000 675o000’
6 3 2 560o 000 675o000
7 2 2560o 00 0 675o000
8 1 2560o 000 0o0
TABLE 1.1.3
1 Oo165486480-02 Ool40 90 558D 02
2 Oo 320 5 8749D—0 2 Oo 937 247 73D 00
3 Oo113843380-01 0o 255108610 01
4 Oo18304749D— 01 Oo 60788378D 00
5 0.18001025D-01 -Oo 1 6 5 92 6 5 3D — 01
6 Oo18000068D—01 -Oo 531252783-04
7 Ool8000068D-01 -Oo 51864169D-09
8 Oo180 0 0 068D— 0 1 0 0 O
2 NODE
FREQUENCY 1281©18VPM ANGoVELo SQ 0ol8000068D
MASS THETA SIGMA THETA**2*J
1 Oo 00429 1o8554 Oo 443
2 -Oo 12314 — 177o 8 879 1329o 52 4
3 Oo13039 - 1710 8793 43o 52 7
4 Oo 38503 - 154o1370 3 79o 517
5 0« 6133 8 - 125o 8 723 963 0 168
6 Oo 79986 — 89o 0146 1637o 825
7 ' 0o 931 73 -46o0302 2 222o404
8 10 00000 -OoOOOO 256Oo 000
TOTAL 0o91363984E 04 LH — I No
0 5/SEC/S EC
UN ITS
TABLE 1.1.4(a)
2 Oo12322597D 00 0 o 3291363 ID 01
3 Oo135716360 00 O o 101361690 00
4 Oo13507205D 00 -Oo 474748540-02
5 Oo 135069900 00 -Oo159460620-04
6 Ool35069900 00 -Oo176019070-09
7 Oo135069900 00
ooo
3 NODE 
FREQUENCY
MASS 
1 
2 
. 3
4
5
6
7
8
3 509o54VPM
THETA 
-Oo 00020 
Oo 04853 
-Oo67889 
-1o 05854 
-Oo 89594 
-Oo27438 
Oo 48773 
lo 00000
ANGoVELo SQ Oo135069900 06/SEC/SEC
SIGMA 
— Oo 6580 
491o 0104 
256o 2 652 
109 o 7557 
419o 5526 
51404274 
3 45 o 7789 
-OoOOOO
THETA**2*J 
Oo 001 
1 76o 671
1 1 79o 376
2 £ 6So 4 99 
2054o 930
192o 728 
60So 586 
2 5o0o 00 0
TOTAL 0o9641683 6E 04 LB-1 No UNITS
TABLE 1.1.4(b)
4 NODE 
FREQUENCY
1 Oo106025750-01
2 Oo147622170-01
3 Oo286447640-01
4 0o 97643 565D— 01
5 0o33668940D 00
6 Oo 342345180 00
7 Oo342247440 00
8 0o342247410 00
9 0o 34224741 D 0 0
55 86o 5 2VPM
Oo 178059390 00 
Oo392323820 00 
Oo 940 410 663 00
Oo 240 877530 01
Oo 24431 4740 01
Oo 167981 930-01 
-Oo285490540-03 
-Oo921309040-07 
-0o97422070D-14
ANGoVELo SQ Oo342247410 06/SEC/SEC
MASS THETA SIGMA THETA**2*J
1 Oo 00005 0 o 41 2 3 OoOOO
2 -Oo 03049 - 732o1417 69o 709
3 lo 12824 20 6o 3 71 0 32 58o698
4 Oo 822 51 927o01 31 1731o 385
5 -Oo 55085 4 4 4o3876 776o 784
6 -lo 20920 - 615 o 0 5 5? 3 743o128
7 -Oo29800 - 87 6o1533 227o346
8 loOOOOO -OoOOOO 25590 999
TOTAL Oo12367535F 05 UN I T9
TABLE 1.1.4(c)
2 Ool3115708D—02 — Oo 6 861 49 59!} 00
3 0o72870481D—03 — Oo 444403 0OD 00
4 Oo 71083 779D—0 3 -Oo 2451 8873D —01
5 .. Oo71082197D— 03 — 0o222529150 —04
6 Oo 71082197D—0 3 -Oo 17410 323D— 10
7 0o710S2197D— 0 3 Oo 44408921D — 15
1 NODE 
FREQUENCY
MASS
1
2
3
4
5
6
7
8
2 54o 60VPM
THEJA 
•3o 57965 
Oo 943 89 
Oo 95982 
Oo 97315 
Oo 98386 
Oo 99192 
Oo 99730 
lo 00000
ANGoVELo SO 0o71082197D 03/SEC/SEC
SIGMA THETA**2*J
•61o0678 30 7532o 938
• 1Oo 7 473 66820o125
-9o0007 2 358o390
— 7o 2 298 24240374
— 5o4395 2478o 035
— 3o 6345 2518o 795
— 1o 8197 2 546o 215
OoOOOO 2 559o 999
TOTAL Oo 3892 3863E 06 LB-I No UNITS
TABLE 1.1.4(d)
1 Oo 69256841D 0 0 -Oo 373440903-01
2 Oo 64644 650D 00 -Oo 665954 57D — 01
3 0o60329662D 00 — 0 o667 49 34 6D — 01
4 Oo 59247243D 00 -Oo 179417 3 ID — 01
5 Oo 59214430D 00 -Oo 553 83 3 2 8D — 03
6 Oo 5 9214404D 00 -Oo 440 44 92OD —06
7 Oo 59214404D 00 -Oo 27715330D— 12
5 NODE 
FREQUENCY 7 3 48o27VPM ANGoVELo SQ Oo592144040 06/SEC/SFC
MASS
1
2
3
4
5
6
7
8
THETA 
•Oo00002 
Oo 02318 
•lo 501 26 
Oo 34577 
lo 41628 
•Oo 69384 
■lo 24576 
lo 00000
SIGMA THFTA**2*J
— 0 o 31 32 OoOOO
1028o 9931 4Oo 288
1 2460 74 59 5769o656
-72205914 3 06o 072
1424o330 8 5134o 969
372o 5463 1232o420
• 1515o 8 8 82 3972o91A
. OoOOOO 25590998
TOTAL Oo1 901 63 09E 05 LB-I No UNITS
TABLE 1.1.4(e)
1 Oo 82807394D 00 -0 o 1 93151 92D - 01
2 Oo 82751688D 00 -0o67272237D-03
3 Oo82751638D 00 -Oo60098071D-06
4 Oo 827 51638D 00 -Oo47489790D-12
6 NODE 
FREQUENCY
MASS 
1 .
2
3
4
5
6
7
8
86860 80VPM
THETA . 
OoOOOOl 
-Oo 01961 
1o 78265 
-2o00982 
Oo 50540 
lo43446 
-2o13843 
lo 00000
ANGoVELo SQ 0o 82751638D 06/SEC/SEC
SIGMA THFTA**2*J
Oo 2 649 Oo 000
• 12160 5214 23o 828
2559o9160 8135o 253
1697o7701 10340o 7 97
- 627oil 93 653 o 887
2Allo7031 5267o 656
211804419 11706o 605
OoOOOO 2560o 000
TOTAL 0o38693023E 05 LB-INo UNITS
TABLE 1.1.4(f)
1 Oo99444450D 00 0o33651375D-01
2 0o99444450D 00 -Oo2220*4600-15
7 NODE 
FREQUENCY
MASS
1
2
3
4
5
6
7
8
9522o73VPM
THETA 
-OoOOOOl 
0o 01788 
-lo 95786 
3o45052
— 4o 15481 
3o 90982
— 2o 77152 
lo 00000
ANGoVELo SQ Oo994444500 06/SEC/SEC
SIGMA THETA**2*J
— Oo 241 6 OoOOO
1333o6304 230 989
3 650o 6576 9813o074
5133o 5929 30479o535
5443o 6197 44191o770
4 509o 9038 39133o852
2 545o 7779 19664o 227
-OoOOOO 2 560n 000
TOTAL Ool45 8 5 625E 06 LB-INo UNITS
END
TABLE 1.1.4(g)
EXAMPLE 1,2
A 25-MASS SYMMETRICAL UNBRANCHED SYSTEM
The dynamic system illustrated diagrammatically in 
Fig. 14 , and for which the details are given in Table 1.2.2,
represents a 25-inertia system which is symmetrical about 
the central inertia. This is a typical problem of sub­
system frequency analysis encountered in the treatment of 
complex branched installations having two or more identical 
engine branches driving into common reduction gearing through 
clutch couplings. It is then necessary to investigate the 
condition where the two identical engines are so phased 
that their harmonic excitations are in antiphase. When this 
occurs particular harmonics cause the engine branches to 
swing against each other with a node at the central (gearing) 
inertia and any other branches connected to the gearing 
have no vibratory motions. In such cases interest lies in 
modes of vibration having nodes at the central inertia.
The treatment of this type of sub-system, combining 
the engine branches into a continuous straight-chain system 
yields all the natural frequencies. The corresponding 
modes, arranged in ascending order, exhibit nodes and 
antinodes alternately at the central inertia, the former 
type being of interest. (Alternatively, the system could 
be considered to represent a tandem system comprising 
two engines driving a central generator, in which case all 
the modes of vibration could be of interest.)
A characteristic of such a system is that the higher 
modes of vibration occur in "node/anti-node" pairs, the
corresponding natural frequencies becoming increasingly 
close for each pair, to the point of virtual identity, and 
this example has been chosen to illustrate this phenomenon.
Computed Results
This system was analysed using computer program 
UR 66, adopting a starting frequency of 2400 v.p.m. and 
setting the ceiling frequency high enough to extract all 
possible modes.
Vector summations of engine cylinder harmonic
excitations were called for in the computed analysis of
this example. For this purpose the firing sequence angles
o
for the two engines were specified with 180 crank angle 
relative phasing between the engines in order to determine 
the importance of the various harmonics in antiphase^in 
relation to the centrally-noded modes of vibration.
All 24 possible frequencies and modes for the system
were successfully obtained. These are listed in ascending
order of nodes in Table 1.2.1. below, together with their
2corresponding natural frequencies, CO , the order in which 
they were computed and the number of rounds of iteration 
preceding each evaluation. The odd and even numbered 
modes exhibit central nodes and anti-nodes respectively.
A selection of modal computer and output 
tabulations is shown in Tables 1.2.3 (a) - (g), in each case 
giving the natural frequency, modal characteristics, 
harmonic order vector summations and details of the 
preceding rounds of iteration.
Mode Frequency 
(v.p.m.)
Computing
Sequence
Iterative
Rounds
7.
1 554.05 3 5 3366.37398947
2 870.18 2 13 8303.79950325
3 2404.49 1 5 63402.1910184
4 242 8.13 9 10 64655.0481404
5 4451.18 8 12 217273.935046
6 4628.92 10 5 234971.836804
7 4678.95 7 5 240078.500069
8 5900.67 13 8 381820.739732
9 6935.56 6 8 . 527497.536775
10 6936.12 11 8 527583.021960
11 9235.92 5 10 935442.852127
12 9235.93 12 12 935445.914252
13 11437.50 i 15 8 1434563.62400
14 11437.51 14 10 1434563.94731
15 13439.85 4 11 1980825.43634
16 13439.85 19 7 1980825.48960
17 15153.75 18 8 2518240.65411
18 15153.75 17 9 2518240.66558
19 16507.71 16 11 2988347.68245
20 16507.71 21 13 2988347.68530
21 17452.97 22 7 3340381.59900
22 17452.97 20 17 3340381.59969
23 17977.08 23 16 3544014.28120
24 17977.08 24 3 3544014.28132
TABLE 1.2.1
J \  3*2 ^3 $ 4  ^7 ^17.
I ^2 I ^3 I I ^S I ^6 1 ^7 *^8 I ^9 K <o <^ VI K \%
DAMPER, EMQ. CYLS. \ — 9 F.W. CPL. GEAfcS
*^14 ^15 ^\(s ^17  ^ is  ^ '9  ^ 2 o  ^21 ^27. ^*23 °2 A  ^ 2 5
V<t* V^ia <^15 I I K 17 1 ^9 I V<2o 1 K2.1 K 2 2 K2^ V<X4
1 i I 1 1
GPL. F.W, En g , c y l s . 9 -  \ DAMPER
Fig.14.
RAIL FERRY^ ENG IN E”-V” EN GINE ^ STI FF CPL.
18 CYLINDERS 2 STROKE IN-LINE ENGINE •
MASS INERTIA fc FIRING i
1 DAMPER 140 0.00 0 1038.000
2 CYL 1 852.000 768.000 0. 0
3 2 852.000 768.000 240.0000
4 3 852.000 768.000 120.0000
5 4 852.00 0 768.000 280.0000
6 5 852.000 768.000 160.0000
7 6 852 .000 768.000 40.0000
8 7 852.000 768.000 80.0000
9 8 852 .000 768.000 200.0000
10 9 852.000 660.000 320.0000
11 FW 1700.000 45.360
12 FLEX CPL 3386 .170 705.000
13 GEAR 8508.360 705.000
14 FLEX CPL 3386.170 45.360
15 FW 1700.000 660.000
I6 CYL 9 852 .000 768.000 140.0000
17 8 852.000 768.000 20.0000
18 7 852.000 768.000 260.0000
19 6 852.000 768.000 220.0000
20 5 852 .000 768.000 340.0000
21 4 852.000 768.000 100.0000
22 3 852.000 768.000 300.0000
23 2 852 .000 768.000 60.0000
24 1 852 .000 1038.000 180.0000
25 DAMPER 1400 .000 0.0
TABLE 1.2.2
1 0. 6343212 074 06D— 01 0.42215032D— 02
.o(VI 63 4 029205079D-01 — 0•46033827D— 03
3 0. 6340219143190-01 — 0*11499092D— 04
4 0 .634021910184D-01 -0.65216816D-08
5 0. 634021910184D-01 -0.20677904D-14
3 NODE •
FREQUENCY 2404.49VPM ANG. VEL. SQ 0.634021
MASS THETA SIGMA THETA**2*J
1 1.0935099 97.0633 1674.069
2 1.0000000 151.0820 852.000
3 0.8032787 194•474 0 549.759
4 0.5500573 224.1874 257.784
5 0.2581467 238.1321 56.777
6 -0.0519212 235.3274 2.297
7 -0.3583370 215.9705 109.401
8 -0.6395486 181.4229 348.487
9 -0.8757764 134.1147 653.470
10 -1.0504049 77.3732 940.054
11 -1.1676370 -48.4791 2317.740
12 -0.0988744 -69.7065 33.104
13 -0.0000000 -69.7065 0.000
14 0.0988744 -48.4791 33.104
15 1.16763 70 77.3 732 2317.740
16 1.0504049 134.1147 940.054
17 0.8757764 181.4229 653.470
18 0. 6395486 215.9705 348.487
19 0.3583370 235.3274 109.401
20 0.0519212 238.1321 2.297
21 -0.2581467 224.1874 56.777
22 -0.5500573 194.4740 257.784
23 -0.8032787 151.0820 549.759
24 -1 .0000000 97.0633 852.000
25 -1.0935099 0.0000 1674.069
TOTAL 0.1 5589648E 05 LB-
ORDER VECTOR SUM
1 0.75998
2 0.00000
3 8.52056
4 0 .0 0 001
5 2.42679
6 0.00002
7 0 .56200
8 ' 0.00000 •
9 0.72901
10 0.00002
11 0.56198
12 0.00000
UNITS
TABLE-1.2.3(a)
1 0* 314936841756D— 01 — 0•65427182D-02
2 0 . 310806828534D-01 -0.13113782D-01
3 0.302624460643D-01 -0.26326217D-01
4 0.286606461642D-01 — 0.5293 0285D— 01
5 0 .256206825300D-01 — 0. 1 060 6752D 00
6 0.203303003960D-01 — 0.2064 8873D 00
7 0.1312 33713490D-01 — 0.3544920ID 00
8 0.8102 98810730D-02 — 0.3825 5286D 00
9 0.8290 582315OOD-O2 0.23151238D-01
10 0. 83 0 3747345 66D—02 0.15879501D-02
11 0.8303799502440-02 0.62811137D-05
12 0.8303799503250-02 0.97160502D-10
13 0. 830379950.3250-02 — 0•2220 4460D— 15
2 NODE
FREQUENCY 870.18VPM ANG•VEL• SQ 0.83037995D 04/SEC/SEC
MASS THETA SIGMA THETA**2*J
1 1.0113266 11.7570 1431.894
2 1.0000000 18.8318 852.000
3 0.9754794 25.7332 810.729
4 0.9419726 32.3975 755.990
5 0.8997884 38.7633 689.795
6 0.8493153 44.7721 614.579
7 0.7910183 50.3684 533.105
8 0.7254343 55.5008 448.369 ORDER VECTOR SUM
9 0.6531677 60.1218 363.487 1 0 .00000
10 0.5748841 64.1890 281.579 2 0.22552
11 0.4776280 70.9315 387.818 3 0.00001
12 -1.0861166 40.3 919 3994.493 4 0 .53222
13 -1.1434101 -40.3919 11123.715 5 0 .00001
14 -1.0861166 -70.9 315 3994.493 6 1.68270
15 0.4776280 -64.1890 387.818 7 0.00002
16 0.5748841 -60.1218 281 .579 8 0.08474
17 0.6531677 -55.5008 363.487 9 0.00002
18 0.7254343 -50.3684 448.369 10 0.08473
19 0.7910183 -44.7721 533.105 11 0 .0 0001
20
21
0.8493153 -38.7633 614.579 12 1.68270
0.8997884 — 32.3975 689.795
22 0.9419726 -25.7332 755.990
23 0.9754794 -18.8318 810.729
24 1.0000000 -11.7570 852.000
25 1.0113266 -0.0000 1431.894
TOTAL 0* 33451352E 05 LB-IN* UNITS
TABLE 1.2.3(b)
1 0.338992084869D-02 -0.18352536D
2 0.336639480132D-02 — 0. 69399990D—
3 0•3366373 98949D-02 -0.61822328D-
4 0•3366373 58947D-02 — 0•4 8267917D—
5 0.336637358947D-02
o•o
1 NODE
FREQUENCY 554.05VPM ANG •VEL. SQ 0.3366374
MASS THETA SIGMA THETA **2*3
1 1.004 5611 4.7344 1412.800
2 1.00000 00 7.6026 852.000
3 . 0.9901008 10.4423 835.215
4 0.9765040 13.2431 812.433
5 0.95926 04 15.9944 783.994
6 0.9384344 18.6860 750.322
7 0.9141037 21.3078 711.919
8 0.8863592 23.8500 669.359
9 0.8553046 26.3031 623.277
10 0.8210558 28.6580 574.361
11 0.7776345 33.1083 1 C28.016
12 0.0477339 33.6524 7.715
13 0.0000000 33.6524 0.000
14 -0.0477339 33.1083 7.715
15 -0.7776345 28.6580 1028.016
16 -0.8210558 26.3031 574.361
17 -0.8553046 . 23.8500 623.277
18 -0.8863592 21 .3078 669.359
19 -0.9141037 18.6860 711.919
20 -0.9384344 15.9944 750.322
21 -0.9592604 13.2431 783.994
22 -0.9765040 10.4423 812.433
23 -0.9901008 7.6026 835.215
24 -1.0000000 4.7344 852.000
25 -1.0045611 -0.0000
TOTAL
1412.800 
0.18122785E 05 LB-
ORDER VECTOR SUM
1 0 .03946
2 0
3 0
4 0
5 0
6 0
7 0
8 0 
9 16
10 0 
11 0 
12 0
.00000 
.70588 
.00001 
.22498 
.0 0 001 
.09818 
.00003 
.68224 
.00003 
.09823 
.00001
04/SEC/SEC
UNITS
TABLE 1.2.3(c)
3 0 . 198063672877D 01 0 #2722 649ID— 02
4
5
6
7
8 
9
10
11
0. 198082525066D 01 
0.198082545639D 01 
0 . 198082545057D 01 
0 . 198082544259D 01
0*9518247 OD— 04 
0*103859940-06 
-0* 29392695D-0e 
-0.40295988D-0e
0*198082543726D 01 -0.268841510-08
0.1980825436350 01 -0.458592550-09
0. 198082543634D 01 - 0 . 83938828D-11
0.198082543634D 01 - 0.22620794D-14
115 NODE 
FREQUENCY 13439.85VPM ANG.VEL. SQ 0.198082540
MASS THETA SIGMA THETA**2*J
, 1 -0. 5982172 -1658.9495 501.009
, .2 1. 0000000 28.7138 852.000
3 0. 9626123 1653.2791 789.482
4 * 1 •1900950 -355.2004 1206.710
5 -0. 7275944 -1583.1348 451.043
, 6 1 •3337790 667.8350 1515.679
7 0. 4642021 1451.2519 183.592
8 -1. 4254488 -954.4257 1731 • 1 82
9 -0. 1827070 -1262.7736 28.441
10 1. 4615295 1203.7960 1819.930
11 -0. 3624038 -16.5638 223.272
; 12 0. 0027595 1.9455 0. 026
; 13 0. 0000000 1.9455 0.000
14 -0. 0027595 -16.5638 0.026
15 0. 3624038 1203.7960 223.272
16 -1. 46152 95 -1262.7737 1819.930
17 0. 18270 70 -954.4257 28.441
18 1. 4254488 1451.2519 1731.182
19 -0. 4642021 667.8350 183.592
" 20 -1. 3337790 -1583.1348 1515.679
' 21 0. 7275944 -355.2004 451.043
22 1. 1900950 1653.2792 1206.710
: 23 -0. 9626123 28.7138 789.482
24 -1. 0000000 -1658.9495 852.000
25 0. 59821 72 -0.0000 501 • 009
TOTAL 0.18604695E 05
RDER VECTOR SUM
1 5 .80848
2 0 .00001
3 2.19758
4 0.00002
5 7.78887
6 0 .00003
7 8.73140
8 0.00001
9 3 .39255
10 0 .00003
11 8 .73137
12 0.00001
LB— I N«
0 7/ SEC/SEC
UN ITS
TABLE 1.2.3(d)
2 0.202984628696D 01 -0. 5132913 6D— 01
3 0.198479559002D 01 -0. 2219 4142D— 01
4 0 . 198084969765D 01 -0. 1 988 C598D— 02
5 0.19808254905CD 01 -0. 1222 C590D— 04
6 0.198082548960D 01 -0. 45144406D-09
7 0.19808254896CD 01 0. 2220 446 0D— 15
16 NODE
FREQUENCY 13439.85VPM- ANG.VEL. SQ 0.19808255D 07/SEC/SEC
MASS THETA SIGMA THETA**2*J
1 - 0.59821 72 -1658.9495 501 .009
2 1.0000000 28.7138 852.000
3 0.9626122 1653.2791 789.482
4 - 1.19009 50 -355.2006 1206.710
5 - 0.7275943 - 1583.1347 451.043
6 1.3337791 667.8353 1515.679
7 0.4642019 1451.2518 183.592
8 - 1•42 544 88 -954.4260 1731 . 1 82
9 - 0.1827067 -1262.7734 28.441
10 1.4615294 1203.7963 1819.930
11 - 0.3624043 -16.5652 223.273
12 0.0027897 2.1463 0.026
13 - 0.0002547 -2.1463 0.001
14 0.0027897 16.5652 0. 026
15 - 0.3624043 -1203.7963 223.273
16 1.4615295 1262.7734 1819.930
17 - 0.1827067 954.4260 28.441
18 - 1.4254489 -1451.2518 1731 . 1 82
19 0.4642019 -667.8 353 183.592
20 1 .3337791 1583.1347 1515.679
21 - 0.7275943 355.2006 451.043
22 - 1.19C0950 -1653.2791 1206.710
23 0.9626122 -28.7138 789.482
24 1.0000000 1658.9495 852.000
25 - 0.5982172 -0.0000 SOI.009
TOTAL 0.1860 4695E 05 LB-IN. UNITS
VECTOR SUM 
0.00001 
8.73140 
0.00001 
7.78887 
0.00002 
2.19757 
0.00004
5.80849 
0.00004
5.80850 
0.00002 
2.19756
ORDER
1
2
3
4 
- 5
6 
. 7 
8 
9 
10 
11 
12
TABLE 1.2.3(e)
3 0.354401428126D 01 0. 127953200-13
4 0.354401428126D 01 0.25729419D-13
5 0.354401428126D 01 - 0.513755700-13
/ 6 0.354401428126D 01 - 0.102834410-12
* 7 0.354401428126D 01 - 0.2056 133OD— 12
8 0.354401428126D 01 - 0.4108 79660-12
9 0.354401428125D 01 - 0.817345790-12
10 0.3544014281 25D 01 - 0.160511880-11
11 0.3544014281240 01 - 0.298275290-11
12 0.3544014281220 01 - 0.455424590-11
13 0.354401428121D 01 - 0.393476920-11
14 0.354401428120D 01 - 0.104981300-11
15 0.3544014281200 01 - 0.401484400-13
16 0.354401428120D 01 — 0.1387 7788D— 15
23 NODE
FREQUENCY 17977.08VPM ANG.VEL. SQ 0.35440143D 07/SEC/SEC
MASS THETA S IGMA THETA**2*J
1 -0.2645516 -1312.6046 97.983
! 2 1.0000000 1706.8956 e52.000
3 -1.2225203 - 1984.5047 1273. 362
4 1.3614701 2126.4547 1579.268
5 -1.4073510 -2123.0420 1687*503
' 6 1•3570266 1974.5000 1568.976
7 -1. 21 29370 -1690.9829 1255.544
8 0.9878636 1291.8715 831.445 ORDER VECTOR SUM
9 -0.6942608 -804.4490 410.662 1 8.62365
10 0.3531988 262.0349 106.286 2 0.00004
11 -0.0428238 -1.9959 3.265 3 4.39769
; 12 0.0001767 0.1246 0.000 4 0.00002
] 13 0.0000000 0.1246 0.000 5 4.81753
14 -0.0001767 -1.9959 0.000 6 0.00002
15 0.0438240 262.0363 3. 265 7 9 .1 9886
16 -0.3532007 -804.4532 106.288 8 0 .00001
17 0.6942644 1291.8783 410.667 9 1 .04298
18 -0.9878688 - 1690.9917 831.454 10 0 .00004
19 1.2129433 1974.5103 1255.557 11 9.19886
20
21
-1.3570337 
1.4073584
-2123.0531
2126.4658
1568.992
1687.520
12 0 .00004
22 - 1.3614772 - 1984.5150 1579.284
23 1.2225267 1706.9045 1273.375
24 -1.0000052 - 1312.6114 852.009
25 0.2645530 -0.0000 97.984
TOTAL 0.1933 2648E 05 LB-IN. UNITS
TABLE 1.2.3(f)
1 0•3544013 51802D 01 -0.10623248D 00
2 0.3544014281320 01 0.102510840-06
3 0.354401428132D 01 0.0
24 NODE
FREQUENCY 17977.08VPM ANG.VEL. SQ 0.354401430 07/SEC/SEC
MASS THETA SIGMA THETA**2*J
1 -0.2645516 -1312.6046 97.983
2 1.0000000 1706.8956 852.000
3 -1.2225203 -1984.5047 1273.362
4 1.3614701 ' 2126.4547 1579.268
5 -1.4073510 -2123.0420 1687.503
6 1.3570266 1974.5000 1568.976
7 -1.2139370 -1690.9829 1255.544
8 0.9878636 1291.8716 831.445
9 -0.6942608 -804.4490 410.662
10 0.3521988 262.0350 106.286
11 -0.0438238 -1.9959 3.265
12 0.0001772 0.1311 0.000
13 -0.0000087 -0.1311 0.000
14 0.0001772 1.9959 .0.000
15 -0.0438239 -262.035S 3.265
16 0.3531996 804.4506 106.287
17 -0.6942622 -1291.8742 410.664
18 0.9878657 1690.9864 831.448
19 -1.2139395 -1974.5041 1255.549
20 1.3570294 2123.0464 1568.982
21 -1.4073539 -2126.4591 1687.510
22 1.3614730 1984.5088 1579.274
23 -1.2225228 -1706.8991 1273.367
24 1.0000021 1312.6073 852.003
25 -0.2645522 -0.0000 97.983
TOTAL 0.19332582E 05 LB-IN. UNITS
ORDER VECTOR SUM
1 0.00002
2 9.19884
3 0.00002
4 4.81757
5 0.00003
6 4.39768
7 0.00002
8 . 8.62363
9 0.00003
10 8.6 2 3 65
11 0.00005
12 4.39767
END
TABLE 1.2.3(g)
EXAMPLE 1.3
AN INTEGRATED TRAWLER MACHINERY INSTALLATION
A typical modern trawler machinery installation 
was analysed in this example and an equivalent dynamic 
system realistically representing such an installation is 
shown in Fig. 15 . The prime mover was a 6-cylinder, 
4-stroke medium speed oil engine, having an untuned 
viscous type damper at the forward end and driving through 
a flexible coupling to the combined reduction and power 
take off gear-box. The gear-box had a clutch/layshaft 
drive to the main reduction gears for the propeller 
shafting. It also provided step-up gears for power take 
off wing drives respectively to the auxiliary power 
generator and the trawl winch generator. Both generator 
shafting drives incorporated flexible couplings and the 
latter also had a clutch.
The actual values of inertia and stiffness are 
shown in Fig. 15 , but for the computer analysis all values 
were referred to engine speed. The damper was treated 
as a single effective inertia, comprising the casing + % 
the seismic ring. The complete arrangement was organised 
as a five-section branch system, starting at the engine 
damper end, joining up the two generator branches at the 
gearing and passing on through two continuation sections, 
representing the layshaft and the line shafting, terminating 
at the propeller inertia. These details and organisation 
are given in Table 1.3.1.
Computed Results
The natural frequency analysis for this system was 
computed, initiating the run from a frequency of 300 v.p.m. 
The upper limit of frequency was set at 10000 v.p.m. in 
order to obtain all modes of vibration capable of producing 
resonant criticals up to the 12th harmonic order in a speed
range extending up to 150% of the service speed.
Six natural frequencies were located below the 
specified upper limit and their modal characteristics were 
obtained. Confirmation that all the required natural 
frequencies had been identified was provided by the counting 
of nodes for each mode and resulting evidence that the 7th 
mode lay above 10000 v.p.m. During the computing run, two 
additional higher natural frequencies, the 9th and 17th were 
evaluated and noted although the modal data were not included 
in the printed output.
The sequence in which the modes were computed was
1, 2, 3, 4, (7), (9), (17), 6 and 5. The complete
computer output for the modes, together with the essentials 
of the preceding rounds of iteration, is set out in 
Tables 1.3.2.(a) to (g).
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EXAMPLE 1*3
MASS INERTIA K
1 EFF. DAMPER 40.150 369.000
2 CYL/ 1 80.500 278.000
3 CYL, 2 80.500 2 78.0 00
4 CYL. 3 80.500 278.000
5 CYL. 4 80.500 278 .000
6 CYL. 5 80.500 2 78.0 00
. 7 CYL. 6 80.500 2 76.0 00
8 FLYWHEEL 1640.000 174.200
9 COUPLING PR. 185.900 1 .728
10 COUPLING SEC. 95.200 1.05.900
11 ENG. GEAR 41.300 0.0
12 WINCH GEN. 1066.300 81.211
13 COUPLING PR. 15.1 10 15.990
14 COUPLING SEC. 15.110 32 .608
1 5 CLUTCH/GEAR 65.654 0.0
16 AUX. GEN. 89.970 23.421
17 COUPLING PR. 5.712 4 .998
18 COUPLING SEC. 5.712 53.697
19 GEAR 56.981 0 .0
20 CLUTCH/GEAR 217.970 84.100
21 PINION 15.260 0.0
22 WHEEL 41.200 104.500
23 SHAFT CPL. 5.350 153.000
24 SHAFT CPL. 3. 708 2.950
25 PROPELLER 690.000 0.0
SECTION FROM TO TYPE REF
1 1 1 1 0 0
2 12 15 2 11 .
3 16 19 2 11
4 20 21 1 11
5 22 25 1 21
TABLE 1.3.1
') . _ 
2
3
4
5
6
0.135213070-02 
0.129180480-02 
0.128827820-02 
0.128826760-02 
0.128826760-02 
0.128826760-02
0.369994880 00 
-0.44615425D— 01 
— 0.27300467D—02 
— C .815595C4D— 05 
-0.718300560-10 
0.0
1 “NODE • 
FREQUENCY 342.75VPM ANG.VEL. SQ 0.128826760
MASS THETA SIGMA THETA**2*
1 1.00014 0.0517 40.161
... 2 1 .00000 0.1554 80.500
3 0.99944 0.2591 80.410
4 0.99851 0.36 2 6 80.260
5 0.99720 0.4661 80.051
. 6 0.99553 0.5693 79.782
7 0.99348 0.6723 79.454
: 8 0.99104 2.7662 1610.757
9 0.97517 2.9997 176.781
10 -0.76077 2.9064 55.099
1 1 -0.78822 2.8645 25.659
*2 -0.92435 -1.2698 911.062
13 -0.90871 -1•2874 12.477
1 4 -0.82819 -1•3036 10.364
15 -0.78822 -1•3702 40.790
*6 -0.81430 -0.0944 59.658
17 -0.81027 -0.1003 3.750
1 8 -0.79020 -0.1C62 3.567
19 -0.78822 -0.1640 35.402
20 -0.78822 1•1089 135.422
21 -0.80140 1.0931 9.80 1
22 -0.80140 1.05C6 26.461
23 -0.81146 1.0450 3. 523
,24 -0.81829 1.0411 2.483
25 -1.17120 -0•0000 946.472
TOTAL 0.459C1406E 04
04/SEC/SFC
U N ITS
TABLE 1.3.2(a)
I1 r 0.5910 675 50-02
2 0.4 946 97 8 80— 02
3 0.49454983D-02
4 0.494549830-02
5 0.494549830-02
-0.989232870 00 
-0.163043410 00 
- 0 .29927496D-03 
-0•54049060D—09 
0.0
2 NODE 
FREQUENCY 671.55VPM ANG.VEL. SQ 0.494549830
ASS THETA SIGMA THETA**2*
1 1.00054 0.1987 40.193
2 1 .00000 0.5968 80.500
3 0.99 785 0.9940 80.155
4 0.99428 1•3899 79.581
5 0.98928 1.7837 78.783
6 0.98286 2.1750 77.764
7 0.97504 2.5632 76.531
8 0 .96575 10.3960 1529.586
9 0.90607 11•2290 152.618
1 0 -5.59221 8.5962 2977.171
11 -5.67338 7.4374 1329.333
12 - 13.02242 -68.6722 180826.750
13 -12.17682 -69.5822 2240.434
1 4 -7.82521 -70.1669 925.245
15 -5.67338 -72.0090 2113.222
16 -6.46 737 -2.8779 3763.744
17 -6.34499 -3.0571 229.959
18 -5.73333 -3.2191 187.760
19 -5.67338 -4.8178 1834.062
20 -5.67338 -75.5052 7015.855
21 -4.77558 -75.8656 348.022
22 -4.77558 -76.3386 939.614
23 -4.04028 -76.9455 87.333
24 -3.53737 -77.0 104 46.398
25 22.56785 0.00 0 0 351422.438
TOTAL C.55848256E 06 LB- I N,
04/SEC/SEC
U N I T S
TABLE 1.3.2(b)
0•33 37396 7D— 01 -0.939406450 00 
0.257027920-01 -0.229855C4D 00
0.2 43143 9 8D-01 -0.34564C950-01
0.2 480 887 9D— 01 -0.22243226D-03 
0.24808879D-01 -0.799939530-08
0.24808879D— 01 -0.693889390-16
3 NODE
FREQUENCY 1504.09VPM ANG.VEL. SQ 0.24803879D 05/SEC/SEC
IASS THETA SIGMA THETA**2*
1 1.00271 0.9988 40.368
2 1.00000 2.9959 80.500
3 0.98922 4.9715 78.774
4 0.97134 6.9114 75.952
5 0.94648 8.8016 72.114
6 0.91482 10.6286 67.370
7 0 .87659 12.3792 61.85 7
8 0.83 173 46.2196 1134.522
9 0.56641 48.8319 59.640
10 -27.69280 -16.5731 73008.000
1 1 -27.53630 -44.7870 31315.617
12 15.26822 403.9009 248574.188
13 10.29 4 74 407.7600 1601.384
14 -15.20620 402.0598 3493.861
15 -27.53630 357.2086 49781.984
1 6 -71.03 680 -153.6696 454648.250
17 -64.31212 -167.7832 23625.109
18 -30.74206 -172.1396 5398.262
19 -27.53 63 0 -211.0658 43205.699
20 -27.53630 -47.5492 165275.188
21 -26.97091 -57.7600 11100.578
22 -26.97091 -85.3276 29970.109
23 -26.15438 -88.7990 3659.675
24 -25.57399 -91.1516 2425.139
25 5.32486 0.0000 19564.340
TOTAL 0.1 1683160E 07
1
2
3
4 .
V. 5 
6
TABLE 1.3.2(c)
5 -3 4 0.72112344D-01 -0.871392340 00
5.2 0.554198220-01 — 0.23147940D 00
:? 3 . 0.554129 77D—01 -0.123511390-03
4 0•5541297 7D— 01 -0.202142750-10
5 0.55412977D-01 -0. 180411240-15
4 NODE
FREQUENCY 2247.9CVPM ANG.VEL. SQ 0.554129770
IASS THETA SIGMA THETA* *2* J
1 1 .00 607 2.2383 40. 639
2 1.00000 6.6991 80. 500
3 0.97590 11.0 523 76. 667
4 0.93615 15.2282 70. 54 8
5 0.88137 - 19.1598 62. 533
6 0.81245 22.7839 53. 136
7 0.73049 26.0424 42. 956
8 0.63613 83.8526 663. 654
9 0 • 15478 85.4470 4. 453
10 -49.29373 -174.5930 231323. 813
1 1 -47.64507 -283.6314 93753. 125
12 9.21951 544.7520 • 90634. 875
13 2.51165 546.8550 95. 320
14 -31.68816 520.3228 15172. 547
15 -47.64507 346.9861 149038. 000
16 133.77262 666.9240 16 10023. 00 0
17 105.29714 700.2526 63331. 723
1 8 -34.80944 689.2347 6921 .215
19 -47.64507 538.7961 129349. 813
20 -47.64507 26.6762 494803. 37 5
21 -47.96227 -13.8808 35103. 78 5
22 -47.96227 -123.3794 94775. 563
23 -46.78161 -137.24e2 11708. 570
24 -45.88456 -146.6762 7806. 793
25 3.83618 -0.0000 10154. 230
TOTAL 0.30450 850E 07 I
05/SEC/SEC
UNITS
TABLE 1.3.2(d)
7 NODE 
FREQUENCY
9 NODE 
FREQUENCY
17 NODE 
FREQUENCY
J ■; j u. I 302 9D 01 - 0 . 5 5 5 3 1 966D-01
■ 3 0*121835670 01 -0 * 12967117D-01
,;A : 0.12I 79483D 01 -0 • 33522788D-03
;5 v 0*121794-8 ID 01 -0*1940 14280-06
;6 . 0*1217948 ID 01 -0*643513020-13
10538.67VPM ANG.VEL* SQ 0.12179481D 07/SEC/SEC
1 0*1693345 6D 01 0.165964730 01
2 0*165364360 01 0.17393196D-03
3 0.16936486D 01 -0*103506990-08
4 0*16936486D 01 0.0
12427.48VPM ANG.VEL. SQ 0.16936436D 07/SEC/SEC
1 0. 1 6845919D 01 0.164539820 01
2 0 .26421290D 01 0.568408960 00
3 0.371347230 01 0.40543486D 00
4 0.606193790 0 1 0.632431160 00
5 0.116144790 02 0.915952210 00
6 0.123787660 02 0.653046420- 01
7 0.123309750 02 0.173486950- 03
8 0.123309750 02 0•112224630--08
9 0.123809750 02 o . o
336C0.74VPM ANG.VEL. SQ 0.123809750 08/SEC/SEC
TABLE 1.3 „ 2.(e )
1 0•995642960 00 0.57008566D 00
2 0.1046054 4D 01 0 .464279720-01
3 0.10455624D 01 —0.47030858D—03
4 . 0.10455623D 01 — 0.6 36 43342 D— 0 7
5 0.1045562 3D •01 — 0.985 32293D— 15
6 NODE
FREQUENCY 9764.42VPM ANG.VEL. SQ 0.10455623D 07/SEC/SEC
MASS THETA SIGMA THETA* *2*J
1 1 .12837 47.3681 51.120
2 1.00 000 131.5359 80.500
3 0.52685 175.8796 22.344
4 -0.10531 166.9736 0. 901
5 -0.70644 107.5145 40.174
: 6 -1.09318 15.5041 96.201
7 -1.14895 -81.200 4 106.267
8 -0.85474 1546.85C0 1198.165
9 3.02499 12.9678 11972.047
0.52046 64.7735 25.788
1 1 -0.09118 60.8361 0. 343
:\z 0.00 142 1.5873 0.C02
13 -0.01812 1.3010 0.0C5
14 -0.09949 -0.2707 0.150
"is -0.09118 -6.530 1 0.546
1 6 0.00517 0.4868 0.002
17 -0.01561 0. 3935. 0.001
1 8 -0.09435 -0.1699 0.051
19 -0.091 1 8 -5.6024 0.474
20 -C.09118 27.9226 1.812
21 -0.42320 21.1703 2.733
ZZ -0.42320 2.9400 7. 379
Z3 -0.45134 0.4154 1 .090
24 -0.45405 -1•3449 0.764
25 0.00186 -0.0000 0. 002
r.r .: ; TOTAL 0.13608820E 05 LB-IN
TABLE 1.3.2(f)
1,- 0*513768620 0 0
2 0*45073666D 00
3 0*359347840 00
4 0.266612490 00
5 0.220075130 00
6 0.213445980 00
7 0.213341700 00
8 0.21334168D 00
9 0*213341680 00
-0.667027300-01 
-0.122635490 00 
—0.20275436D 00 
-0.2580657CD 00 
—0.17455055D CO 
— 0•30122207D—Cl 
-0.48855812D-03 
-0. 1 1677 661 0—C-6 
-0.668909370-14
5 NODE. 
FREQUENCY 4 4 10.72VPM ANG.VEL. SQ 0.213341680
MASS THETA S IGMA THETA**2*
1 1.02376 8.7692 4 2.0 81
2 l.OOCOO 25 .9432 80.500
3 0.90668 41.5145 66.176
A . C.75735 54 .5212 46.173
5 . C.56123 64.1597 25.355
6 0.33044 69.8346 8.790
7 0.07923 71.1954 0.505
8 -0 . 17872 8.6642 52.384
9 -0.22346 -0.3965 9.703
10 0.00102 -0 .3758 0.000
11 0.00457 -0 .3355 0.001
12 -0.00022 -0.0497 0.000
13 0.0 00 39 -0.0484 0.000
1 A 0.00342 -0.0374 O.COO
15 0.00457 0*0 266 0.001
16 -0.00115 - -0.0220 0.000
17 -0.00021 -0.0223 0.000
18 0.0 0425 -0.0171 0.000
19 0.00457 0.0 385 0.001
20 0.00457 -0.0579 0.005
21 0.00526 -0 .0408 0.000
22 0.00526 ' 0 .0054 0.001
23 0.00521 0.0114 0.000
2 A 0.00513 0.0155 0.000
25 -0.00010 0.0000 0.000
TOTAL 0.33167480E 03
END
06/SEC/SEC
UNI TS
TABLE 1.3.2(g)
EXAMPLE 1.4
A MULTI-ENGINE MARINE MACHINERY INSTALLATION
The diagram in Fig. 16 depicts the complete 
equivalent dynamic system representative of a modern multi- 
engine integrated machinery installation. The 
installation essentially comprised three separate medium- 
speed, 4-stroke, "Vee" oil engines driving through 
flexible coupling into a common gearbox, the latter 
incorporating reduction gearing for the propulsion line- 
shafting drive. Each engine was fitted with a forward- 
end spring damper.
The port and starboard engine systems were 
identical, each having a 14-cylinder engine and a forward- 
end generator, driven through a flexible coupling and 
speed-increasing gearing. The aft or centre engine 
differed in being an 18-cylinder version of the same engine 
type.
In a system of this configuration, excitation of 
the port and starboard engine branches in anti-phase would 
activate the particular set of torsional modes in which 
these identical branches would vibrate against each other 
with a node at the gearing and the remainder of the 
system taking no part. Natural frequency analysis for 
such conditions would be carried out on the sub-system 
basis, considering the identical branches only, the 
treatment being similar to example 1.2.
For this example interest lay in the natural
frequency analysis for the whole system with the identical 
engine branch sections vibrating in phase. Accordingly it 
was permissible to reduce the complexity of the system 
by "lumping together" these two branches, their dynamic 
equivalent being obtained by doubling the inertia and 
stiffness values in these regions. The complete system 
thus reduced to the configuration indicated in Table 
1.4.2., forming a five-section system with two junction 
points. It should be noted that the final section of 
the system, (the aft engine), instead of terminating at 
a free end, was treated as a branch leading back to the 
junction point at the gearing. Furthermore all inertia 
and stiffness values for the system were referred to 
crankshaft speed.
Computed Results
The naturalfrequency analysis for the system was 
carried out with the aid of computer program LR 66. A 
starting frequency of 500 v.p.m. was specified and the 
ceiling frequency limit was set to find all modes up to 
13500 v.p.m. The engine vector summation process was 
not invoked in this example.
The computer results determined all 25 possible 
natural frequencies and associated modesof vibration 
lying below 13500 v.p.m. This was confirmed by the 
identification of the 26th mode above 13500 v.p.m. and 
the nodal counting process carried out for each mode.
The modal frequencies are listed in Table 1.4.1, together 
with the sequence in which they were found and the number 
of rounds of iteration preceding each solution. A brief 
selection of the results as given by the computer 
print-out is presented in Tables 1.4.3 (a) to (g).
The complete analysis occupied 4 seconds of active computing 
time.
Mode Frequency 
(v.p.m.)
Computing
Sequence
Iterative
Rounds <
1 103.20 3 5 116.78
2 152.96 2 5 256.56
3 177.74 4 6 346.42
4 448.27 1 4 2203.65
5 1079.43 11 6 12777.4
6 1178.79 8 9 15238.1
7 1748.62 6 6 33531.1
8 2160.78 14 5 51200.9
9 2358.24 13 9 60986.2
10 2749.73 5 10 82915.8
11 3250.81 12 7 115888.2
12 3364.93 15 4 124168.1
13 3515.80 9 12 135551.6
14 3657,56 7 17 146703.8
15 3935.51 10 9 169847.5
16 4229.33 17 6 196155.9
17 5403.29 18 3 320165.5
18 6024.44 16 4 398006.5
19 6633.57 19 7 482560.1
20 8273.15 20 6 750583.0
21 8364.45 '23 6 767240.8
22 9031.21 22 4 894435.2
23 11098.91 21 6 1350883.0
24 11273.11 25 6 1393621.
25 13261.07 24 9 1928475.
26 13579.53 26 7 2022213.
TABLE 1.4.1
0 ulr a.
V) Q
MASS INERTIA 1C
Yr^.l '• AC GEN 60064 000 2016 135
~ Z GEAR 636 000 0 0
W 3 GEAR 2122 000 7 646
K2E 310 4032 000 598 086
DAMPER 1720 000 0 0
6 DAMPER 21540 00 0 674 526
7 DAMPER 0 0 0 0
a DAMPER 0 0 . 7604 559
9 CYL 1 6800 000 5509 641
10 2 6800 000 5509 641
ii 3 680C 000 5509 641
12 4 6800 000 5509 641
-13 5 6800 000 5509 641
14 6 6800 00 0 5509 641
15 7 6800 000 3460 208
16 FW 141038 00 0 2081 166
17 EZ 360S 16744 coo 64 000
18 EZ 360S 2812 000 390 016
19 PINION 20466 000 0 0
20 PROP 117874 000 302 1 15
21 SHAFT 7521 000 289 352
22 THRUST 2456 000 362 713
23 LINE 2294 00 0 97 1 44
24 WHEEL 32155 000 0 0
25 DAMPER 10770 0 0 0 . 337 268
26 DAMPER 860 000 3802 280
27 CYL 1 3400 000 2754 821
28 2 3400 000 27,54 821
29 3 3400 000 2754 821
30 4 3400 000 2754 821
31 5 3400 000 2754 821
32 6 3400 000 2754 821
33 7 3400 000 2754 821
34 8 ' 3400 000 2 754 821
35 9 3400 000 1730 1 04
36 FW 70269 000 1522 070
37 EZ 380 S 15146 000 35 002
38 EZ 380 S 3865 000 273 000
39 PINION 12824 000 0 0
SECT ION FROM TO TYPE REF
1 1 5 0 0
2 6 7 2 5
3 8 19 1 5
4 20 24 2 19
5 25 39 2 19
COMB>NEfc 
PoRT AHS> 
STARBOARD 
EHOlN£ AND 
GENERATOR 
SYSTEM 
Br a n c h e s
propeller. 
SHAFT ©RANCH
AFT E N G IN E  
B R A N C H
TABLE 1.4.2
1 0* 2 2 0 14437D-02
~2 0*220365270-02
3 0•220 3652 70-0 2
4 0* 22036527D—02
—0 • 19700961D 00 
0*100340760-02 
0*29454140D—07 
0*22204460D— 15
4 NODE 
FREQUENCY
MASS
448•2 7VPM
THETA
ANG*VEL* SQ 0*220365270 04/SEC/SEC
S IGMA THET 4**2 *J
1 -0 05893 -7 7993 20 8 55 2
i 2 . -0 05506 -7 8765 1 928
3 -0 0550 6 -8 1340 6 432
7 4" v 1 00876 o 8290 4102 957
5 1 00737 4 6473 1745 46 3
6 1 08363 51 4363 25293 395
7 1 00737 51 4363 0 0
8 1 00737 56 0835 0 0
9 1 00000 71 0684 6799 996
10 0 9871 0 85 8599 6625 703
11 0 97152 100 4180 6418 152
.12 0 95329 114 7029 6179 598
13 0 93247 128 6758 5912 63 7
14 0 9091 2 142 2988 5620 172
15 0 88329 155 5348 5305 379
16 0 83834 416 0903 99123 813
17 0 63841 439 6464 6824 309
18 -6 2310 6 401 0345 109179 125
19 ~ -7 25932 73 6397 1078510 000
20 1 79022 465 0165 377774 188
21 "" 0 25102 469 1768 473 90 4
22 . -1 37046 461 7596 4612 730
23 -2 64353 448 3961 16031 020
24 -7 25932 -65 9878 1694493 000
25 1 18746 28 1823 15186 293
26 1 10390 30 2744 1047 986
27 1 09593 38 4856 4083 647
28 1 08196 46 5921 3980 199
29 1 06505 54 5719 3856 737
30 1 04524 62 4033 3714 603
31 1 0 225 9 70 0650 3555 34 3
32 0 99716 77 5361 3380 687
33 0 96901 84 7963 3192 534
34 0 93823 91 8259 2992 93 1
35 0 90490 98 6058 2784 047
36 0 84790 229 9021 5051 9 059
37 0 69686 253 1608 7355 03 I
38 -6 53590 197 4938 165104 750
39 -7 25932 -7 6519 675794 87 5
TOTAL 0*4407781OE 0 7 LB-IN* UNITS
TABLE 1.4.3(a)
2 0*2565088ID— 03 -0.83688411D— 02
3 0•25656469D—03 0•21786554D— 03
4 0•25656474D—03 0*195843820-06
5 0*256564740-03 0 * 15742962D-12
2 NODE
'FREQUENCY 152 *96VPM ANG* VEL* SQ 0 • 25 6!
'MASS THETA SIGMA THETA**2*
1 -0 87640 -13 5056 46133 723
sP'2 -0 8697 0 -13 6475 481 057
3 -0 8697 0 -14 1210 1605 037
V 4 " 0 9771 5 -13 1 102 3 849 810
5 0 99907 -12 6693 1716 788
6 1 00732 5 5669 21856 449
7 0 99907 5 5669 0 0
8 0 99907 -7 1024 0 0
9 1 00000 -5 3578 6799 99 6
■>7:10 ' •. 1 00097 -3 611 5 6813 230
11 1 00163 -1 8640 6822 156
12 1 00197 -0 1 159 6826 76 6
13 1 00199 1 6322 6827 051
;iJl4 1 00169 3 3798 6823 016
1 5 1 00108 5 1263 6814 660
16 0 99960 41 2971 140924 063
17 0 97975 45 5060 16072 824
v 18 0 26872 45 6999 20 3 058
19 0 15155 46 4956 470 03 I
20 0 41946 12 6854 20739 285
21 0 37747 13 4137 1071 61 3
22 0 3311 1 13 6224 269 262
23 0 2935 5 13 7952 197 68 3
24 0 15155 15 0454 738 486
25 -1 95041 -5 3894 40970 23 0
26 -1 93443 -5 8162 3218 145
27 -1 93290 -7 5023 12702 781
28 -1 9301 8 -9 1 861 12667 012
29 -1 92684 -10 8669 12623 285
- 30 -1 92290 -12 5443 1257 l 652
31 -1 91835 -14 2177 1251 2 180
32 -1 9131 9 -15 8866 12444 949
33 -1 90742 -17 5505 12370 035
; ' 34 -1 90105 -19 2088 12287 543
35 -1 89408 -20 861 0 12197 570
36 -1 88202 -54 791 1 248892 063
37 -1 84602 -61 9646 51614 37 1
38 -0 07570 -62 0396 22 151
39 0 15155 -61 5410 294 522
TOTAL 0*76144350E 06 L B — IN
03/SEC/SEC
UNITS
TABLE 1.4.3(b)
2 0 . 1167833 8D— 03 -0.249498280-02
3 0 . 1 1678320D-03 -0.146 9693 00— 05
4 0 . 11678320D-03 —0.50556781D— 12
5 ■ 0.116 7832 0D—03
o.o
1 NODE
FREQUENCY 103.20VPM ANG.VEL. SQ 0.11678320D
MASS THE TA SIGMA THETA**2*J
I 41 89528 293 8730 105425184 000
2 41 74952 296 9739 1108562 00 0
3 41 74952 307 3200 36 98693 000
4 1 55595 308 0527 9761 344
5 1 04088 308 2618 1863 50 8
6 1 04478 2 6281 23512 227
7 1 04088 2 628 1 0 0
8 1 04088 310 8899 0 0
9 1 00000 311 6841 6799 99 6
10 0 94343 312 4333 6052 395
11 0 88672 313 1374 5346 68 0
12 0 82989 313 7965 4683 254
13 0 77293 314 4103 4062 503
14 0 71587 314 9788 3484 78 0
15 0 65870 315 501 8 2950 421
16 0 56752 324 8494 45425 336
17 0 41 143 325 6539 2834 330
18 -4 67691 324 1 180 61508 313
19 -5 50795 310 9536 620887 688
20 -7 78395 -107 1516 7141972 000
21 -7 42928 -113 6769 415115 500
22 -7 03641 -115 6951 121599 188
23 -6 71744 -117 4947 103514 438
24 -5 50795 -138 1779 975502 938
25 -11 00239 -13 8383 1303735 000
26 -10 96135 -14 9392 103330 063
27 -10 95743 -19 2900 ~ 408221 56 3
' 28 -10 95042 -23 6380 407700 000
29 -10 94184 -27 9826 407061 313
r-30 -1 0 93168 -32 3232 406305 875
31 -10 91 995 -36 6591 405434 125
7 32 -1 0 90664 -40 9897 404446 62 5
33 -10 89177 -45 3144 403343 81 3
7 34 -10 87532 -49 6326 402126 43 8
35 -10 85730 -53 9436 400795 1 88 -
: 36 -1 0 8261 2 -142 7853 8235869 000
37 - 1 0 73231 -161 7686 1744553 000
: 38 -6 1 1061 -164 5268 144317 50 0
39 -5 50795 -172 7756 389048 313
* • • " r. TGTAL 0*13535530E 09
03/SEC/SEC
UNITS
TABLE 1.4.3(c)
2 V  0• 3 4 9 7 3 6 4 CD — 03 -0.27885882D 00
_i;3 0.34642589D-03 -0•94657078D-02
'4 - 0*346 424010-03 -0* 543 58393D-05
l^.;5 0. 346424010-03 -0•17565949D-11
0*3 46 42401D — 03 0*0
3 NODE
FREQUENCY 177*7 4VPM ANG*VEL* SQ 0• 34 6*
MASS THETA SIGMA THETA**2*.
1 -0 52969 -11 021 6 16852 188
2 -0 52422 -11 1371 174 779
3 -0 52422 -11 5224 583 145
4 0 98277 -10 1 497 3894 21 6
5 0 99974 -9 5540 1719 090
6 1 01092 7 5434 22012 945
7 0 99974 7 543 4 0 0
8 0 99974 -2 0106 0 0
9 1 00000 0 3451 6799 99 6
r  io 0 99994 2 7006 6799 145
it 0 99945 5 0550 6792 480
-1 2 0 99853 7 4072 6780 016
13 0 9971 9 9 7563 6761 770
14 0 99541 12 1012 6737 77 7
15 0 99322 14 4409 670 8 078
.16 0 98904 62 7646 137964 688
17 0 95889 68 3266 15395 48 4
- 18 -0 10 872 68 2207 33 23 6
19 -0 28363 66 2098 1646 462
20 -2 01489 -82 2769 478544 063
21 -1 74256 -86 8171 22837 539
22 -1 44252 -88 0444 5110 578
23 -1 19978 -88 9978 3302 139
24 -0 28363 -92 1573 2586 826
25 0 64691 2 4136 4507 102
26 0 63975 2 6042 351 980
27 0 63906 ’ 3 3569 1388 571
 ^: 28 0 63785 4 1 082 1383 281
= 29 0 63635 4 8577 1376 820
 ^f 30 0 63459 5 6052 1369 20 1
31 0 63256 6 350 2 1360 435
y:32 \ 0 63025 7 0926 1350 537
33 0 62768 7 .831 9 1339 526
"i-3 4 0 62483 8 5678 1327 419
35 0 62172 9 300 1 1314 238
f 36 0 61635 24 3038 26694 156
” 37 0 60038 27 4540 5459 480
^ 38 -0 18397 27 2076 130 815
39 -0 2836 3 25 9476 1031 67 3
TOTAL 0*81 042106E 06
03/SEC/SEC
UNITS
TABLE 1.4.3(d)
3 0• 109619 95D 00 -0.188 68397D— 01
4 0• 104 05904D 00 -0*507290330-01
5 0.92955314D-01 -0*106706020 00
6 0*842105410-01 -0*940750190-01
7 0.82928016D-01 -0*152299810-01
8 0*82915758D-01 -0*1478172 80-03
9 0*829157570-01 -0•11870398D-07
10 0*82915757D-01 -0.41633363D-16
10 NODE
FREQUENCY 2749.73VPM ANG•VEL• SQ 0*829157570 05/SEC/SEC
‘•MASS THETA SIGMA THETA**2*J
1 -0.00352 -17.5161 0*743
2 0*00517 -17*2434 0*017
3 0*00517 -16*3336 0*057
: 4 2.14140 699*5707 18489*074
 5_________  0*97172________ 838*1519 1624*076
6 -0*58972 -1053*2447 7490*980
7_  0*97172 -1053*2447__________  0*0
I ;  8 0.97172 —21S • 092 8 0.0
9 1*00000 348*7343 6799*996
P 10 0*93670 876*8739 5966*426
^ 11 0.77755 1315.2788 4111*191
12 J 0*53883 1619*0852 1974*289
13 0.24496 1757.2030 408*053
14 -0*07397 1715.4981 37.204
15 -0*38533 1498*2383 1009*661
16 -0.81832 -8071.4348 94446*063
17 3.06000 -3823*1066 156784.313
18 62*79604 10818*3628 11088680*000
1 9_________ 35*05778______70309*7986 25153680*000
20 0*51042 4988*6311 30709*348
21 -16.00194 -4990*3295 1925843*000
? 22 1*24464. -4736*8694 3804.666
23 14.30420 -2016*0860 469375.438
2 4 _______ 35* 05778 91453*4301 39520032*000
25 5.69638 5086.8826 349472*938
- 26 -9.38624 4417.5728 75767*250
27 -10.54806 1443.9307 378289.500
28 -11.07221 -1677.4756 416819*000
29 -10.46329 -4627*2179 372233.188
30 -8.78361 -7103.4357 262315.875
31 -6.20506 -8852.7259 130909*313
32 -2.99152 -9696*0757 30427.230
33 0.52816 -9547.1812 948*428
. 34 3.99378 -8421.2794 54231*043
35 7.05071 -6433.5890 169022.438
36 10*76932 56312*8719 8149680*000
37 -26.22824 23374.3467 10419244*000
; 38 -694*02858 -199040.5750 1861676288.00 0
39 35*05778 -161763*2286 15761310*000
TOTAL 0*19767378E 10 LB— IN* UNITS
TABLE 1.4.3(e)
2 O* 207667790 00 -0*178849590 CO
3 0*19634236D 00 —0*545363150—01
4 0*196155900 00 —0•949 65906D—03
.5: ~ 0*19615586D 00 -0*206294420-06
, 6 ~£ 0*19615586D 00 -0*979771820-14
16 NODE
FREQUENCY 4229.33VPM ANG.VEL* SQ 0.19615586D
MASS THETA S 1GMA THET A**2*J
1 0 0 0193 22 6909 0 • 223
1 2 -0 00 933 21 5271 0 .055
3 -0 00933 17 6441 0 • 185
4 -2 31695 -1814 8330 21644 • 82 0
5 0 71745 -1572 773 5 885 • 346
6 -0 13630 -575 8843 40 0 • 149
7 0 71745 -575 8843 0 • 0
8 0 71 745 -2148 6578 0 • 0
9 1 00000 -814 7980 .6799 • 99 6
10 ; • 1 14789 716 320 8 8959 • 965
11 1 01787 2074 021 5 7045 • 250
12 0 64144 2929 6107 2797 • 815
13 0 10 971 3075 9540 81 • 853
14 -0 44 85 7 2477 6223 1368 • 272
15 -0 89826 1279 4691 5486 • 723
16 -1 26803 -33801 0356 226773 • 813
17 14 9733 7 15378 000 1 3754034 .000
18 -225 30788 -108899 6371 142747360 • 000
19 53 91059 107525 8335 59481392 • 000
:= 20 -0 0641 5 -1483 1 478 485 • 007
2i 4 84507 5664 7280 176553 • 250
22 -14 73223 -1432 6544 533046 • 93 8
23 -10 78240 -6284 5362 266700 • 875
24 53 91 059 333750 6933 93453744 • 000
25 36657 2551 8 77442065 8892**** ***********
26 -192958 67844 44891087 1724**** ***********
27 -204765 03928 -91672843 9705**** ***********
28 -171487 79528- 206043185 4531** ** ***********
29 -96694 11 52 7- 270531383 9568**** * **********
30 1508 7819 5-269525132 1335 773 9834368 • 000
31 99346 40 974- 203268039 0947 **** ***********
32 173132 71157 -8780 0653 723 7 **** ********** *
33 205004 35044 48922881 192 1* * * * ** ******** *
34 187245 34369 173802403 1686 * * * * ***********
35 124155 06823 256605132 8169 **** ** ** * ***** *
36 -24162 70252 -76445730 7530 ** ** ***********
37 26062 14889 984304 6513 **** * * ******** *
38 -2059 2351 0 -576888 7733 1 638 9332992 • 000
39 53 91 059 -441276 5269 3 7271056 • 000
TOTAL 0*8 2214183E 15
06/SEC/SEC
UN ITS
TABLE 1.4.3(f)
2 0*235348990 01 -0 • 28331950D— 01
- 3 0*20190774D 01 -0 • 142092180 00
£.3 4 0*202218030 01 0 • 153679260- 02 ;
T T s _ 0*202221330 01 0 •1633177SD- 04
W J f .
“ 0* 20222133D 01 0 •155855970- 08
T r r • 0*20222133D 01 0 •222044600- 15 «
26 NODE
FREQUENCY 13579* 53VPM ANG •VEL* SQ 0 • 20 22
MASS THETA SIGMA THETA**2*J
1 -0 00000 -0 4918 0 000
2 0 00024 -0 1833 0 000
3 0 00024 0 8461 0 000
4 -0 11042 -899 5046 49 164
5 1 39355 3947 5435 3340 198
6 -0 02192 -954 783 6 10 349
7 1 3935 5 -954 7836 0 0
8 1 39355 2992 7599 0 0
9 1 00000 16743 8076 6799 996
10 -2 0390 0 11294 6121 28271 195
11 0 01Q97 -11 143 7552 0 818
2 03356 16819 8672 28120 559
13 - 1 0 1 92 4 2804 1913 7064 234
14 -1 52 82 0 18210 230 9 15880 785
15 1 77695 6224 7374 21471 414
16 -0 02200 -48 7819 68 239
*7 0 00144 0 0935 0 035
18 -0 00002 -0 0069 0 000
19 0 00000 -0 0047 0 000
20 0 00000 0 0000 0 000
21 -0 00000 -0 0000 0 000
22 0 00000 0 0000 0 000
23 -0 00000 -0 000 0 0 000
24 0 00000 0 0035 0 000
25 0 00000 0 0000 0 000
26 -0 00000 -0 0000 0 000
27 -0 00000 -0 0000 0 000
28 0 00000 0 0000 0 000
29 -0 00000 0 0000 0 000
30 -0 00000 -0 0000 0 000
31 0 00000 -0 0000 0 000
32 0 00000 0 0000 0 000
33 -0 00000 -0 0000 0 000
34 -0 00000 -0 0000 0 000
35 0 00000 0 0000 0 000
36 -0 00000 -0 0000 0 000
37 0 00000 0 0000 0 000
38 -0 00000 -0 0000 0 000
39 0 0000 0 0 001 4 0 000
TOTAL 0*1 1107675E 06
07/SEC/SEC
UNITS
TABLE 1.4.3(g)
EXAMPLES OF THE APPLICATION OF THE FORCED-DAMPED 
METHOD OF FREQUENCY RESPONSE ANALYSIS
The examples treated in this Section were 
analysed on the I.B.M. 370/158 Digital Computer by the 
application of the program LR 269 for forced-damped 
torsional vibration analysis, devised by the writer 
and described in Section 3 of Part II. Careful 
selection was required in the choice of these examples 
in order to illustrate the use of as many as possible 
of the aspects of this type of analysis, catered 
for in the computer program, without making the 
exposition unduly lengthy. It should be appreciated 
that the facility is capable of dealing with systems 
of much greater complexity of organisation, but the 
mere definition of such problems and the sheer volume 
of the resulting output could not be reasonably 
contained within the confines of present work.
The forced-damped method of vibration analysis 
gives results which essentially fall into the category 
of frequency responses for the systems. However, in 
the approach used here, where consideration is given 
to individual harmonic excitations, the computed results 
are presented in the alternative form of harmonic 
responses related to engine speed, these being of 
greater practical relevance in this field of vibration 
engineering.
It should also be noted that, where gear ratios 
are involved, the input quantities are referred to engine 
shaft speed, but the results are expressed as true 
amplitudes and torques, the computation having taken 
account of the actual speeds of the various shafts.
EXAMPLE 2.1
A SIX-MASS OIL-ENGINE-DRIVEN CLOSE-COUPLED MARINE
4.76
}
Pulley-
52
GENERATOR SET
5
354
6
108.2
50.4
13.04 each 
50.4
K, K-
62.3
Kj
U Uc3
3 Engine
U
72.6
Kr
Generator 
Flywheel Rotor
Crankthrows
Inertias in lb.in.sec
6Shaft stiffnesses in 10 lb.in./rad. units.
FIG.17.
A typical close-coupled marine generator set was 
adopted as the basis for this example. The prime mover 
was a 6-cylinder, 4-stroke oil enginefproducing a service
power of 240 BHP at 1200 R.P.M. The cylinders were
o . . . .arranged m  60 nvee" formation with a firing order
1:3:2, at equal intervals within each bank and the banks
phased for alternate firing (360° + 60°).
The equivalent dynamic system is shown in Fig. 17 
and the numerical details are presented in Table 2.1.1. 
Provision was made for external damping at each crankthrow 
station, the value of the coefficient having been 
estimated to give reasonable compatibility with the results 
of conventional "dynamic magnifier" analysis.
Computed Results
The computer treatment was arranged to scan the 
frequency responses of the system over a speed range 
from 1050 to 1250 R.P.M. in steps of 5 R.P.M., 
consideration being given to the 6th, 7th, lh and 8th orders 
of harmonic engine excitation. The program computed 
the harmonic torques, from the standard components, based 
on a constant full-load engine mean torque over the 
whole speed range. (For a generator system the program 
assumes constant full-load torque for all running 
conditions up to 105% of the service speed). .
From the computed results a selection was made 
of the quantities of interest and the corresponding response 
curves are plotted in Figs. 18 to 21 . Typical
output tabulations of the complete system responses are 
also given for a few speed values in Tables 2.1.2(a) to 
(d).
A second computer run was carried out with the 
engine cylinder firing angles specified in the input as 
the same values numerically, but made negative. The 
purpose was to demonstrate the effect on the results of 
using the reversed convention of excitation phase.
Typical output response tabulations, so obtained, are shown 
in Tables 2.1.3(a) to (d) for comparison.
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P
t; 1050*000 RPM HARMONIC OROER 6.0
1.1\ HARM. TORQUE- 1119.4 L3IN • MIP= 106. 6 LB/SQ.IN.
MASS  ^AMP.(COS) AMP.(SIN) AMPLITUDE TORQUE PHASE STRESS
RAD. RAD. RAD. LBIN. RAD. LB/SO.IN.
/ I • 0.0005159 -0.0000901 0.0005237 1085. -0.172961 61 •
2 .. 0.0004954 -0.0000865 0. C0C5C29 6145. -0.186384 343.
U.;>3 '. f 0.0003755 -0.0000639 0.0003809 10513. -0.176982 588.
’ 4 """ 0.0001702 -0.0000272 O.COOl724 13701. -0.158599 766.
-0.0000470 0.0000075 0.0000476 “ 6374. -0.158599 303.
“  '6 -0.0001336 0.0000214 0.0001353 0. -3.245385 0.
10 50,,000 RPM HARMONIC ORDER 7. 0 : ; •• •
HARM. TORQUE= 709.3 L8IN • MIP= 106. 6 LB/SQ.IN.
M A S S AMP.(COS) AMP.(SIN) AMPLITUDE TORQUE PHASE STRESS
J. - RAD. "77 RAD. RAO. LBIN. RAD. 'LB/SQ.IN.
Zjf 1 1 ~ 0.0001538 0.0001253 0.0001984 559. ’ 0.683484 31 .
~W{2 2'r'’ 0.0001455 0.0001185 0.0001876 * 3246. C.560202 181 .
0.0000909 0.0000843 0.00 01240 3810. 0.861846 213.
r‘* 0.000 0417 0.0000269 0.0000496 336 9. 0.572650 .1 188.
~ 's -0.0000037 -0.0000024 0.0000044 . 2436. 0.572649 1 16.
I— 0. C00031 9 -0.0000206 0.0000380 ;p2. 3 56194 , i . °*
rioso. 000 RPM HARMONIC ORDER 7.5
:V:-'HARM. TORQUE= 569.6 LBIN MIPs: 1C6. 6 LB/SQ.IN. - --; ‘•• •••- • ' ';
MASS AMP.(COS) AMP.(SIN) AMPLITUDE TORQUE PHASE STRESS
RAD. RAD. RAD. LBIN. RAD. LB/SQ.IN.
JT;.i -0.0005293 -0.0007373 0 . 00C9C76 2938. -2.193336 1 64.- 2 -0.0004963 -0.0006914 C.0008511 10618. -2.211728 593.
r; 3 -0.0003703 -0.0005226 0.0006405 16432. -2.200100 910.
4 -0.0001785 -0.0002590 0.0003145 19361. -2.174138 10 82.
:;s':7 -0.0000021 -0.0090031 0. 0C00037 2C26C. -2.174138 963.
6 ' 0.0001562 0.0002267 0.0002753 0. -3.233489 0.
1050. 000 RPM HARMONIC ORDER 8.0 - ■ ; : - -
HARM. TORQUE= 452.3 LBIN, MIP= 106. 6 LB/SQ.IN.
IASS. AMP.(COS) AMP.(SIN) AMPLITUDE TORQUE PHASE STRESS
RAD. RAD. RAC. LBIN. PAD. LB/SQ.IN.
1 -0.0000308 -0.0000387 0 .0000495 1 82. — 2•2*4128 10.
2 ■-0.0000287 -0.0000359 0.0900460 234. -2.804019 13.
3 -0.0000243 -0.0000344 0.0000421 835. - 1 .915755 47.
4 -0.0000187 -0.0 000188 0.0000265 1343. -2.352949 75.
5 -0.0000035 -0.0000035 0.0000049 2692. -2.352949 1 23.
6 0.0000227 0.0000228 0.0000322 0. -3.017233 • C.
T A B L E  2. \ . 2. ( aS)
.000 RPM HARMONIC ORDER
1
o» a. O
1
'fvr':^' V HARM. TORQUE= " 1119.4 LBIN • MIP= 106. 6 LB/SQ.IN. 1 ^ '
iMASS AMP.(COS) AMP.(SIN) AMPLITUDE. TORQUE p h a s e !
RAD. RAD. RAD. LBIN. RAD.
0.0006913 -0.0001778 0.0007138 1713. -0.251795
2'"- 0.0006594 -0.0001696 0.0006809 8358. -0.266615
. 0.0 004994 -0.0001259 0.0005151 ’ 13913. -0.256508
4 ‘0.0002324 -0.0000559 0.0002390 17658. -0.2360 72
‘>0.000 04 3 2 0.0000104 0.0000444 9736. -0.236071
6 -0.0001735 0.0000417 0.0001785 0. -3.653982
~ 1130 •000 RPM HARMONIC ORDER 7.0
HARM. TORQUE= 709.3 LBIN • MIP= 106. 6 LB/SQ.IN.
. . . .  -
“MASS’' = AMP.(COS) AMP.(SIN) a m p l i t u d e TORQUE PHASE
7..' :• RAD. RAD. RAD. LBIN. RAO.
=1‘-" 0.0003504 -0.0001193 0.0003701 1209. -0.328220
0. 0003284 -0.0001118 0.0003469 ‘ 5148. -0.227165
0.0002288 -0.0000888 0.0002455 6110. -0.266124
V 0.0001119 -0.0000569 0.0001255 7663. -0.470730
'•■■5 0.0000022 -0.0000011 0.0000025 8275. -0.470729
= -21; 6V?.::-0.0000993 0.0000506 0.0001115 ' ; /'*' 0. — 1 .249045
Ii~li30 •000 RPM HARMONIC ORDER 7.5 .. . 'Z
^ ^ L H A R M .  TORQUE= 569.6 LBIN • MIP= 106 .6 LB/SQ. IN.'
— - • - • — -
[m a s s AMP.(COS) AMP.(SIN) AMPLITUDE TORQUE PHASE
RAD. RAD. RAD. LBIN. RAD.
-0.0003338 0.0001273 0.0003572 1339. -3.506087
*2 ’-0.0003097 0.0001182 0.0C03315 401 0. -3.527452
3 ;’ -0.0002360 0.0C00882 0.0002519 5863. -3.515354
’ 4 -0.0001277 0.0000457 0.0001356 6526. -3.485606
^3“s ■?; -0.0000291 0.0000104 0.0000309 15138. -3.485609
* 0.0001672 -0.0000599 0.C001776 0. -3.729595
: 1130 .000 RPM HARMONIC ORDER 8.0 * ..:.....
^  HARM. TORQUE= 452.3 LBIN • MIPs 106 .6 LB/SQ.IN.
. . .
MASS AMP.(COS) AMP.(SIN) AMPLITUDE TORQUE PHASE
RAD. RAD. RAO. LBIN. RAD.
1 0.0000258 0.0000122 0.0000 285 122. 0.4 40637
:r 0.0000237 0.0000112 0.0000262 830. 0.712525
3 0.0000112 0.0000004 0.00C0 1 1 2 996. 0.141648
‘ 4 — 0.0000C83 -0.0000024 0.0000087 450. 0.278561
5 -0.0000153 -0.0000044 0.0000159 4593. -2.863028
*6 0 «t 0000455 0.0000130 0.OOCO474 0. 0.0
STRESS 
LB/SQ.IN 
• 96. 
467. 
/ "778.
987. 
463. 
0.
STRESS 
LB/SQ.IN 
63. 
288. 
342. 
428. 
393. 
0 .
STRESS 
LB/SQ.IN 
75. 
2 24. 
328. 
365. 
719. 
0.
STRESS 
LB/SQ.IN.
7.
46.
56.
25.
218.
0.
"TABLE 2 , t , 2. ( b')
^fl 165*000 PPM • ' HARMON IC ORDER 6*0
^ ^ ~ H A R M .  TORQUE* ~ 1119.4 LBIN. MIP* 106*6 LB/SQ.IN.
fMASS. AMP.(COS) AMP.(SIN) AMPLITUDE TORQUE PHASE STRESS
^ RAD.- RAD. RAO. LBIN. RAD. LB/SQ.TN.
0.0008082 -0.0002573 C. 0008482 2163. -G. 308187 121.
'l'-Z ' 0.0007686 —0* 000244-7 C.0008066 9933. -0.323631 555.
0.000581 7 -0.0001820 0.C006095 16327. -C.313218 ; 913.
~ 4 ~ 0.0002735 -0.0000822 0.0002S56 20463. -0.291822 1144.
^ • S ^ V ^ O .  000041 0. • 0.0000123 0.0000429 12334. “ -0.291821 586.
"" 6 -0.0002038 0.0000612 0.0002127 6. -3.785C93 Oi
_1_165.00 0_RPM_ _ HARMONIC ORDER 7.0 .
HARM. TORQUE* 709.3 LBIN. MIP* 106.6 LB/SQ.IN.
MASS AMP.(COS) AMP.(SIN) AMPLITUDE TORQUE __ PHASE STRESS
' RAD. RAD. RAD.   LBIN. "- " ■ P AD......  “L3/SQ.IN.
" "l" 0.0001313 -0.0002263 0.0002616 _ 908. _ -1.045133 51.
0* 0001225 -0.0002111 0.0002441 3364. "“ -0.763641 188..
'if "0.0000743 —0.6 CO1650 0.0001809 * 3857. -1.063423 ' 216.
0000371 -0.0000981 0.0001049 ’ 5962. -1.209333 333V
“ 5 0.0000032 -0.0C00086 C.0000092, _ 8331. -1.209335 396.
"r. r — 0.000 03 7 3 0.0000988 0.0001056. 0. -1.107148 0.
0165.000' RPM HARMONIC ORDER 7.5
^ H A R M .  TORQUE* 569.6 LBIN. MIP* 106.6 LB/SQ.IN.
MASS AMP.(COS)....AMP.(SIN) AMPLITUDE TORQUE PHASE STRESS
RAD. RAD. RAO. LBIN. RAD. LB/SQ.IN.
f  : -0.0001644 0.0001022 0.0001935 771. -3.697699 43.
2 -0.0001518 0.0000943 0.0001787 1938. -3.722139 108.
V-0.00011 96 0.0000732 0.0001403’ 2686. -3.710748 150.
 4__^ _^ _0 j_000_074 7____ 0_.J5_00044_5____ C_. 03 0 0 8  ______ 2853.____ J23^§7JL%1±_______ 159
~ 5  -0.0000354 0.0000211 0.0000412 15060. -3.679680 716.
6 0.0001428 -0.0000851 0.0001662 0. -4.G63883 9.
1165.000 PPM HARMONIC ORDER 8.0
' HARM. TORQUE* 452.3 L8IN. MIP* 106.6 LB/SQ.IN.
(ASS AMP.(COS) AMP.(SIN) AMPLITUDE TORQUE PHASE STJP.ESS
RAD. RAD. RAD. LBIN. RAD. LB/SQ.IN.
I 0.0000932 -0.0001573 C.0001829 829. -1.035639 46.
’ 2.". 0.0000851 -0.0001436 C.0001669 2686. -0.974308 150.
3 0.0000552 -0.0000995 0-.0001 138 4541. -1.643935 254.
4 0.0000099 -0.0000216 0.0000238 4626. .-1.141870 259.
5 -0.0000210 0.0000459 0.0C00505 12404. -4.283463 589.
•6* 0 ..0000501 -0.0001094 0.0001204 0. 0.031240 0.
T A B L E  ZL . I -tl (c)
vV I 245 • 000 RPM HARMONIC ORDER 6*0
HARM. TORQUEs 1119.4 LBIN. MIP=.106.6 LB/SQ.IN.
MASS AMP.(COS I AMP.(SIN) AMPLITUDE TORQUE' PHASE S.TR'-SS
RAD. RAO. RAD. LBIN. RAD. L9/SQ.IN.
“ 0.0012210 -0.0008052 0.0014626 4260. -0.532932 2 38.
2 0.0011526 -0.0007601 0.0013807 17149. -0.599918 958.
. ' 3 0.0008718 -0.0005680 0.0010405 27325. — 0•56 3823 1527.
4 0.0004209 -0.0002669 0.0004984 33185. -0.565067 • 1855.
■L:;:s'/r -0.00Q0289 0.0000183 0.0000342 25765. -0.565069 1224.
..6 -0.0003287 V 0.0002084 0.0003891 0. -3.311305 0 .
1245 .000 RPM HARMONIC ORDER 7.0
T_1harm* torque= 709.3 LBIN • MIP= 106 .6 LB/SQ.IN.
MASS " AMP.(COS) AMP.(SIN) AMPLITUDE TORQUE PHASE STRESS
b y  r a d ; RAD. RAD. LBIN. RAD. LB/SQ.IN.
l 0.0000039 -0.0000464 0.0000465 184. -1.486509 10.
v"0* 0000036 -0.0000428 0.0000430 • " 1 0 6 4 . "-0.036823 59.
'**"3 • -0.0000175 —0.0000420 0.0000455 282. — 3•665CC 6 16.
- -.-0.0000126 -0.0000448 0.0000466 .-,1619. -1.845567 90.
‘-0.0000056 -0.0000198 0.0000206 7692. -1.845565 366.
; 0.0000232 0.0000822 0.0000854 . . ■ ,.0. ' ' . -1.633216 : . . 0 •
2:1245.000 RPM HARMONIC ORDER 7.5 - • . • •. ' -
"3 ^ HARM. TORQUE— 569.6 LBIN . MIP= 106 .6 LB/SQ.IN.
ASS-;., AMP.(COS) AMP.(SIN) AMPLITUDE TORQUE PHASE STRESS
RAD. RAD. RAD. LBIN. RAD. LB/SQ.IN.
•W-T1-0.000606 9 -0.0005116 0.0007938 3613. -2.441142 202.
2 -0.0 00 553 8 -0.0004669 C.0007243 12576. -2.456724 703.
-"31-3 -0.0003605 -0.0003090 0.0004748 18432. -2.441113 10 30.
4 -0.0000809 -0.0000733 0.0001092 19741. -2.405618 1103.
■T'5.:r 0.0001540 0.0001394 0.00C2077 50564. 0.735973 2403,
■'6. -0.0003623 -0.0003231 0.0004888 0. -0.643501 0.
1245 .000 RPM HARMONIC ORDER 8.0
.Harm. t o r q u e s 452.3 LBIN MIPs 106 .6 LB/SQ.IN.
a s s AMP.(COS) AMP.(SIN) AMPLITUDE TORQUE PHASE STRESS
RAD. RAD. RAD. LBIN. RAD. LB/SQ.!N.
1 " -0.0000296 -0.0C00237 0.0000379 196. -2.4 6 774 7 U.
2" -0.0000267 -0.0000213 0.0000342 337. -3.159413 19.
3 -0.0000200 .-0.0000214 0.0000293 786. -2.144178 44 .
4 -0.0000115 — C.0C0C083 0.0000142 1301. -2.516173 73.
5 0.0000054 0.0000039 0.0000066 1260. C.62541 9 60.
6 ' -0.0000087 -0.00Q0C63 0.0000107 0. 0.785398 0 .
T A B L E  2.. I - 2. (do
' 1050.000 RPM HARMONIC ORDER 6.0 ..... . . .... . .
HARM. TORQUE= 1119.4 LBIN • MIP= 106. 6 LB/SQ.IN.
MASS AMP.(COS) AMP.(SIN) AMPLITUDE TORQUE PHASE STRESS
RAD. RAD. RAD. LBIN. RAD. LB/SQ.IN
_ 1 0.00 05159 -0.0000901 0.000 5237 1C 85 . -0.172962 61 •
.. 2 .. 0 . CO 04954 — 0 • 00C0 865 0.0005029 6145. -0.186386 343.
3... 0.0003755 -0.0000639 0.0003809 10513. -0.176983 588.
L-;4.;LL 0.0001702 -0.0000272 0.0001724 13701. -0.158602 766 •
. -0.0000470 0.0000075 0.0000476 6374. -0.158601 303.
6 -0.00 01336 0.0000214 0.0001353 0. -3.265947 0.
Ll050.000 RPM HARMONIC ORDER ’ 7.o ;’L'L'L-lL.
iLL^HARM. TORQUEs 709.3 LBIN • MIPS X06. 6 LB/SQ.IN. - - ■
MASS -i L AMP• ( COS ) L a m p .(s i n ) AMPLITUDE J TORQUE . PHASE : , STRESS
RAD. ._. . RAD. RAD. ___ LBIN. RAD. LB/SQ.IN
0.0000053 . -0.0001920 0.COO1921 ' L , 542. -1.598618 30.
=i.-2 ^.,-0.00 CO 051 -0.GC01816 0.0001816 2679. -1 .262565 150.
^ - 3 ^ ^ 0 . 0 0 0 0 2 1 2 -0.0001309 0. GOO1326 4193. -1.704007 234.
~~i;4 0 .0000101 -— 0 .00 0C48 5 0 .0000495 ...  3362. -1.776831 188.
^ 5  0.0000009 0.00000*3 0.0000044 ' .. ; _2431• . .-1 .776832 • .116.
6 ....... 0.00 COO 78 ... 0.0000371 0.0000379 0. . :-4.124386 0.
1050*000 RPM HARMONIC ORDER 7.5
HARM. TORQUEs 569.6 LBIN. MIP— 106.6 LB/SQ.IN.
MASS
" 1.
L 2 .
3
,4 r
5
6 '
AMP.(COS) 
- RAD. 
0.00C7373 
0.000691A 
0.0005226 
0.00 C2590 
0.00 00031 
-0.0002267
AMP.(SIN) 
RAD. 
•0.0005293 
■0.0004963 
■0.00037C3 
•0.0001785 
•0.0000021 
0.0001562
AMPLITUDE 
RAD. 
0.CCC9076 
0.0CC8511 
0.CCC6405 
C.C003145 
0. C000037 
0.C002753
TORQUE
LBIN.
2938.
10618.
16432.
19361.
20260.
0.
PHASE 
RAD. . 
•0.622592 
•0.640935 
•0.629306 
•0.603345 
■0.603344 
I .570795
STRESS 
LB/SQ.IN 
164. 
593. 
9ie. 
1082. 
963 e 
0 •
1050.000 RPM HARMONIC ORDER e.o
u HARM. TORQUEs 452.3 LBIN. MIPs 106.6 LB/SQ.IN.
MASS
-■ '-.I " 
2
3
4
• . 5 . 
6
AMP.(COS) 
RAD. 
-0.0000516 
-0.0000479 
-0.0000389 
-0 .0000265 
-0.0000049 
0.0000322
AMP.(SIN) 
RAD.
•0 .0000093 
•0.0000086 
0.0000004 
0 .0000006 
0.0000001 
•0 . COCOCO 7
AMPLITUDE 
RAD. 
0.00C0524 
0.CO00487 
0.0000389 
0.C0C0265 
0.0000049 
C.00C0322
TORQUE
LBIN.
193 • 
645. 
624. 
1343. 
2692. 
0.
PHASE 
RAD. 
•2.963537 
•2.361542 
•3.125767 
■3. 162951 
•3. 162953 
•3.444477
STRESS 
LB/SQ.IN, 
11. 
36. 
35. 
75. 
128. 
0.
’TABLE: 2 - 1 - 3  (e^
1130.000 RPM HARMONIC ORDER 6.0
HARM. TCRQUE= 1119.4 LBIN. MIP= 106.6 LB/SQ.IN.
MASS AMP.(COS) AMP.(SIN) AMPLITUDE TORQUE PHASE STRESS
;. . : - RAD. RAD. RAD. LBIN. RAD. LB/SQ.IN
1. 0.0006913 —0.0 0017 78 O.OOC 7138 1713. -0.251797 96.
if 2 ;; 0.0006594 -0.0001696 0.00C6809 ■ f 8358. -0.266617 467.
3 0.00 04994 -0.0001259 0.0CC5151 13913. -0.256509 778.
ff:4' 0.00 02324 — 0 .0000559 0.C002390 17658. -0.236074 987.
' 5 " -0.0000432 0.0000104 C.0000444 9736. -0.236074 463.
—0.00 C1735 0.0000417 G.OOC1785 ■ 0. 7 ,f—3.386571 f’ o.
iJll30.000 RPM HARMONIC ORDER 7.0 ; V;' - T ; - -
TTZfHARM. TORQUE^ 709.3 LBIN. - MIP= 106.6 LB/SQ.IN. r~ - :v .:Tv:; ' .*
jMASSf;fAMP.(COS) AMP.(SIN) 7 AMPLITUDE - - torque fff PHASE " T_"7.7 STRESS
RAD. RAD. RAD. LBIN. RAD. LB/SQ.IN
•gfl'i'f -0.0003154 -0.0001632 0.000 3552 , ; 1160. ; -2.664063 T ”.- 65.
" . . .  2 -0.0002956 -0.0001530 0.C0C3329 3535. -2.480382 ... ...198.
•M s.:,.-. -0.0002403 -0.0001099 0.0002642 \ J f  7055. r:" -2.624455 7y: v - . 394.
_4. ’ -0.0001186 —0.0000407 0.0001254 __  __7655. -2.811012 428.
:|§y> 5 f" i -0.00 00024 —0.0000008 0.0000025 : 8266. -2.811012 .•f7: 393.
_6 _1 0.00 01053 0.0000361 , 1 C.00 01113 0. -1.570795 7'fff'f _*..o.
i= -- - :-i: ’ : .7
?SvM”ZL~- ^ rr V3, ;-r-X 77“  '
_i 130.000 RPM HARMONIC ORDER 7.5
rAT.ii. : ' .. .: • - .. • : : . ”...• .. . ; . . - •-
HARM. TCRQUE= 569.6 LBIN • MIP— 106. 6 LB/SQ.IN. .. . .. . . . .. . .
MASS AMP.(COS) AMP,(SIN) AMPLITUDE TORQUE PHASE STRESS
7v:; RAD. RAD. . RAD. LBIN. RAD. LB/SQ.IN.
__ 1 -0.0001273 -0.0003338 0.C003572 1 339. -1.935297 75..
il-2. -0.00 01182 — 0.00C30S7 C.CCG3315 4010. . -1.956663 224.
3 -0.00 00 882 -0.0002360 0.0002519 .. .. 5663. -1.944564 328.
7 4 : -0.0000457 -0.0001277 O.OOC1356 . 6526. -1.914815 365.
__ 5 -0.0000104 -0.0000291 C.0000309 15138. -1.914817 719.
M v 6 .0.00 00599 0.0001672 C.0001776 0. -2.03444 5 0.
7:1130.000 RPM HARMONIC ORDER e .o
....... ................  7-v ,.,r., ■. ■
HARM. TORQUEs 452.3 LBIN . MIP= 106. 6 LB/SQ.IN. ... . •-7--7- ■ *.' - :
;mass AMP.(COS) AMP. .(SIN) AMPLITUDE TORQUE PHASE STRESS
... RAD. RAD. RAD. LBIN. RAD. LB/SQ.IN.
7.-1 . 0.00 00240 -0.0000157 0.0000287 122. -0.576235 7.
2 0.0000221 — 0.00 00144 C . 0000263 667. -0.858065 48.
7:. 3 0.0000108 -0.0000014 0.0000109 964. -0.311062 54.
.. 4 — 0 • 00 C 00 74 0.0000045 O.OCCCC87 450. -0.543969 25*
L, .5 -0.0000136 0.0000082 C.0000159 4587. -3.665569 218.
6 0.0000405 -0.0000245 C.C0C0473 0. -0•765398 0.
"TABLE 2.. t. 3 Ob')
1X65*000 RPM HARMONIC ORDER 6.0
HARM. TORQUE= 1119.4 LBIN. MIP= 106.6 LB/SQ.IN.
MASS AMP.(COS) AMP,(SIN) AMPLITUDE TORQUE
v. .. RAD. RAD. RAD. LBIN.
1 [ 0.0008082 -0.0002573 O.OOC 8482 2163.
i-,2"yv- 0.OC 07686 -0.0002447 C.C008066 9933.
.... 3'.__ 0.0005817 -0.0001820 0.0006095 _____16327.
0.00 02735 -0.0000822 0.0002856 20463.
5 ... -0.0000410 0.0000123 C.0000429 12334.
-0.00 02038 0.0000612 0.0002127 [_ :3;:>.: o •
PHASE
RAD.
•0 .308189 
■0.323633 
>0.313220 
-0.291824 
•0.291823 
-3.386571
STRESS 
LB/SQ.IN 
121 • 
555. 
913. 
f I 144. 
586. 
0.
41165.000 RPM. HARMONIC ORDER 7.0 ' •
Oi^HARM. TORQUEs 709.3 LBIN. . MIPs 106.6 LS/SQ~. IN* 2 2 ~'2CL7Xi'7ll  ^ ^  r v
[MASS AMP. (COS) [ AMP. (SIN) AMPLITUDE ,. TORQUE . _ 1 ' PHASE - 4 / STRESS
.. RAD. RAD. RAD.   LBIN.    RAD.  LB/SQ.IN
14’:i ■”0.0002402 0*0000673 0.0002494 ..... 866. - 3.414946 I t:4 48.
2 ; -0.00 02241 0.0000628 0.0002328 1890 • -3.402284 . 106.
3. -0.0001879 0.0000532 0.0001953 [:r 4652. •„ .-3.271967 [ 260.
_.__.4_._ — 0 .0000964 0.0000412 0.0001048 _ ... 5959.... ,__-3.54S325   333.
S^^:544-O.OOCO084 ; 0.0000036 0.CO00092 ^L^S^4k.8327. .545324 [ ^ ,  396.
0.00 009 70 -0.0000415 0.0001055 . _    0.   1.570795 ... .. .0.
-..1165.00 0 RPM . HARMONIC ORDER - 7.5 ___________  ____ _ _
r.,— HARM. TORQUEs 569.6 LBIN. MIPs 106.6 LB/SQ. IN.
.MASS AMP.{COS> AMP.(SIN) AMPLITUDE TORQUE PHASE STRESS
‘ RAD. RAD. RAD. LBIN. RAD. LB/SQ. IN
- 1 -O.OOC 1022 -0.0001644 0.0001935 771• . -2.126911 43.
-2. — 0.00C0943 -0.0001518 0.0001787 1938. -2.151402 108.
3 —0.0000732 -0.0001196 O.C0C14O3 2686. -2.139962 150.
4 -0.0000445 -0.0C00747 0.0000870 2853. -2.108C86 159.
5 -0.0000211 -0.0000354 0.0000412 15060. -2.108088 716*
^6 0.0000851 0.0001428 0.0001662 0 . - 2 . 3 5 6 1 9 4  0.
165 .000 RPM HARMONIC ORDER 8.0 [. ■=rv..; . - . v ..
[1[ HARM. TORQUEs 452.3 LBIN. MIPs 106 .6 LB/SQ.IN. ...
tSS_: AMP.(COS) AMP.(SIN) AMPLITUDE TORQUE 7 PHASE STRESS
RAD. RAD. RAC. LBIN. RAD. LB/SQ.IN
1 -0.0000552 -0.0001798 0.0001881 853. -1.868706 48.
2 -0.0000504 -0.0001642 0.0001717 3295. -I.839914 184.
3 -0.0000330 -0.0001011 0.C001064 4172. -1.862391 233.
4 -0•00C0092 — 0 .0000218 0.00C0237 461 8. -1.970306 258.
5 0.0000196 0.0000464 0.0GC0504 12382. 1*171288 588.
6 -0.0000467 -0.0001107 0 .0 CO 120 1 0. -0.718830 0.
T A B L E  2..1.3
:: 1245 .000 RPM HARMONIC ORDER 6.0 :tr.* ..vrr : •v-.— .. - V -:rV. -
HARM. TORQUEs 1119.4 LBIN,* MIPs 106. 6 LB/SQ.IN.
MASS AMP.CCOS) AMP.(SIN) AMPLITUDE TORQUE PHASE STRESS
RAD. RAD. RAD. LBIN. RAD. LB/SQ.IN.
1 0.0012210 — 0.0008052 0.0014626 4260. -0.582984 238.
f 2 0.0011526 -0.0007601 0.0013807 17149. -0.599919 958.
3 0 .00 C8718 —0 .COC5680 0.0010405 27325. -0.588825 1527.
_ 0 .0004209 -0.0002669 0.0004984 33ies. ' — 0 . 565C69 • 1855.
-0.00 00289 0.0000183 C.0000342 25765. -0.565071 1224.
-0 *00 03287 0.0002084 C.0003891 ^ .. o. -2.976444 . , 7  - o .
£1^45 .000 RFM HARMONIC ORDER : T»o':Zl |-*®ESS
-- —  -
H ARM . TORQUEs 709.3 LBIN.. . l M I P s  106. 6 LB/SQ.IN. . r:-v, v
Mass _; AMP.CCOS) AMP.(SIN) AMPLITUDE i TORQUE > PHASE . ' : STRESS
RAD. RAD. RAD. Z ’l LBIN. RAD. LB/SQ.IN.
SH.5i -0.00 00224 0.0000344 0.0000411 . 163. -4.134564 ' 9.
..2 . -0.0000207 0.0000318 C.0000380 798. -0.132932 45.
-0.0000364 0.0000339 0.0000498 ;i:.^ '' e96. : -2.687805 I z .39.
. -0.0000240 0.0C00399 0.0000466 1620. — 4 .171081 91 •
0.00 00106 0.0000177 0.0000206 : '-77.:7697. 7 7 -4.171082 366.
__6__..0.00 00440 — 0.0000732 0.0000 654 ____ ___ o -4.497031 0.
~iJh.-Jl.-S—. _ I.'* ’.ir >" -.I:'.: - /. •
- ; ^
I!( 
j;i!i
i 
r/ir
i 
ii'iij
ijti;
II V. • , ;“j\ > • : •; .
12 45 .000 RPM HARMONIC ORDER 7 ~ r ~ i
HARM. TORQUEs 569.6 LBIN. MIPs 106* 6 LB/SQ.IN.
™
MASS AMP.(COS) AMP.(SIN) AMPLITUDE TORQUE PHASE STRESS
RAD. RAD. RAD. ,. LBIN. RAD. LB/SQ.IN.
....1 0.0005116 -0.0006069 0.0007938 3613. -0.870346 202.
L:v 2 '■ 0.0004669 -0.0005538 0.0007243 .. 12576. —0.885928 703.
.3 0.0003090 -0.0003605 0.0004748 18432. -0.870316 1030.
1 0.0000733 -O.OOC08C9 0.0001092 19741• -0.834822 1103.
... s...:. -0.0001394 O.OOC1540 0.0002077 50564. -3.976415 2403.
0.00 03281 -0.0003622 C.C0C4888 0. . 0.540419 0.
SI 245,*00 0 RPM ' HARMONIC ORDER 8.0
Sv. HARM. TORQUEs 452.3 LBIN. MIPs 106. 6 LB/SQ.IN. . . .'v
MASS. AMP.(COS) AMP.(SIN) AMPLITUDE TORQUE. PHASE STRESS
... RAO. RAD. RAD. LBIN. RAD. LB/SQ.IN.
S' 1 -0.0000398 0.000001 I 0.0000398 206. -3.170271 12,
2 -0.0000359 0.0000010 0.0000359 582. -2.562811 33.
:... 3 -0.0000262 0.0000073 C.0000272 658. -3.475857 37.
4 -0.0000139 0.0000021 C.0000142 1297. -3 .359073 72.
■:... 5 0.0000065 -0.0000014 G.C0C0066 1256. -0.217480 60,
6 -0.0000104 0.0000023 0.CC00107 0. -0.463648 0.
TABL.E. 2.1 - 3  (d')
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EXAMPLE 2.2
AN INTEGRATED TRAWLER MACHINERY INSTALLATION
The typical modern trawler integrated machinery 
installation, for which the dynamic equivalent is shown 
diagrammatically in Fig. 22 , is essentially the same system 
as that subjected to natural frequency analysis in Example 
1.3.
The prime mover was a 6-cylinder, medium speed, 
in-line, 4-stroke oil engine with a service rating of 
1100 B.H.P. at 550 R.P.M. The propeller line was driven 
through clutched reduction gearing, at a service speed of 
275 R.P.M., while the gearing also provided wing drives 
to a clutched winch generator and to an auxiliary generator, 
in both cases the service speed being stepped-up to 1200 
R.P.M.
The engine cylinder firing sequence was 1:2:4:6:5:3 
and provision was made for harmonic excitation and external 
damping at each cylinder station. The exciting torque 
components for the harmonic orders considered were 
determined from the "standard" relationships with cylinder 
m.i.p., the latter, in turn, being based on a propeller 
power/speed relationship. The damping coefficient for 
each cylinder was made constant, its value being 
compatible with estimates from conventional "dynamic 
magnifier" analysis. The engine damper was treated as 
a viscously-connected inertia, the damping coefficient
for the fluid connection being assumed constant and 
evaluated from the damper dimensions and specifications.
The propeller damping coefficient was taken as a speed 
variable in accordance with Archer's procedure, (Ref.43 )* 
using a specific damping coefficient of 30. The flexible 
couplings in both generator drives were also assumed to 
have damping characteristics and constant coefficients 
were taken for these sources of internal damping.
The organisation of the sections of this branched system 
is indicated in the computer print-out Table 2.2.1, 
together with full quantitative details of the equivalent 
system, all relevant values having been referred to engine 
speed.
Computed Results
The frequency responses of this system were 
analysed in the computing application over an engine 
operating speed range, extending from 250 to 550 R.P.M., 
in incremental steps of 5 R.P.M. The harmonic orders of 
engine excitation selected for investigation were the 
3rd, 5%, 6th and 9th. The corresponding speed-variable 
harmonic torques were automatically computed by the 
program, the effects of reciprocating inertia being combined 
with the gas components in the case of the 3rd order. 
Similarly, the variable propeller damping coefficient was 
computed for each speed point.
From the large volume of output results, vibratory 
torques at points in the four main branches of the system 
were selected as the quantities of particular interest.
These are plotted over the speed range for two or more of 
the harmonic orders in Figs. 23 to 26 . Specimen 
examples of the computed response tabulations are also 
presented in Tables 2.2.2(a) to (f).
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FIQ. 2 6
. .HARM, T 0R0 UE = 1 8 8 3 5 . 6  L B I N .  M I P = 5 9 • 2  L B / S Q . I N .
MASS A M P . ( C 3 S ) A M P . { S I N ) AMPLI TUDE TORQUE PHASE STRESS
RAD. RAD. RAD. L B I N . RAD. L B / S Q . I N .
4 E  :1 H E  - 0 . C 0 7 4 0 5  3 0 . 0 0 1 0 5 3 3 ' C.  00 74 7 9 8 1 8 6 1 . - 3 . 2 8 2 8 3 1 1 ,
2 ^ - 0 . 0 0 7 6 0 2  3 — 0 . COO 3 3 1 9 0 . 0 0 7 6 0 9 5 2 8 6 4 . - 3 . 2 1 7 7 1 0 2 8 .
3 - 0 . 0 0 7 5 9 4 5 - 0 . 0 0 0 3 3 2 5 0 . 0 0 7 6 0 1 8 1 2 0 5 0 . 0 . 0 6 4 9 5 7 1 1 7 .
4 —0 , 0 C 7 6 3 7 8 - 0 . 0 0 0 3 3 5 3 C . C 0 7 6 4 5 1 2 6 9 1 6 . 0 . 0 5 0 1 5 1 2 6 1 .
.= :/5 “ 0 . C 0 7 7 3 4  5 - 0 . 0 0 0 3 4 0 1 0 . 0 0 7 7 4 2 0 4 1 7 3 3 . 0 . 0 4 6 1 0 3 4 0 4 .
.....6 - 0 . 0 0 7 8 3 4 4 - C . 0 0 0  3 4  71 0 . 0 0 7 8 9 2 1 5 6 4 7 3 . 0 . 0 4 4 4 3 0 5 4 7 .
p : / 7 - 0 . 0 0 8 0 8 7 4 - 0 . 0 0 0 3 5 6 1 0 . 0 0 8 0 9 5 2 71 1 0 8 . 0 . 0 4 3 7 2 7 6 8 9 .
' 8 - 0 . CO8 3 4 2 9 - 0 . 0 0 0 3 6 7 3 0 .  CO 8 3 5 1 0 8 5 6 1  1 . 0 . 0 4 3 5 5 3 8 3 0 .
; - 0 . CO8 6 5 2 8 - 0 , 0 0 0 3 8 0 8 .... 0 . 0 0 8 6 6 1 2 5 5 4 8 . - 3 . 0 9 1 0 8 0 1 1 3 .
i o - 0 . 0 0 8 6 2 1 0 - 0 . 0 0 0 3 7 9 2 0 . C C 8 6 2 9 3 1 5 8 4 4 . - 3 . 0 9 5 3 4 3 1 0 .
H i  i :E • 0 . 0 0 0 5 3 8 0 0 . 0 0 0 0 4 4 7 0 . 0 0 0 5 3 9 8 1 1 5 5 1 4 . - 3 . 0 9 6 1 2 4 3 1 6 .
J. 2 0 . 0 0 0 6 8 4  3 0 . 0 0 0 0 5 1 4 0 . 0 0 0 6 8 6 3 1 5 3 3 2 . - 3 . 0  9 6 4 7 4 3 1 2 .
Vv ■. . . • • ... ... - --- '
P l 3 H H r  O.  0 0 5 5 6 7 6 0 . 0 0 0 4 1 3 7 r 0 . 0 0 5 5  8 3 0 ' 8 0 2 6 .  7 0 . 0  7 4 1 6 7 v ~' 5 0 3 .
1 4 0 . 0 0 5 0 9 8 5 0 . 0 C 0 3 7 8 8 C.  0 05 1 1 2 5 8 1 3 0 . 0 . 0 7 4 1 6 7 5 .
H i  5 1 L " 0 . 0 0 2 6 8 4  7 0 . 0 0 0 2 0 0 7 ; 0 . 0 0 2 6 9 2 2 . 8 1 8 5 . 0 . 0 7 4 1 7 0 5 1 3 .
_1 6 0 . 0 0 1 4 9 3 1 0 . 0 0 0 1 1 2 2 * 0 . 0 0 1 4 9 7 3
:
8 3 1  7 . 0 . 0  7 4 1 8 3 5 2 2 .
H 1 7 0 . 0 0 1  7 76 1 0 . 0 0 0 1 3 3 0 0 . 0 0 1 7 8 1 1 2 1 6 . 0 . 0  7 4 7 4 1 1 4 .
i s 0 . 0 0 1 7 3 2 4 0 . 0 0 0 1 2 9 7 0 . 0 0 1 7 3 7 2 2 2 9 . 0 . 0 7 4 7 4 1 0 .
H i  9 0 . 0 0 1 5 1 4 4 0 . 0 C 0 1 1 3 8 0 . 0 0 1 5 1 8 7 2 4 1 . 0 . 0 7 4 7 5 2 1 5 .
” 2 0 0 . 0 0 1 4 9 3 1 0 . 0 0 0 1 1 2 2 0 . 0 0 1 4 9 7 3 3 5 6 . 0 . 0 7 4 8 2 4 2 2 .
l a . r H E  0 . 0 C 0 6 8 4  3 0 . 0 0 0 0 5 1 4 0 . 0 0 0 6 8 6 3 " 4 5 8 0 . 6 . 1  7 19 0 0 93 .
'  2 2 0 . 0 0 0 6 3 0 ? 0 . 0 0 0 0 4 2 1 0 . 0 0 0 6 3 2 1 4 6 4 1  . 0 . 1 7 0 4 9 9 9 5 .
H'23' 0 .  0 0 0  31 5 3 " C . 0 0 0 0 2 1 0 0 . 0 0 0 3 1 6 0 9 6 1 5 . 0 . 1 6 6 3 9 5 6 6 .
2 4 ...... 0 . 0 0 0 2 9 2 7 0 . 0 0 0 0 1 7 2 0 . 0 0 0 2 9 3 2 9 6 5 5 . 0 . 1 6 6 4 4 5 7 1 .
£ ' 2 5 ' 0 . 0 0 0 2 7 7 1 0 . 0 0 0 0 1 4 6 0 . 0 0 0 2 7 7 5 9 6 8 2 . 0 . 1 6 6 1 3 5 9 4 .
2 6 - 0 . C C 0 5 3 2 1 - 0 . 0 0 0 1 2 1 1 0 . 0 0 0 5 4 5 7 0 . - 2 . 1 6 5 9 7 6 0 .
2 5 5 . 0 0 0  R>=*M - HARMONI C ORDER 5 . 5
- '-■■■■■■V ;.v
HARM. TORQUE= 7 4 0 9 . 5  L B I N .  M I P= 59, . 2  L B / S Q . I N .
MASS A M P , ( C O S ) A M P . ( S I N ) AMPLITUDE TORQUE PHASE STRESS
RAD. RAD. RAD. L B I N . RAD. L B / S Q . I N .
1 0 . 0 0 C 1 7 4 6 - 0 . 0 0 0 0 1 4 8 0 . 0 0 0 1 7 5 2 1 4 7 . - 0 . 0 3 4 7 7 1 C .
* - • ' 2 0 . 0  0 0 1 7 9 7 0 . 0 0 0 0 4 5 0 0 . 0 0 0 1 8 5 3 2 2 7 . 0 . 0 3 4 3 1 1 2 .
" ' 3 0 . 0 0 0 1 7 9 1 0 . 0 0 0 0 4 5 0 C . 0 0 0 1 8 4 7 7 9 5 5 . 0 . 0 0 6 3 0 4 7 7 .
H-;':4" 0 . 0 0 0 1 5 0 5 0 . 0 0 0 0 4 4 8 C . 0 0 0 1  5 7 0 1 3 5 9 5 . C . 5 0 0 3 3 6 1 3 2 .
5 0 . 0 0 0 1 0 7 6 0 . 0 0 0 0 2 1 4 0 . 0 0 0 1 0 9 7 1 5 8 2 5 . ' 0 . 0 0 7 7 8 4 1 5 3 .
H " 6 0 . 0 0 0 0 5 0 6 0 . 0 0 0 0 2 0 9 0 . C 0 0 0 5 4 8 1 3 8 6 5 . 0 . 4 9 3 4 3 9 1 3 4 .
7 0 . 0 0 0 0 0 6 7 - C . 0 0 0 0 0 2 7 0 . 0 0 0 0 0 7 2 8 5 1  9 . 0 . 0 1 6 9 7 6 8 3 .
f ' ~ 8 - - 0 . 0 0 0 0 2 3  9 - 0 . 0 0 0 0 0 3 2 0 . 0 0 0 0 2 4 1 1 0 7 5 . 0 . 1 3 3 6 5 1 1 0 .
-  9 - 0 . 0 0 0 0 2 7 8 - 0 . 0 0 0 0 0 3 7 0 . 0 0 0 0 2 8 0 8 3 . 0 . 1 3 1 6 0 2 2 .
r: 10" . - 0 . 0 0 0 0 2 8 3 - 0 . 0 0 0 0 0 3 8 0 . 0 0 0 0 2 8 5 " I  3 1 . - 3 . 0 0 1 9 1 1
. - ■ 0 # -
" 1 1 “" - 0 . 0 0 0 0 1 0 5 - 0 . 0 0 0 0 0 1 3 0 . 0 0 0 0 1 0 6 5 3 . — 3 . 0 0 Q 4 5 7 1 .  .
= i 2 ;EE - o . o o o o i o i —0 . 0 0 0 0 0 1 2 0 . 0 0 0 0 1 0 1 6 2 . - 3 . 0 0 9 8 7 9 ' ' 1 .
^ ‘l  3 0 . 0 0 0 0 1 5 2 0 . 0 0 0 0 0 1 9 0 . 0 0 0 0 1 5 3 7 4 . 0 . 1 2 4 3 2 1 5 .
r i ' 4 : “ I 0 . 0 0 0 0 1 0  9 0 . 0 0 0 0 0 1 4 O .C OO O HO 7 5 . 0 . 1 2 4 3 2 1 0 .
“ 1 5 - 0 . 0 0 0 0 1  I  2 —0 . 0 0 0 0 0 1 4 0 . 0 0 0 0  1 13 7 4 . 0 . 1 2 4 3 4 0 5 .
=  16 = T - 0 . 0 0 0  021 9 - 0 . 0 0 0 0 0 2 7 0 . 0 0 0 0 2 2 1
- -
6 7 .  . 0 . 1 2 4 4 3 1 4 .
1 7 - 0 . 0 0 0 0 4 7 0 - 0 . 0 0 0 0 0 5 7 0 . 0 0 0 0 4 7 3 1 9 . - 3 . 0 2 0 7 6 8 1 .
E i s " - 0 . 0 0 0 0 4 3 1 - 0 . 0 0 0 0 0 5 2 0 . 0 0 0 0 4 3 4 2 0 . - 3 . 0 2 0 7 6 8 0 .
“ 19 —0 • C02 0 2 3  8 - 0 . 0 0 0 0 0 2 9 0 . 0 0 0 0 2 4 0 2 1 . - 3 . 0 2 0 6 9 9 1 .
20. ... - 0 . 0 0 0 0 2 1  9 - O V 0 0 0 0 0 2 7 0 . 0 0 0 0 2 2 1 2 7 . - 3 . 0 2 0 1 6 3 2 .
” '21' " - 0 . 0 0 0 0 1 0 1 - 0 . 0 0 0 0 0 1 2 0 . 0 0 0 0 1 0 1 2 1 . - 3 . 0 0 6 1 6 0 0 .
r . 22 —Q * a CC0£j9 8 —0 • C 00 2 C12 0 . C C 0 0 C 9 9 2 4 . ... -* WU t W* 1 V .
O -» r* a a a a ^ a nV • V vv VV 7  ^^  < V • vw ^  W V V ^ O. COOOC49 6 5 . — 3 . C 1 0 7 1 7 c .
24 - 0 . G C C 0 0 4 8 — 0 • C 000 0 0 6 0 . 0 0 0 0 0 4 8 6 7 . - 3 , 0 1 0 9 8 2 0 .
25 - 0 . 0 0 0 0 0 4 6 ~ 0 . 0 0 0 0 0 0 6 o.coon oa7 6 9 , — 3 , 0 1 !  1 5 * ! r
26 o .e o e e c ii 0 * 0 0 0 0 0 0 2 0 • CC0 1 " 1 2 C . C . 1 5 4 1 0 8 v .
T A B ( o J )
:MASS AMP. CCOS) A M P . ( S I N ) AMPLITUDE TORQUE PHASE STRESS
RAO. RAD. RAD. L B I N . RAD. L B / S Q . I N ,
—0 . 0 0 0 2 7 8 1 0 . 0 C 0 3 9 8 0 0 . 0 0 0 2 9 4 9 2 9 3 . - 3 . 4 8 0 3 0 4 0 .
“ V - C . C 0 0 3 1 4 8 - 0 . 0 0 0 0 0 6 1 0 . CO0 3 1 4 8 4 5 4 . - 3 . 3 5 0 5 1 2 4 .
- 0 . 0 0 0 3 1 3 6 - 0 . 0 0 0 0 0 6 3 0 . 0 0 0 3 1 3 6 4 8 0 6 . 0 . 0 2 9 5 4 9 4 7 .
4 - 0 . 0 0 0 3 3 0 9 —0 . 0 0 0 0 0 6 8 C . 0 0 0 3 3 0 9 1 0 0 1 8 . 0 . 0 1 9 1 6 5 9 7 .
t r r s  :j ? - 0 . 0  00 3 6 6 9 - 0 . 0 0 0 0 0 7 5 0 . 0 0 0 3 6 7 0 1 5 1 5 6 . 0 . 0 1 6 3 3 1 1 4 7 .
"  6 —0 . C0 0 42 1  4 “ 0 • 0 0 0 0  C 8 4 0 . C 0 C 4 2 1 5 2 0 1 8 1 • 0 . 0 1 5 4 5 2 1 9 6 .
¥ i i * W > - 0 .  0 0 0 4 9 4  0 - 0 . 0 0 0 0 0 9 5 0 . 0 0 0 4 9 4 1 2 5 0 5 6 . 0 . 0 1 5 4 8 0 2 4 3 .
e - 0 . 0 0 0 5 8 4 1 - 0 . 0 0 0 0 1 0 9 0 . 0 0 0 5 8 4 2 2 9 7 4 5 . 0 . 0 1 6 0 8 7 2 8 8 .
| F ; 9  :: —0 . 0 0 0 6 9 1 9 - 0 . 0 0 0 0 1 2 7 0 . 0 0 C 6 9 2 0 6 1 6 . - 0 . 0 8 8 5 4 3 1 3 .
10 - 0 . 0 0 0 6 9 5 4 - 0 . 0 0 0 0 1 2 4 0 . 0 0 0 6 9 5 5 2 7 0 7 . - 3 . 0 9 9 5 7 7 2 .
fPL.il.' =?'“ 0 . 0 0 0 8 6 9 8 0 . 0 0 0 0 5 3 4 0 . 0 0 0 3 7 1 4 5 7 9 . - 3 . 1 7 0 8 0 0 1 2 .
12 0 . 0 0 0 8 7 5 2 0 . 0 0 0 0 5 3 3 0 . 0 0 C 8 7 6 8 .......  3 5 7 . 0 . 2 0 7 3 7 4 _ ' 7 .
f p T H ; - 0 . 0 0 1 0 0 5 2  " - 0 . 0 0 0 0 6 2 1 0 . 0 0 1 0 0 7 1 5 7 9 1 . " - 3 . 0 7 9 8 8 4 ^  3 6 3 .
1 4 —0 . 0 G 0 6 6 6 4 - 0 . 0 0 0 0 4 1 2 0 . 0 0 0 6 6 7 6 5 8 4 5 . " - 3 . 0 7 9 3 8 4 4 .
■ hr* 5 r 0 . 0 0 1 0 7 0 6 0 . 0 0 0 0 6 4 4 0 . 0 0 1 0 7 2 6 5 7 5 8 . - 3 . 0 7 9 3 5 9 3 6 1 .
1 6 0 .  001 9 0 9 6 0 . 0 0 0 1 1 6 3 * 0 . 0 0 1 9 1 3 1 5 0 8 0 . - 3 . 0 7 9 7 3 6 3 1 9 .
g -1 7  •-" 0 . 0 0 5 2 1 5 3 0 . 0 0 0 2 9 5 2 0 . 0 0 5 2 2 3 7 2 5 3 4 . 0 . 0 5 6 5 4 4 1 5 9 .
1 6 0 .  0 0 4 7 0 1 0 0 . 0 0 0 2 6 6 1 0 . 0 0 4 7 0 8 5 2 6 7 9 . 0 . 0 5 6 5 4 4 2 .
£ P 9  - 0 . 0 0 2 1 5 2 6 0 . 0 0 0 1 3 0 0 0 . 0 0 2 1 5 6 6 2 7 4 6 . 0 . 0 5 6 6 3 6 1 7 2 .
2 0 0 . 0 0 1 9 0 9 6 0 . 0 0 0 1 1 6 3 0 . 0 0 1 9 1 3 1 3 3 3 4 . 0 . 0 5 7 3 7 2 2 0 9 .
f  rf21 >-> 0 . 0 0 0 8 7 5 2 0 . 0 0 0 0 5 3 3 0 . 0 0 0 3 7 6 8 1 4 4 8 . " 0 . 0  7 1 4 7 9 2 9 .
' 2 2 0 . 0 0 0 8 5 8 1 0 . 0 0 0 0 5 2 1 0 . 0 0 0 8 5 9 6 1 7 8 5 . 0 . 0 6 9 4 2 5 3 6 .
i f 2 3 ' T r " 0 . 0 0 0 4 2 9 0 0 . 0 0 0 0 2 6 0 0 . 0 0 0 4 2 9 8 5 3 8 8 . 0 . 0 6 6 4 4 5 3 7 .
" 2 4 0 . C0 0A1 6 2 0 . 0 0 0 0 2 5 2 0 . 0 0 0 4 1 6 9 5 6 1 7 . 0 . 0 6 6 1 9 9 41 •
^  2 5 T;-‘ 0 . 0 0 0 4 0 7 0 0 . 0 0 0 0 2 4 6 0 . 0 0  0 4 0 7 7 5 7 7 2 . 0 . 0 6 6 0 4 0 5 6 .
" 2 6 - 0 . 0 0 0 0 8 1  1 - 0 . 0 0 0 0 0 7 7 0 . 0 0 0 0 8 1 4 0 . 0 . 0 4 5 4 2 3 0 .
2 5 5 . 0 0 0  RPM HARMONIC ORDER
o
 . ■
.............  • ..
HARM. TQR0UE= 1 6 2 8 . 5  L B I N .  M I P = 5 9 . 2  L B / S Q . I N .
MASS AMP. (COS )' A M P . ( S I N ) AMPLITUDE TORQUE PHASE STRESS
RAD. RAD. RAO. L 8 I N . RAD. L B / S Q .  I N .
1 0 . 0 0 0 0 2 6 4 - 0 . 0 0 0 0 1 5 9 0 . 0 0 0 0 3 0 8 6 9 . - 0 . 5 4 0 9 0 2 0 .
■F> 2 0 . 0 0 0 0 3 5 3 - 0 . 0 0 0 0 0 1 0 0 . 0 0 0 0 3 5 3 1 0 8 . - 0 . 3 4 7 5 5 9 1 .
3 ' 0 . 0 0 0 0 3 5 0 - 0 . 0 0 0 0 0 0 9 0 . 0 0 0 0 3 5 0 1 8 9 3 . - 0 . 0 2 7 1 0 1 1 8 .
/  4 0 . 0 0 0 0 2 8 2 - 0 . 0 0 0 0 0 0 8 0 . 0 0 0 0 2 8 2 3 6 5 2 . - 0 . 0 1 7 2 5 3 3 5 .
5 0 . 0 0 0 0 1 5 1 - 0 . 0 0 0 0 0 0 5 0 . 0 0 0 0 1 5 1 5 3 5 1 . - 0 . 0 1 3 0 6 5 5 2 .
6 - 0 . C C 0 0 0 4 2 - 0 . 0 0 0 0 0 0 3 0 . 0 0 0 0 0 4 2 6 9 6 0 . - 0 . 0 1 0 0 5 7 6 7 .
7 —0 . 0 0 0 0 2 9 2 - 0 . 0 0 0 0 0 0 0 0 . 0 0 0 0 2 9 2 8 4 5 2 . - 0 . 0 0 7 2 9 4 8 2 .
8 - 0 . 0 0 0 0 5 9 6 0 . 0 0 0 0 C 0 2 0 . 0 0 0 0 5 9 6 9 8 0 3 . - 0 . 0 0 4 4 3 0 9 5 ..... ^
—0 . 0 0 0 0 9 5 1 0 . 0 0 0 0 0 0 4 0 . 0 0 0 0 9 5 1 7 9 2 . - 0 . 0 1 2 8 7 8 1 6 .
I ;  1 0 - 0 . 0 0 0 0 9 9 7 0 . 0 0 0 0 0 0 4 0 . 0 0 C 0 9 9 7 2 7 9 . - 3 .  1 2 0 7 9 7 0 .
n 0 . 0 0 C 0 6 1 7 C. 0 0 0 0 0 3 8 0 . 0 0 0 0 6 1 8 6 2 . 0 . 2 4 2 5 2 9 1 .
1^12 T ; :‘ 0 . 0 0 0 0 6 1 1 0 . 0 0 0 0 0 3 6 0 . 0 0 0 0 6 1 2 2 0 7 . 0 . 1 1 3 8 4 2 , 4 .
13 —0 . C 0 0 0 2 4 6 - 0 . 0 0 0 0 0 1 5 C . 0 0 0 0 2 4 6 3 1 9 . - 3 . 0 8 1 2 9 1 2 0 .
K i  4. ■,.-*. - 0 . 0 0 0 0 0 5 9 - C . 0 0 0 0 0 0 4 C . 0 0 0 0 0 6 0 3 2 0 . - 3 . 0 8 1 2 9 1 0 .
' 15 0 . 0 0 0 0 3 9 1 0 . 0 0 0 C 0 5 2 0 . 0 0 0 0 8 9 2 3 0 3 . - 3 . 0 8 1 2 0 5 1 9 .
p 4 6 . : :"v;i . 0 . 0 0 0 1 3 3 3 0 . 0 0 0 0 0 7 9 0 . 0 0 0 1 3 3 5 1 9 7 . - 3 . 0 3 0 5 9 5 1 2 .
" 1 7 - 0 . 0 0 0 3 2 2 7 - 0 . 0 0 0 0 2 3 2 0 . 0 0 0 3 2 3 6 3 5 3 . - 3 . 0 6 9 6 9 7 2 2 .
h :1 8 - - 0 . 0 0 0 2 5 1 1 - 0 . 0 0 0 0 1 8 1 0 . 0 0 0 2 5 1 8 3 7 1 . - 3 . 0 6 9 6 9 7 0 .
'  i o  "■ 0 . C 0 0 1 0 1 1 0 . 0 0 0 0 0 5 6 0 . C 0 0 1 0 1 3 3 6 4 . - 3 . 0 6 9 3 7 4 2 3 .
I  2 0 0 . 0 0 0 1 3 3 3 0 . 0 0 0 0 0 7 9 0 . 0 0 0 1 3 3 5 2 7 1 . - 3 . 0 6 4 9 6 5 1 7 .
~~ 2 1 0 . 0 0 0 0 6 1  1 0 . 0 0 0 0 0 3 6 0 . 0 0  CO 6 1 2 4 4 . —3 . 0 6 8 6 2 6 1 .
f i 2 2  " C . 0 0 0 0 6 1 6 0 . 0 0 0 0 C 3 7 0 . 0 0 0 0 6 1 7 1 0 . 0 . 0 8 6 7 2 6 0 .
2 3 0 . 0 0 0 0 3 0 8 0 • OOOOC18 0 . 0 0 0 0 3 0 9 3 1 4 . 0 . 0 6 0 9 6 7 2 .
; 2 4 0 . 0 0 0 0 3 0 1 0 . . 0 0 0 0 0 1 8 0 . 0 0 0 0  301 3 5 1 . 0 . 0 6 0 7 7 6 3 .
2 5 0 .  0 0 0 0 2 9 5 0 . 0 0 0 0 0 1 7 0 . 0 0 0 0 2 9 5 3 7 6 . 0 . 0 6 0 6 6 5 4 .
< 2 6  * - 0 . C 0 0 C 0 2  4 - 0 . OOOQGO? Oa OOOOC24 0 . - 3 . 5 C 0 3 6 3 0 .
TABLE. 2 . a . S (b)
ir- J : : HARM. TORQUS= 1 9 2 9 2 . 8  L B I N • MI P= 9 4 . 4  L B / S Q . I N .
WASS A M P . ( C O S ) A M P . ( S I N ) AMPLITUDE TORQUE PHASE STRESS
RAD. RAD. RAC. L B I N . RAD. L B / S Q . I N .
I^ O7-^ - 0 . 0 0 2 5 7 4 2 0 . 0 0 0 6 3 9 6 0 . 0 0 2 6 5 2 5 1 4 2 7 . - 3 . 3 8 5 1 1 7 1 .
~ Z  ' " - 0 . 0 0 2  7 5 0 2 - 0 . 0 0 0 0  6 8 5 0 . 0 0 2 7 5 1 0 2 2 0 2 . - 3 . 2 8 9 4 3 4 21 •
gy~3:Z . - 0 .  0 0 2 7 4 4 3 - 0 . 0 0 0 0 6 9 4 0 . 0 0 2 7 4 5 1 1 4 0 5 4 . O . C 4 5 4 0 9 1 3 6 .
- 0 . C 0 2 794 0 - 0 . 0 0 0 0 7 1 7 0 . 0 0 2 7 9 5 7 3 0 2 1 4 . 0 . 0 3 1 6 5 2 2 9 3 .
Wp!-5'-.7t— 0 .  0 0 2 9 0 3 4 - 0 . 0 0 0 0 7 5 1 0 . 0 0 2 9 0 4 4 4 6 2 5 5 . C . 0 2 7 8 0 9 4 4 8 .6  - —C * C 0 3 C 5 9 7 - 0 . 0 0 0 0 7 9 8 0 . 0 0 3 0 7 0 8 6 2 1 1 1 . 0 . 0 2 6 3 2 0 6 0 2 .
• - 0 . 0 0 3 2 9 3 1 - 0 . 0 0 0 0 8 5 7 0 . 0 0 3 2 9 4 2 7 7 7 1 6 . 0 . 0 2 5 8 4 5 7 5 3 .
8 - 0 . 0 0 3 5 7 2 5 - 0 . 0 0 0 0 9 2 9 0 . 0 0 3 5 7 3 7 9 3 0 1 0 . 0 . 0 2 5 9 5 7 9 0 1  •
- 0 . 0 0 3 9 0 9 4 - 0 . 0 0 0 1 0 1 6 0 . 0 0 3 9 1 0 7 3 9 9 5 . 0 . 0 2 5 2 4 3 8 1 .~io - 0 . 0 0 3 9 3 2 3 - 0 . 0 0 0 1 0 2 2 0 . 0 0 3 9 3 3 6 6 1 5 4 . - 3 . 1  1 5 1 2 7 4 .
Mi l - 0 . 0 0 0 3 7 2 0 - 0 . 0 0 0 0 0 8 0 0 . 0 0 0 3 7 2 1 6 6 4 6 . - 3 . 1 1 5 5 0 2 1 3 5 .
12 - 0 . 0 0 0 3 0 9 3 —0 . 0 0 0 0 0 6 3 C . 0 0 0 3 C 9 3 6 8 2 3 . - 3 . 1 1 5 6 5 0 1 3 9 .
l £ i  3 £  0 . 0 0 1 1 6 9 7 0 . 0 0 0 0 2 5 3 0 . 0 0 1 1 7 0 0 3 6 3 7 .  ' 0 . 0 2 1 6 0 9 " 2 2 8 .
~ 1 4 ~ '' 0 . 0 0 0 9 5 6 6 0 . 0 0 0 0 2 0 7 0 . 0 0 0 9 5 6 8 3 6 8 0 . 0 . 0 2 1 6 0 9 2 .
? r l 5 - 0 . 0 0 0 1 3 8 6 - 0 . 0 0 0 0 0 2 2 0 . 0 0 0 1 3 8 6 3 6 7 3 # 0 . 0 2 1 6 1 9 2 3 0 .
~ 1 6 ” - 0 .  0 0 0 6 7 4 8 - 0 . 0 0 0 0 1 3 8 • 0 . 0 0 0 6 7 4 9 3 5 4 4 . 0 . 0 2 1 6 6 2 2 2 2 .
- C . 0 0 1  0284" - 0 . 0 0 0 0 2 0 0 0 . 0 0 1 0 2 8 6 2 7 0 . - 3 . 1 2 2 1 2 2 1 7 .
18 - 0 . 0 0 0 9 7 3 6 - 0 . 0 0 0 0 1 9 0 0 . 0 0 0 9 7 3 7 2 8 6 . - 3 . 1 2 2 1 2 2 0 .
I ; i 9  r.:’- 0 . 0 0 0 7 0 1 2 - 0 . 0 C 0 0 1 4 3 0 . 0 3 0 7 0 1 3 2 9 8 . - 3 . 1 2 2 0 8 6 1 9 .
2 0 - 0 . 0 0 0 6 7 4 8 - 0 . 0 0 0 0 1 3 8 0 . C 0 C 6 7 4 9 4 1C • - 3 . 1 2 1 8 3 6 2 6 .
- 0 . 0 0 0 3 0 9 3 - 0 . 0 0 0 0 0 6 3 0 . 0 0 0 3 C 9 3 9 2 1 . - 3 . 0 9 1 3 1 7 1 9 .
2 2 - 0 . 0 0 0 2 9 8 3 - 0 . 0 0 0 0 0 5 8 0 . 0 0 0 2 9 8 4 9 8 4 . - 3 . 0 9 3 3 0 6 2 0 .
&~23 - 0 . 0 0 0 1 4 9 2 - 0 . 0 0 0 0 0 2 9 0 . C 0 0 1 4 9 2 2 3 0 9 . - 3 . 0 9 7 5 8 6 1 6 .. ^
- 0 . 0 0 0 1 4 3 7 —0 . 0 0 0 C 0 2 6 0 . 0 0 0 1 4 3 7 2 3 5 2 . - 3 . 0 9 8 0 5 0 1 7 .
£ . 2 5 - 0 . 0 0 0 1 3 9 8 - 0 . 0 0 0 0 0 2 5 0 . 0 0 0 1 3 9 8 2 3 8 0 . - 3 . 0 9 8 3 6 3 2 3 .
" 2 6 0 . 0 0 0 0 6 1 7 0 . 0 0 0 0 0 6 2 0 . 0 0 0 0 6 2 0 0 . - 3 . 3 8 6 5 7 1 0 .
 ^ “ 3 7 5 , , 0 0 0  RPM HARMONIC ORDER 5 . 5
HARM. T0RQUE= 8 5 5 6 . 5  L B I N • MI P» 9 4 . 4  L B / S Q . I N .
MASS A M P . ( C O S ) A M P . ( S I N ) AMPLITUDE TORQUE PHASE STRESS£:£. RAD. RAD. RAC. L B I N . RAD. L B / S Q . I N .
1 0 . 0 0 0 2 1 2 1 - 0 . 0 0 0 0 5 1 6 0 . 0 0 0 2 1 3 2 3 9 5 . - 0 . 2 3 8 6 5 7 0 .
t ;  2 ; 0 . 0 0 0 2 3 8 1 0 . 0 0 0 0 5 5 3 0 . 0 0 0 2 4 4 4 6 1 5 . - 0 . 0 6 4 4 8 6 6 .
3 0 . 0 0 0 2 3 6 4 0 . 0 0 0 0 5 5 5 0 . 0 0 0 2 4 2 8 1 0 0 7 3 . 0 . 0 1 0 6 0 4 9 8 .v
0 . 0 0 0  2 0 0 2 0 . 0 0 0 0 5 5 1 0 . 0 0  0 2 0 7 6 1 6 9 5 2 . 0 . 4 6 9 6 0 1 1 6 4 .
s ..... 0 . 0 0 0 1 4 5 8 0 . 0 0 0 0 2 7 5 0 . 0 0 0 1  4 8 4 1 9 9 5 3 . 0 . 0 1 6 3 5 8 1 9 3 .
: 6 0 . 0 0 0 0 7 4 0 0 . 0 0 0 0 2 6 3 0 . 0 0 0 0 7 8 6 1 7 7 6 8 . 0 . 4 5 5 4 7 0 1 7 2 .
0 . 0 0 0 0 1 6 6 - 0 . 0 0 0 0 0 1 8 0 • CO 0 0 1 6 7 1 1 7 4 7 . 0 . 0 3 3 6 0 1 1 1 4 .
L . . ;8  . . - 0 . 0 0 0 0 2 5 6 - 0 . 0 0 0 0 0 3 2 C . C 0 0 0 2 5 8 3 1 1 2 . C . 1 2 5 4 3 0 3 0 .
9 - 0 . 0 0 0 0 3 6 8 - 0 . 0 0 0 0 0 4 6 0 . 0 0 0 0 3 7 1 2 7 5 . 0 . 1 2 4 6 6 4 6 .
i > i  o' : - 0 . 0 0 0 0 3 8 3 - 0 . 0 0 0 0 0 4 8 0 . 0 0 0 0 3 8 7 6 0 . - 3 . 0 1 2 4 2 1 0 .
11 - 0 . 0 0 0 0 0 3 9 - 0 . 0 0 0 0 0 0 4 0 . 0 0 0 0 0 4 0 7 8 . - 3 . 0 2 0 6 1 7 2 .
- 0 . 0 0 0 0 0 3 2 - 0 . 0 0 0 0 0 0 3 . 0 . 0 0 0 0 0 3 2  ^ 8 4 . - 3 . 0 2 3 1 6 5 2 .
~  1 3 0 . 0 0 0 0 0 1 7 0 . 0 0 0 0 0 0 1 0 . 0 0 0 0 0 1 7 1 7 . 0 . 0 9 7 5 8 7 1 •
0 . 0 0 0 0 0 0 6 O.OOOOCOl 0 . 0 0 0 0 0 0 6 1 8 . 0 . 0 8 7 5 8 7 0 .
" 1 5 - 0 . 0 0 0 0 0 4 6 - 0 . 0 0 0 0 0 0 4 0 • 0 0 0 0 0 4 6 1 7 . 0 . 0 8 7 6 4 9 1 .
gr.i 6  £  '.;- 0 .  0 0 0 0 0 7 0 - 0 . 0 0 0 0 0 0 6 0 . 0 0  0 0 0 7 0 1 2 . 0 . 0 8 8 0 3 1 1 •
J 7 0 . 0 0 0 0 4 8 3 0 . 0 0 0 0 0 5 5 0 . 0 0 0 0 4 8 6 4 3 . 0 . 1 1 2 8 7 0 3 .
£ 1 8 0 . 0 0 0 0 3 9 6 0 . 0 0 0 0 0 4 5 0 . 0 0 0 0 3 9 9 4 5 . 0 . 1 1 2 8 7 0 0 .
1 9 - 0 . 0 0 0 0 0 3 0 - 0 . 0 0 0 0 0 0 2 0 . 0 0 0 0 0 3 1 4 5 . 0 . 1 1 3 1 0 1 3 .
r. 20 - 0 . 0 0 0 0 0 7 0 - 0 . 0 0 0 0 0 0 6 0 . 0 0 0 0 0 7 0 4 1 . 0 . 1 1 5 6 3 9 3 .
21 ' - 0 . 0 0 0 0 0 3 2 - 0 . 0 C 3 0 0 0 3 0 . 0 0 0 0 0 3 2 0 . - 2 . 8 9 7 5 9 9 0 .
? 2 2 - 0 . , 0 0 0 0 0 3 2 —0 . 0CGCSC3 0 • £ 0 0 0 0 3 2 2'. - 3 . 0 4 2 9 2 0 «.> *
2 3 - 0 . 0 0 0 0 0 1 6 - 0 . o oo o o o t O . C 0 9 0 0 1 6 1 7 * - 3 * 0 5 1 * 1 i C-*
: 2 4 - 0 . 0 C 0 0 0 1 6 - C. OCOOCOl 0 . 0 0 0 0 0 1 6 1 9 . - 3 . 0 5 1 9 0 8 0 .
2 5 - 0 . C00001 5 - 0 . 0 0 0 0 0 0 1 0 . 0 0 0 0 0 1 5 2 0 . - 3 . 0 5 2 0 8 6 c *
26  ' 0 . 0 CO CO0 2 0*  OOCC 0 3 2 0 . 0 . 3  3 6 6 7  5 0 ■?
TABLE 2.2-2 ( O
MASS A M ® . ( COS> A M P . ( S I N ) AMPLITUDE TORQUE PHASE STRESS
RAD. RAD. RAO. L O I N . RAO. L B / S Q . I N .
r T . / 0 . 0 0 0 0 5 2 1 - 0 . 0 0 0 0 8 3 0 0 . 0 0 0 0 9 3 0 2 1 1 . - 1 . 0 1 0 3 5 0 0 .
2 0 .  0 0 0 C 9 7 7 - 0 . 0 0 0 0 5 4 3 0 . 0 0 0 1 1 1 8 3 3 0 . - 0 . 8 2 0 7 0 7 3 .
3 ' ; ' 0 . 0 0 0 0 9 7 1 - 0 . 0 0 0 0 5 3 7 0 . 0 0 0 1 1 0 9 7 3 9 8 .  . - 0 . 0 6 8 8 1 3 7 2 .
4 - 0 • C 0 0 0 7 0 6 - 0 . 0 0 0 0 5 1 8 0 . 0 0 0 0 8 7 5 1 4 4 3 9 . - 0 . 0 5 2 6 9 5 1 4 0 .
?;■; 5 '  •" 0 . 0 0 0 0 1 8 7 - 0 . 0 0 0 0 4 9 1 0 . 0 0 0 0 5 2 5 21 2 4 8 . - 0 . 0 4 6 3 8 9 . 2 0 6 .6 - 0 . 0 0 0 0 5 7 7 - 0 . 0 0 0 0 4 5 6 0 . 0 0 0 0 7 3 5 2 7 7 1 7 . - 0 . 0 4 2 3 1 4 ' 2 6 9 .
tr-'-l - 0 . 0 0 0 1 5 7 3 - 0 . 0 0 0 0 4 1 3 0 . 0 0 0 1  6 2 6 3 3 7 4 0 . - 0 . 0 3 8 9 0 7 3 2 7 .
8 — 0 • C 00 2 7 8 6 - 0 . 0 0 0 0 3 6 6 0 . 0 0 0 2 8 0 9 3 9 2 2 2 . - 0 . 0 3 5 6 1 6 3 8 0 .
T?"9  ; ‘ - 0 . 0 0 0 4 2 0 6 —0 . 0 0 C 0 3 1 6 0 . 0 0 0 4 2 1 6 4 3 6 5 . - 1 . 3 6 1 9 0 2 8 9 .
10 - 0 . 0 0 0 4 2 5 8 - 0 . 0 0 0 0 0 7 0 0 . 0 0 0 4 2 5 8 5 5 7 1 . - 2 . 2 4 7 6 1 0 4 .
r i » T 0 . 0 0 1 5 9 3 3 0 . 0 0 2 5 0 6 1 C .  0 0 2 9 6 9 7 1 0 1 7 7 . 1 . 0 6 4 8 8 8 2 0 7 .
12 0 . 0 0 1 5 4 6 7 0 . 0 0 2 4 2 2 0 0 . 0 0 2 8 7 3 8 1 6 7 5 9 . 1 . 0 4 0 3 5 9 3 4 1  •
13
14
1^5. 
16
• 0 . 0 0 0 6 5 0 6  
■ 0 . 0 C 0 1 7 6 3  
0 . 0 0 2 2 4 7 0  
0 . 0 0 3 3 7 4  7
•0.0010210
• 0 . 0 0 0 2 7 6 8
0 . 0 0 3 5 1 4 2
0 . 0 0 5 2 8 4 5
0 . 0 0 1 2 1 0 7
0 . 0 0 0 3 2 8 2
0 . 0 0 4 1 7 1 1
0 . 0 0 6 2 7 0 1
1 5 0 5 5 .
1 5 1 1 3 .
1 4 3 7 8 .
9 5 7 7 .
• 2 . 1 3 8 0 9 4  
• 2 . 1 3 8 0 9 4  
• 2 . 1 3 8 0 1 2  
• 2 . 1 3 7 4 5 5
9 4 4 ,  
10 , 
9 0 2 ,  
6 0 1 ,
17
18
1 9
20
• 0 .  0 0 9 2 0 6 1  
• 0 . 0 0 7 2 4 2 8  
0 . 0 0 2 4 9 0 3  
0 . 0 0 3 3 7 4 7
• 0 . 0 1 4 8 6 1  1 
• 0 . 0 1 1 6 9 1 8  
0 . 0 0 3 8 5 5 8  
0 • 0 0 S 2 8 4 5
0 . 0 1 7 4 8 1 6  
0 . 0 1 3 7 5 3 4  
0 . 0 0 4 5 9 C 1  
0 . C 0 6 2 701
1 8 3 4 2 .
1 9 2 5 9 .
1 8 9 5 3 .
1 4 7 8 7 .
• 2 . 1 2 5 4 1 3  
• 2 .  1 2 5 41  3 
• 2 . 1 2 5 1 1 0  
2 . 1 2 1 1 6 1
1 1 5 1 .  
12. 
11 8 9 .  
9 2 8 .
r— — = — -  - -  ■. ... - ~ - - ' • - .......... • .... ----  ----
^ 2 1 7 " ■ 0 . 0 0 1 5 4 6  7 0 . 0 0 2 4 2 2 0 0 . 0 0 2 8 7 3 8 1 6 3 1 . - 2 . 1 5 1 6 8 1 3 3 .
2 2 0 . 0 0 1 5 5 7 4 0 . 0 0 2 4 3 8 2 0 . 0 0 2 8 9 3 2 8 2 1 . 1 . 0 2 7 1 7 3 1 7 .
~2'3"'  " 0 . 0 0 0 7 7 8 7 0 . 0 0 1 2 1 9 1 0 . 0 0 1 4 4 6 6 " 1 4 8 7 6 . 1 . 0 C 5 1 2 0 1 0 2 .
" 2 4  "" 0 . 0 0 0 7 5 9 6 0 . 0 0 1 1 8 9 1 0 . CO 1 4 1 1 0 1 6 5 5 2 . 1 . 0 0 4 8 3 6 1 21  .
7 2 5  “ " 0 . 0 0 0 7 4 5 1 0 . 0 0 1 1 6 6 2 0 . 0 0 1 3 8 4 0 1 7 6 9 2 . 1 . 0 0 4 6 7 0 1 7 1 .
2 6 - 0 . 0 0 0 C 5 9 1 - 0 . 0 0 0 0 9 9 2 C . 0 0 0 1 1 5 4 0 . - 4 . 2 4 8 7 4 1 0 .
”" 3 7 5 . 0 0 0  RPM HARMONIC ORDER 9 . 0
HARM. T0PQUE= 1 9 1 4 . 0  L B I N • M I P = 9 4 . 4  L B / S Q . I N .
MASS AMP. ( COS ) A M P . ( S I N ) AMPLITUDE TORQUE PHASE STRESS■tryr- RAD. RAD. RAO. L B I N . RAO. L B / S Q . I N .
r  ‘ 0 . 0 0 0 2 0 3 6 - 0 . 0 0 0 1 0 9 6 0 .  0 0 0 1 5 0 8 7 3 0 . - 0 . 8 1 3 3 0 0 0 .
2 ' 0 . 0 0 0 1 9 4 1 - 0 . 0 0 0 0 2 4 1 O . C O O l 9 5 6 1 1 6 7 . - 0 . 5 3 2 9 5 9 11 •
3 0 . 0 0 0 1 9 1 4 - 0 . 0 0 0 0 2 2 5 0 . 0 0 0 1 9 2 7 4 9 1 7 . - 0 . 1 8 4 2 1 7 4 8 .
t ^ 4 > _ ;' 0 . 0 0 0 1 7 4 0 - 0 . 0 0 0 0 1 9 2 C . 0 0 0 1 7 5 0 8 5 6 9 . - 0 . 1 3 6 7 6 9 8 3 .
5 ..... 0 . 0 0 0 1 4 3 4 - 0 . 0 0 0 0 1 5 0 0 . 0 0 0 1 4 4 2 1 1 9 1 9 . - C . 1 1 6 0 9 9 1 1 6 .
7 7  6 " ^ ; 0 . 0 0 0 1 0 G 9 - 0 . 0 0 0 0 1 0 0 0 . 0 0 0 1 C l  4 1 4 6 4 2 . - 0 . 1 0 2 9 2 7 1 4 4 .
“  7 0 . 0 0 0 0 4 7 7 - 0 . 0 0 0 0 C 4 6 0 . C 0 0 0 4 8 0 1 7 2 2 9 . - 0 . 0 9 2 4 9 0 1 6 7 .
' - 0 . 0 0 0 0 1 4 0 0 . 0 0 0 0 0 1 2 C . 0 0 0 0 1 4 0 1 8 9 9 5 . - 0 . 0 8 2 9 4 0 1 8 4 .
~ ~  9 - 0 . 0 0 0 0 8 2 S 0 . 0 0 0 0 0 6 9 C . 0 0 0 0 8 2 8 2 0 2 6 . - 0 . 0 8 2 9 4 5 41 •
m o  ^ - 0 . 0 0 0 0 9 4  1 0 . 0 0 0 0 0 7 8 0 . 0 0 0 0 9 4 5 1 6 7 . - 3 . 2 2 4 4 7 9 0 .
m i ”  0 . C 0 0 0 0 2 3 - 0 . 0 C 0 0 0 0 2 0 . 0 0 0 0 0 2 3 1 4 0 . - 2 . 2 2 4 9 1 3 3 .
mZQ:- 7  0 . 0 0 0 0 0 3 6 —0 . 0 0 0 0 0 0 3 0 . 0 0 0 0 0 3 6 1 2 1 . —3 . 2 2 S 1 7 2 2 .
” 13 " - 0 . 0 0 0 0 0 0  6 0 . 0 0 0 0 0 0 1 0 . 0 0 0 0 0 0 6 1 8 . - 3 . 2 2 1 8 3 6 1 •
m  4 ' 0 . 0 0 0 0 0 0  4 - 0 . 0 0 0 0 0 0 0 0 . 0 0 0 0 0 0 4 1 8 . - 3 . 2 2 1 8 3 6 0 .
1 I S ' 0 . 0 0 0 0 0 5 6 - 0 . 0 0 0 0 0 0 5 0 . C 0 0 0 0 5 6 1 5 . - 3 . 2 2 1 5 3 8 1 •
. J6__ 0 . 0 0 0 0 0 7 8 ' - 0 . 0 0 0 0 0 0 6 0 . 0 0 0 0 0 7 9 2 . - 3 . 2 0 8 6 3 3 0 .
^ 1 7 - 0 . 0 0 0 0 0 3 9 0 . 0 0 0 0 0 0 3 0 . 0 0 0 0 0 3 9 9 . - 3 . 2 1 5 0 9 6 1 .
V. 1 8 - 0 . 0 0 0 0 0 2 0 0 . 0 0 0 0 0 0 2 0 . 0 0 0 0 0 2 1 1 0 . - 3 . 2 1 5 0 9 6 0 .
19  . 0 . 0 0 0 0 0 7 1 - 0 . 0 0 0 0 0 0 6 0 . 0 0 0 0 0 7 1 9. - 3 . 2 1 3 9 6 1 1 •
r  20 ■ 0 . 0 0 0 0 0 7 8 - 0 . 0 0 0 0 0 0 6 0 . 0 0 0 0 0 7 9 3 . - 0 . 1 0 6 2 3 5 0 .
21 0 . 0 0 0 0 0 3 6 - 0 . 0 0 0 0 0 0 3 0 . 0 0 0 0 0 3 6 2 0 . -  3 . 2 2 3 6 1  7 0 .
7  2 2 0 . 0 0 0 C C 3 8 - 0 . 0 0 0 0 0 0 3 0 . 0 0 0 0 0 3 8 1 3 . - 2 . 2 2 3 3 3 2 0 .
23 0 . 0 0 0 0 0 ) 9 - 0 . 0 0 0 0 0 0 2 0 . 0 0 0 0 0 1 o 1 4 . - 0 . 9 H O 6 0 1 O’.
24 0 . 0 0 0 0 0 1 9 - 0 . 0 0 0 0 0 C 2 0 . 0 0 0 0 0 1 9 1 9 . - 0 . 0 8 0 8 8 1 0 .
2 5 0 . OOOCOl9 - C . 0 0 0 0 C 0 2 0 . 0 0 0 0 0 1 9 2 3 . - 0 . 0 8 1 0 0 3 0 .
-o.oocooct C » 0 0 0 (' C 0 c o* coooco: 0 • - 3 . 1 4 1 5 9 3 0.
TABLE 2.2,2(<i)
HARM. TORQUE= 203 27.0 LBIN. MIP= 145.4 LB/SQ.IN.
MASS A M P . ( C O S ) . A M P . ( S I N ) AMPLITUDE TORQUE PHASE
RAO. RAD. RAD.  1 L B I N . RAD.
L i - 0 . 0 0 0 4 3 2 3 —0 . 0 C 0 C 8 4 6 0 . C 0 0 4 4 0 5 4 2 1  • - 2 . 9 4 8 4 3 9
.  . 2 - 0 . 0 0 0 4 0 1 3 - 0 . 0 0 0 2 4 3 1 C.C 0 C 4 6 9 2 6 5 2 . - 2 . 8 2 1 1 6 3
C' 3  -- - 0 . 0 0 0 3 9 9 6 - 0 . 0 0 0 2 4 2 6 C . C C C 4 6 7 5 1 8 8 7 8 . - 0 . 0 2 2 3 8 7
4 —0 . C 0 C 4 6 7 5 - 0 . 0 0 0 2 4 0 4 C . 0 0 0 5 2 5 7 3 8 2 3 4 . . • - 0 . 0 2 6 1 5 5
5 '  : - 0 . 0 0 0 6 0 5 0 — 0 .OC 0 2 3 6 8 C.COO6 4 9 7 ’ 5 7 3 1 7 . - 0 . 0 2 3 6 4 5
. . . 6 - 0 . 0 0 0 3 1 1 1 - 0 . 0 0 0 2 3 1 9 C.CCC 8 4 3 6 7 5 9 9 1 . - 0 . 0 2 1 8 6 8
3 . 7 - 0  . 0 0 . 1 0 8 4 4 - 0 . 0 0 0 2 2 5 9 0 . 0 0 1 1 0 7 7 9 4 1 2 3 . - 0 . 0 2 0 2 3 2
__ 8 . . - 0 . 0 0 1 4 2 2 9 - 0 . 0 0 0 2 1 9 1 0 . 0 0 1 4 3 9 6 1 1 1 5 8 2 . - 0 . 0 1 8 5 4 0
- 0 . C 0 1 8 2 7 1 - 0  . 0 0 0 2 1 1 6 C . C C 1 8 3 S 3 3 9 1 0 1 . - 0 . 2 7 5 3 1 8
. 10. - 0 . 0 0 2 0 4 3 1 - 0 . 0 0 0 1 5 0 5 0 . C 0 2 0 4 8 6 3 0 4 4 0 . - 0 . 3 8 1 C 4 0
" 1 1 - 0 . 0 1 8 3 9 5 5 0 . 0 0 6 4 C C 6 0 . 0 1 9 4 7 7 2 1 5 4 C 8 . - 3 . 3 8 5 0 6 1
. 1 2  ... .—0 . 0 1  6 2 5 4 3  . 0 . 0 0 6 3 6 5 5 0 . 0 1 9 3 3 2 3 3 5 0 7 2 . - 3 . 4 3 6 7 2 1
3 1 3. ^ 0 . 0 2  2 2 7 6 5 - 0 . 0 0 7 7 4 5 5 0 . 0 2 3 5 8 4 6  ” 1 3 0 3 4 8 . - 0 . 3 3 4 6 2 4
. 1 4 .. 0 . 0 1 5 0 5 9 6 - 0 . 0 0 5 2 3 6 2 C . 0 1 5 9 4 3 9 1 3 1 5 9 7 . - 0 . 3 3 4 6 2 4
15 - 0 . 0 2 1 9 3 2 6 0 . 0 0 7 6 6 6 7 0 . 0 2 3 2 3 4 0 1 2 9 7 7 7 . - 0 . 3 3 4 6 0 0
. 1 6 . . . - 0  . 0 3 9 8 2 7 9 0 . 0 1 3 6 8  84 . 0 . 0 4 2 1 8 0 0 1 1 5 4 2 4 . - 0 . 3 3 4 4 8 5
STRESS 
LB/SO.IN. 
0.
~ 6. 
1 8 3 .
’ 3 7 1  .
" 5 5 5 .
7 3 6 .  
9 1 2 .  
1081 • 
7 9 6 .
1 9 .
3 1 4 .
7 1 4 .
8 1 7 7 .
84. 
e l  4 2 .  
7 2 4 1  •
17
1 8
1 9
20
- 0 . 1 0 1 8 1 1 8  
- 0 . 0 9 2 1 6 1 6  
■0 .  0 4 4 3 9 S 4  
- 0 . 0 3 9 8 2 7 9
0 . 0 3 5 9 3 3 6
0 . 0 3 2 5 2 7 9
0 . 0 1 5 5 0 C C
0 . 0 1 3 6 8 6 4
0 .  1 C 7 5 6 7 0  
0 . 0 9 7 7 3 3 6  
0 . 0 4 7 0 2 3 4  
0 . 0 4 2 1 8 0 0
5 0 2 4 8 .  
5 3 2 4 2 .  
5 4 6 3 4 .  
6 7 C 9 2 •
• 3 . 4 8 0 8 8 6  
• 3 . 4 8 C 8 8 6  
• 3 . 4 6 0 8 0 1  
■ 3 . 4 e 0 1 17
3 1 5 9 .
3 4 .
3 4 2 7 .
4 2 0 9 .
21
22
• 0 . 0 1 8 2 5 4 3
- 0 . 0 1 7 8 7 4 7
0 . 0 0 6 3 6 5 5
0 . 0 0 6 2 4 2 1
0 . 0 1 9 3 3 2 3
0 . 0 1 8 9 3 3 3
3 3 5 7 1 •  
4 0 6 9 9 .
■ 3 . 4 5 5 8 0 4  
• 3 . 4 5 9 6 1 6
6 8 4  i 
8 2 9 ,
. 2 3
2 4
2 5
2 6
• 0 . 0 0 8 9 3 7 3  
•0 . 0 0  8 6 6 5 4  
•0 • C 0 8 4 7 2 2  
O . C O 1 8 1 0 2
0 . 0 0 3 1 2 1 1  
0 . 0 0  3 0 2 9 8  
0 . 0 0 2 9 6 4 9  
■ 0 . 0 0 0 4 9 5 1
C.CO 9 4 6 6 6  
C . 0 0 9 1 7 9 8  
0 . C 0 8 9 7 6 0  
C . 0 0 1 5 7 6 7
1 1 9 8 6 7 .
1 2 4 7 3 4 .
1 2 8 0 1 8 .
0.
- 3 . 4 6 5 3 8 0
• 3 . 4 6 5 8 6 8
• 3 . 4 6 6 1 8 5
• 3 . 1 4 1 5 9 - 3
. . . 8 2 1 .  
.  9 1 3 .  
1 2 4 1 .  
0.
5 0 0 . 0 0 0  RPM HARMONIC ORDER 5 . 5
HARM. TORQUE= 1 0 2 1 5 . 9  L B I N . M I P =  1 4 5 . 4  L B / S Q . I N .
MASS AMP.(COS) • AMP.(SIN) amplitude TORQUE •PHASE STRESS
RAD. RAD. RAD. LBIN. RAO. LB/SO.IN.
- 1 0.0002805 -0.0001179 C.0C03042 978. -0.397845 1 •
 ^ 2 0.00C3597 •0.000G707 0.0003666 1543. -0.167407 15.
3 . . 0.0003556 0.0000714 O.OOC 3627 14136. 0.CC6779 137.
. 4 0.00C3048 0.C00G711 C.C0C3129 23250• 0.412058 225.
5 0.0002281 0.0000376 0.0002312 27955. 0.022736 271 •
- 6 0.0001276 0 .0G0C353. C.CCC1324 25602. 0 .C3874 84 248.
. 7 0.0000423 O.COOCC05 C.0CC0423 18696. 0 .043153 183.
3 — 0.00 C0256 —0.00 CC 024 C.0000257 8530. 0.0948 72 83.
9 -0.0000563 — 0 .000 0054 C.0CC0566 e33. . 0.094833 17.
lio -—0.C0C0611 — 0.00 0C-0 58 c.occoei4 113. -3.046432
-11 - O.COCC040 O.CCOCGC4 C.COCO040 81. -3.048156 2.
12 0.0000048 O.OOOCOOS 0.0CC0048 65. -3.049464 1.
13 -0.0000013 -0.0000001 0.0000013 24. -3.041841
.0 14 0.0000001 0.0G000G0 C.C000001 24. -3.041841 : 0.
: is 0.C000072 0.0CCC0C7 C.0CC0C73 22. -3.041688 ' 1.
:;16 .0*0000104 O.OCOOOIO C. 0000105 10. -3.C40104 i.
17 -p.C0C0103 -0.00C0011 C.C000104 16. * -3.034243 l.
18 -0.00 00070 -o.ooocooe C.0CCC071 17. -3.034243 c.
19 0•CO C 0090 0.CCCCC09 C.C0CC091 16. -3.033666 l •
20 0.0000104 O.OCOCOIC O.OCGC105 6. -3.016315 0.
21 ,!■ 0 • 00 C004 8 O.OOOCOOS C.C0C0048 12. -3.045104 .0.
22 0.0000049 0.0000005 C.0000050 6 . — 3•C 4 7 316 0.
23 0 • C000025 0.C0C0CC2 C.00G0025 22. 0. lC'C6e2 0.
24 0•00 C0024 • 0.G00CCC2 0 • CO 0 0 0 2 4 27. 0•1C 0 3 25 c«
25 0•CO 00024 • O.CCOOC02 C . C OC 00 24 30. 0.100127 0.
26 . -0•COO0001 -o.ooococc C.C OCCQof 0. -2 .819842 o.
TABLE 2.2 .2, C<Z)
HARM. TORQUEs 7952.6 LS(N. MIPs 145.4 LB/SQ.IN.
MASS A M P . ( C O S ) A M P . ( S I N ) AMPLITUDE T O R QU E . PHASE . . STRESS
RAD. RAC. RAD. L B I N . • RAD. . L B / S Q . I N
> : i  _ 0 . 0 0 0 3 3 0 0 - 0 . 0 0 0 2 8 1 0 C. CO0 4 3 3 4 1 6 5 8 . - 0 . 7 0 5 3 6 6 1 .
. 2 0 . 0 0 C 5 3 6 1 - 0 . 0 C 0 C 3 8 9 C . C C C 5 3 7 5 2 6 2 9 * . - 0 . 4 S 4 e i 2 — 2 5 .
S-.3 0 . 0 0 0 5 2 9 7 —0 . 0 0 0 0 3 5 8 C.  0 C 0 S 3 0 9 1 4 6 0 2 . . - 0 . 1 1 2 5 9 1 ' 1 4 1 .
4  . 0 . 0 0 0 4 7 7 5 - 0 . 0 0 0 0 2 9 9 0 . C C 0 4 7 8 5 . 2 6 3 2 5 . - 0 . 0 7 8 3 1 8 ^ 2 5 5 .
. 5 " 0 . 0 0 0 3 8 3 1  ' - 0 . 0 0 0 0 2 2 5 C . C 0 0 3 8 3 8 3 7 3 0 9 . - 0 . 0 6 3 9 4 3 * . . V  . - 3 6 2 .
6 0 . 0 0 0 2 4 9 2 —C . 0 0 0 0 1 3 9 C . C 0 0 2 4 9 6 4 7 2 3 1 . - 0 . 0 5 4 8 4 9 4 5 8 .r..7' 0 . 0 0 0 0 7 9 6 —0 . 0 0 0 0 0 4 6 0 . 0 0 0 0 7 9 7 5 5 8 0 6 . - 0 . 0 4 7 6 1 3 5 4 1 .
8 - 0 . 0 0 0 1 2 0 9 0 . 0 0 0 C 0 5 0 0 .COO 1 2 1 0 6 2 7 8 9 . - 0 . 0 4 0 9 5 4 6 0 8 .
_• 9 - 0 . 0 0 0 3 4 8 3 0 * 0 0 0 0 1 4 3 C. 0 0 0 3 4 6 5 6 3 7 3 . - 0 . 0 4 0 9 6 7 1 3 0 .
10 —C . 0 0 0 3 8 4 8 C . 0 C 0 0 1 58 0 . C e 0 3 8 5 1 6 9 3 . - 3 . 1 8 2 4 2 1 _ o.
11 0 . 0 0 0 0 1 6 2 - 0 . 0 0 0 0 0 0 6 O.OOCO162 5 4 2 . - 3 . 1 8 3 2 6 0 . . : 11 •
s 1 2 0 . 0 0 0 0 2 1 3 -o.oooocoe C . C O C 0 2 1 3 4 5 5 . - 3 . 1 8 3 8 1 6 9 .
i 13  - 0 . 0 0 0 0 0 4 8
1 4 C . 0 0  0 0 0 1 4
.-.15 . 0 . C 0 C 0 3 2 6
1 6  0 . 0 0 0 0 4 6 4
0.0000002 
•O.COOOOOi  
•0 • OOCOO13  
•O.COOCO 18
C . C C 0 0 0 4 8  
0 . 0 C 0 0 0 1 4  
C . 0 0 0 0 3 2 6  
0 . C C C 0 4 6 4
1 0 5 ,
1 0 5 ,
9 5 ,
3 1 ,
- 3 . 1 7 9 0 8 8  
■ 3 . 1 7 9 C e 8  
- 3 . 1 7 8 8 3 5  
■ 3 . 1 7 5 9 4 1
17
18 
19
.20
- 0 . 0 0 0 0 3 3 5■0,0000208
0 . 0 0 0 0 4 1 1
0 . 0 0 0 0 4 6 4
0.0000010 
O. COOCG06  
■0.0000016 
- 0 . 0 0 0 0 0 1 8
C . 0 0 C 0 3 3 5  
C.C 0 0 0 2 0 8  
C . 0 0 0 0 4 1 1  
C . C C 0 0 4 6 4
6 3 ,
6 5 ,
60,
5,
- 3 .  1 7 2 0 5 4  
■ 3 . 1 7 2 0 5 4  
• 3 . 1 7 1 2 8 8  
■ 3 . 0 7 7 6 2 6
21
22
0.00C0213 
0.0000222
- 0 . 0 0 0 0 0 0 8
•O.OOOCOG9
0 . 0 0 0 0 2 1 3  
C . O C C 0 2 2 2
77,
44,
- 3 .  1 8 1 4 6 8  
■ 3 . 1 8 2 2 8 9
2 3
2 4
2 5
2 6
0.0000111 
0 . 0 0 0 0 1 0 9  
0 • COCO1 0 7  
- 0 . 0 0 0 0 0 0 5
- 0 . 0 C 0 0 0 C 4  
■ O . O C 00 0 04  
-0 . C 0 C 0 0 0 4
o.oococoo
C . C 0 0 0 1 1 1  
C . C 0 0 0 1 0 9  
0 . 0 0 0 0 1 0 7  
C. 0 0 0 0 0 0 5
9 3 ,
1 1 6 ,
1 32 ,
0,
- 0 . 0 3 7 0 2 5
• 0 . 0 3 7 3 8 4
- 0 . 0 3 7 5 5 9
- 3 . 3 2 6 9 4 1
.500. OCO RPM HARMONIC ORDER 9 . 0
HARM. TORQUE= 2 2 2 7 . 0  L 8 I N . MIPs 1 4 5 . 4  LB/SQ.IN,
MASS A M P . ( C O S ) A M P . ( S I N  ) AMPLITUDE TORQUE PHASE STRESS
RAO. RAD. RAD. L B I N . RAD. L B / S Q . I N .
1 - 0 . 0 0 0 8 4 2 9 .-0 . 0 0 0  3 0 4  2 C . CC C8 9 61 7 7 1 3 . - 2 . 7 9 5 2 4 4 5 .
' , . . .2 - 0 . 0 0 0 5 0  82 —0 . 0 0 1 2 3 1  7 C . C O 1 3 3 2 4 1 2 6 8 9 . - 2 . 4 2 8 6 9 5 1 2 3 .
. 3 - 0 . 0 0 0 4 8 2 2 - 0 . 0 0 1 2 0 9 2 0 . 0 0 1 3 0 1 8 3 3 9 6 3 . - 2 . 0 e C 8 4 3 3 2 9 .
4 —0 . C C 0 4 2 2 5 — 0 .CO 1 1 0 2 6 0 . C 0 1 1 6 0 7 5 3 9 9 1 . - 1 . 9 9 9 3 4 7 5 2 3 .
. 5 - 0  . 0 0 C 3 4 1 8 —0 . 0 C 0 9 2 5 9 C . C 0 C 9 8 7 C 7 C 7 1 9 . - 1 . 9 5 8 6 7 3 6 3 5 .
* 6 —0 .CO 0 2 4 5 6 —C . C 0 C 6 9 C 4 C . C 0 C 7 3 2 8 8 2 9 7 7 . - 1 . 9 3 0 4 6 5 8 0 4 .
7 - 0  . 0 0 0 1 4 0 6 - 0 . 0 0 0 4 1 1 0 C . C 0 C 4 3 4 4 8 9 9 5 4 . - 1  . 9 C 6 3 9 7 6 7 2 .
. 8 - 0 . 0 0 C 0 3 4 0 - O . O C C 1 0 5 5 C.  0 0 0 1 1 0 9 9 1 1 9 6 . - 1  . 8 8 2 4 7 4 6 8 4 .
9 0 . 0 0 C 0 6 7 3 " O .O O C2 0 9 0 C . C 0 0 2 1 9 6 1 1 2 3 4 . - 1  . 8 8 2 4 7 5 2 2 9 .
1 0 0 . C 0 0 0 8 7 1 0 . 0 0 0 2 7 C 4 C . 0 0 0 2 8 4 1 4 9 3 . 1 . 2 5 9 1 3 3 0 .
_11 - 0 . C 0 0 0 C 0 3 - 0 . 0 0 0 0 0 1 0 C . G 0 C 0 0 1 0 4 7 1  • I . 2 5 8 9 5 4 1 0 .
t l 2 - 0 . 0 0 0 0 0 1 7 - 0 . 0 0 0 0 0 5 2 C . 0 C C 0 0 5 5 4 2 1  • 1 . 2 5 6 8 6 2 '• 9 .  *"
13
14
15
16
0 . C 0 0 0 0 0 2  
- 0 . 0 0 0 0 0 0 3  
—0 . C 0 0 0 0 2 7  
- 0 . 0 0 0 0 0 3 6
0 .OOOOC05 
•0.0000010 
•0.C00C085 
■0.0000112
0 . 0 0 0 0 0 0 5
C.0000010
C . C 0 0 0 G 8 9
C . 0 C C 0 1 1 9
2 7 .
2 7 .
20.
1 6 .
1 . 2 6 1 4 7 5  
1 . 2 6 1 4 7 5  
1 . 2 6 2 2 8 6  
1 . 8 8 5 0 7 1
17
18
19
20
0 . 0 0 0 0 0 0 8  
O.OOCOOOl  
— 0 . 0 0  0CG34  
- 0 . 0 0 C C 0 3 6
0 . 0 0 0 0 0 2 7  
0 . C 0 0 C C 0 4 .  
- 0 . 0 0 0 0 1 C5 
- O . O p O O l 13
C . C 0 C C 0 2 9  
0 . 0 0 0 0 0 0 4  
C. 0 0 0 0 1 1 1  
C . 0 0 C 0 1 19
12,
12,
9,
22,
1 . 2 6 8 6 2 4  
1 . 2 6 8 6 2 4  
1 . 2 7 1 7 9 1  
■1 . 8 8 6 7 7 0
21
.22
-■;0 . 0 0 0 0 0  1 7 
- 0  . .OOCOOl 9
■ 0 . 0 0 C 0 C 5 2
• 0 . 0 0 0 0 0 6 0
C .C O C 0 0 5 5
C . 0 C C 0 C 6 3
73,
5 2 ,
1 . 2 5 9 6 1 2  
1 . 2 5 9 5 7 3
2 3 - C . C 0 C 0 0 1 0 ■ - O . O O C 0 O 3 0 C• OOG0 0 3 2  . 1 2 . - 1  .
2 4 - 0 . 0 0 C 0 0 1 0 - O . O C O O C 3 0 0 . OCO0 0 3 1 2 7 . - 1  .
2 5  . —0 . CCC 0 0 0 9 - 0 . 0 C C C 0 2 9 0 . 0 0 0 0 0 3 1 3 7 . - 1  .
2 6 0,0000000 C .COCGCO 1 C .C CC 0 00 1 0 . - 2 .
TABLE. 2-2.2 (f}
EXAMPLE 2.3
A MULTI-ENGINE INTEGRATED MARINE MACHINERY INSTALLATION
This example was selected to illustrate the detailed 
analysis of a machinery installation having an equivalent 
torsional dynamic system of branched configuration and 
involving more than one engine. The equivalent system is 
shown diagrammatically in Fig.2.7 and the details and system 
organisation are given in the computer print-out. Table 2.3.2. 
In both cases all the inertias, shaft stiffnesses and 
damping coefficients are quoted with reference to engine 
speed.
The installation was driven by two 12-cylinder, medium 
speed, 4-stroke, "Vee" oil engines, each having a service 
rating of 6000 B.H.P. at 450 R.P.M. Each engine output 
transmission incorporated a damping flexible coupling and a 
clutch, driving into common reduction gearing. The 
propeller line shaft was driven from the main reduction gearing 
wheel, with a service speed of 119 R.P.M. A power take-off 
extension from the starboard engine pinion provided a drive 
through step-up gearing and a damping flexible coupling to 
the auxiliary power generator, (service speed 900 R.P.M.).
Each engine was fitted with a forward-end untuned viscous 
damper. It will be noted from Fig.27 that a measure of 
flexibility was introduced between the idler gear and main- 
wheel on each side of the system. Without flexibility in 
the gearing region the system would have been symmetrical, 
with the two engine sections and the generator branch 
effectively meeting at a common junction point. However, it 
was considered more realistic to depart slightly from true 
symmetry by including gearing flexibility and so bias the
system to reflect the influence of the generator drive.
The engine crank firing sequences were 1:5:3:6:2:4
at equal intervals and the pairs of banks fired
o .consecutively with 40 Vee intervals. Provision was made
for corresponding harmonic excitations at each cylinder 
position, together with external damping at each crank.
The exciting torque components for the harmonic orders 
considered were determined from the "standard" cylinder 
m.i.p. relationships, the m.i.p. being taken as a variable, 
based on the propeller power/speed law. The damping 
coefficient at each crank was assumed constant and its 
value estimated from a conventional "dynamic magnifier" 
assessment. The engine dampers were treated as viscously 
connected inertia rings with damping coefficients 
estimated from the damper dimensions and specifications.
The propeller damping coefficient was allowed to vary 
with speed in accordance with Archer's procedure, (Ref.43), 
taking a specific coefficient of 30. The flexible 
couplings in both engine drives and in the generator branch 
were assumed to have internal damping characteristics 
and typical values were used for their constant 
coefficients.
Computed Results
Before proceeding with the detailed forced-damped treatment 
of the problem a preliminary survey of the natural 
frequencies of the complete system was carried out in 
order to locate particular resonant regions, having 
regard to the likely operating speed range and the orders 
of harmonic excitation. The results of the natural 
frequency analysis, obtained with the aid of computer 
program LR66, are given in Table 2.3.1 below. All 
natural frequencies up to 10000 v.p.m. are listed and 
in each case a node or antinode condition in the gearing
region is indicated. (That is, whether the modal 
characteristics show the two engine branches swinging 
in-phase or out of phase, bearing in mind the slight bias 
from symmetry).
NODES
P
FREQUENCY 
V. P.M.
e GEARING 
NODE OR 
ANTINODE
1 183.23 368.172 NODE
2 240.71 635.412 ANTINODE
3 375o80 1548.694 it
4 970.91 10337.534 it
5 2737.29 82167.186 NODE
6 2737.62 82187.103 ANTINODE
7 6168.49 417268.28 NODE
8 6168.52 417271.96 ANTINODE
9 7387.17 598429.75 NODE
10 9134.54 915019.97 ANTINODE
11 9725.83 1037314.5 it
12 9725.83 1037315.1 NODE
TABLE 2.3.1
For the forced-damped analysis, from the very 
large number of conditions open to investigation, it was 
decided that 1st and 6th order excitation would be 
considered over the engine speed range from 160 to 460 r.p.m., 
embracing 1st order resonances of modes 1, 2 and 3 and 6th 
order resonances of modes 4 and 5 or 6.
The first computer run was carried out with the 
port and starboard engine crank angles specified so that 
the two engines would be firing in phase. To add interest
to the problem, it was also arranged to simulate the 
condition of the 1st, 'B'-bank cylinder of the starboard 
engine being out of action by omitting a firing angle for 
this cylinder. These features are indicated by 
reference to Table 2.3.2.
The computer run scanned the engine speed range 
from 160 to 460 r.p.m. in steps of 5 r.p.m., the speed- 
variable 1st and 6th order harmonic exciting torques 
and the propeller damping coefficients being automatically 
recomputed at each speed point.
From the large volume of amplitude, torque and 
stress responses obtained at all points in the system, 
a few quantities of interest were selected for plotting 
and these are illustrated in Figs. 28 to 32 # Sample 
computer output response tabulations are also 
presented in detail in Tables 2.3.3(a) to ( h ).
A second computer run was carried out, considering 
the port and starboard engines firing in anti-phase for 
the 6th order harmonic only. This was achieved by 
specifying all the crank angles for the port engine as
O ' .  .lagging by 30 relative to the starboard engine. The 
one-cylinder inoperative condition simulation was retained 
and these combined features are indicated in the detailed 
system data Table 2.3.4.
In all other respects this computer run was similar 
to the first. Selected responses for the 6th order 
excitation, shoving a comparison between the in-phase and 
anti-phase engine conditions are illustrated in 
Figs. 33 to 35 , Additional sample tabulations for
the 6th order anti-phase responses are also presented 
in Tables 2.3.5(a) to (d).
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165*000 RPM HARMONIC O R D E R 1.0
H A R M .  T O R Q U E =  9 2 9  0 6 . 4  K G C M .  '  M I  P =  7 7 . 8  L B / S Q . I N .
' M ASS A M P . C  C O S ) A M P . ( S I N ) - A M P L I T U D E T O R Q U E P H A S E S T R E S S '
R A D . R A D . R A O . K G C M . R A O . L B / S Q . I N
- 0 . 0 0 5 6 6 6 1 ” 7  0 . 0  0 8 0 6 2 1 : - ' ~ - " ( j . o b 9 8 5 4 l ' ' :T“ " ”  2 7 1  3 . 0 . 9 5 8 1 8 5 2 m
2 0 . 0 0 5 1 5 2 4 0 . 0 0 3 4 2 3 2 C . 0 0 9 8 7 4 1 5 6 4  0 . 0 . 9 9 1 2 3 2 ..........................7 .
" >  3  > 0 . 0 0 5 1 5 1 3 r 0 V O 0 3 4 2 1 4 ' 0 . CO9 8 7 2  0 1 0 3 3 4 9 . 0 . 0 7 0 6 2 9 ...........1 3 7 .
4 0 . 0 0 5 0 9 9 5 0 . 0 0 8 4 1 7 8 0 . 0  0 9 8 4 1 9 1 0 4 7 4  0 . - 1  . 7 8 8 3 3 8 1 3 8 .
"5 “ ':r 0 . 0 0 5 1 1 0 8 0 . 0 0 8 4 6 8 9 0 . 0 0 9 8 9 1 5 ~  8 5 3 7  2 . - 4 . 1 5 2 6 2 1 " .....  ... .. 1 1 3 .
0 . 0 0 5 1 3 3 4 0 . 0 0 3 4 3 2 7 0 . 0 0 9 8 7 2 3 2 5 6 1 3 2 . - 4 . 4 4  3 4 2 8 3 3 8 .
- ' Z : 0 ' 7  . ‘ 0 . 0 0 5 1 6 7 5 0 . 0 0 8 3 0 9 3 ......0 . 0 0 9 7 8 5 0 ”  2 3 7 8 4 5 . - 3 . 7 5 6 5 5 3 3 1 4 .
8 0 . 0 0 5 2 6 4 6 0 . 0 0 8 2 4 0 7 0 . 0 C 9 7 7 8 8 8 3 0 7 7 . - 4 . 4 3 6 6 0  0 1 1 0 .
z : ' 9 \ ” 0 . 0 0 5  2 7 8  8 0 . 0  0 3 1 9 0 4 0 . 0 0 9 7 4 4 2  "  ' ^ 1  0 7 6 5  6 . ....... - 4 . 6 6 7 5 3 1
- r - -  -
......  1 0 0 . 0 0 3 7 7 0 4 - 0 . 0 0 2 8 7 9 3 0 . 0 C 4 7 4 4 1 1 0 6 4 0 3 . - 4 . 6 8 1 7 1 9 3 9 2 *
Z i  1 > > 0 . 0 0 3  7 7 4  0 > 0 . 0  0 2 9 9 7 5 0 . 0 0 4 8 1 9 5  ' : >  1 0 6 2 3 8 . - 4 . 6 8 3 5 4 9
1 2 0 . 0 C 9 1 4 8 7 - 0 . 0  0 7 3 2 6 3 * 0 . 0 1 1 7 2 0  7 4  0 2 4 . - 0 . 6 7 5 2 3 1 1 0 6 .
'  .0.  0 C 9 0 9 9 1 7 - 0 . 0 0 7 2 8 6 6 ' 0 . 0 1 1 6 5 7 1  " ' 7 ~ ~ 4 2 3 3 . - 0 . 6 7 5 2 3 2 .....2 .
.... ... 1 4 0 . 0 0 7 6 0 3  0 - 0 . 0 0 6 0 3 8 9 0 . C C 9 7 0 9 5 4 2 6 2 . - 0 . 6 7 5 2 0 4 1 4 1 .
Z  1 5  > 0 . 0 0 7 5 5 0  8 - 0 . 0  0 5 9 9 7 1 ‘ : 0 . 0  0  9 6 4 2  6  r  ' - ' 4 3 1 4 . ' : - 0 . 6 7 5 1 5 6 2  •
........1 6  * 0 . 0 0 3 7 7 5 4 - 0 . 0 0 2 9 9 8 6 0 . 0 0 4 8 2 1 3 8 9 0 4 . - 0 . 6 7 5 0 3 4 .................  2 4 .
> v  1 7 ■ > 0 . 0 0 3 7 7 4  0 ; " 7 - 0 . 0  0 2 9 9 7 5 . 7 0 . 0 0 4 8 1 9 5 '  r ~ ~ '  8 9 0 4 . - 0 . 6 7 5 0 3 4 ' ' 33  .
------ -■ -• ...... ^ ;r;rrp r~— •— •
1 8 0 . 0 0 1 7 6 6 9 - 0 . 0 0 1 4 0 3 3 0 . 0 0 2 2 5 6 3 2 1 4 2 6 8 . 1 . 5 2 6 8 3 0 1 2 4 .
19 0 . 0 0 1 0 0 0 4 - 0 . 0 0 0 7 9 7 3 0 . 0 0 1 2 7 9 2  ....... 3 7 8 4 0 0 . 1 . 5 2 6 8 3 0 2 1 9 .
2 0 - 0 . 0 0 2  0 3 9 1 - 0 . 0 0 8 7 4 4 8 0 . 0 C Q 9 7 9 4 2 4 7 2 . - 1 . 7 5 9 8 7 9 1 .
21 : - 0 . 0 0 1 * 8 1 3 - O ' .  0 0 8 8 7 4 8 0 . 0 0 8 9 9 7 6 5 1  3 9 . - 1 . 7 6 6 8 3 1 7 .
2 2 - 0 . 0 0 1 4 8 1 4 - 0 . 0 0 3 3 7 2 9 0 . 0 0 8 9 9 5 7 1 7 2 2 1 8 . - 0 . 4 1 5 7 5 1 2 2 7 .
■ 23 - 0 . 0 0 1 5 6 0 2 - 0 . 0 0 8 8 3 8 1 0 . 0 0 8 9 7 4 8 1 8 7 4 1 1 . - 1 . 4 7 3 3 6 3 2 4 7 *
2 4 - 0 . 0 0 1 5 6 9 3 - 0 . 0 0 8 7 4 4 9 0 . 0 0 8 8 8 4 6 2 6 0 7 8 . - 2 . 3 1 1 9 3 9 3 4 .
2 5 - 0 . 0 0 1 5 6 0 5 - 0 . 0  0 3 7  3 5 2 C . 0 0 8 8 7 3 5 1 5 7 3 9 6 . - 4 . 3 6 6 0 3 1 2 0 8 .
2 6 - 0 . 0 0 1 5 3 3 8 - 0 • 0 0 8 3 0 9 3 0 . 0 0 8 9 4 1 8 1 9 5 2 0 8 . - 3 . 3 0 1 5 1 9 2 5 8 .
2 7 - 0 . 0 0 1 4 3 7 5 - 0 . 0 0 8 3 2 4 8 0 . 0 0 8 9 4 1 1 4 7 7 5 3 . - 2 . 3 6 6 4 7 9 6 3 .
2 8 - 0 . 0 0 1 4 1 6 0 - 0 . 0 0 9 3 0 3 8 0 . 0 0 8 9 1 7 0 7 4 1 2  0 . - 2 . 1 2 3 1 3 2 4 3 .
2 9 0 . 0 0 3 7 2 8 4 - 0 . 0 0 3 0 8 5 5 0 . 0 0 4 8 3 9 6 ; 7 4 4 2  5 . - 2 . 0 9 6 4 0 3 2 7 4 .
3 0 0 . 0 0 3 7 6 9 9 - 0 . 0 0 3 0 1 4 0 0 . 0 0 4 8 2 6 6 7 4 4 6 3 . - 2 . 0 9 3 0 1 6 4 3 .
t ~ 3 1 0 . 0 0 1 7 6 4 9 - 0 . 0 0 1 4 1 1 0 " 0 . 0 0 2 2 5 9 7 1 5 9 2 7 5 . - 2 . 0  3 4 1 3 2 9 2 .
3 2 0 . 0 C 1 0 0 0 4 - 0 . 0 0 0 7 9 7 3 0 . 0  C 1 2 7 9  2 2 3 1 2 8 2 . - 2 . 0 8 4 1 8 2 1 6 3 .
3 3 0 . 0 0 1 0 0 0 4 - 0 . 0 0 0 7 9 7 3 0 . 0 0 1 2 7 9 2 1 7 5 2 3 7 . - 3 . 9 7 6 6 0 6 1 3 9 .
3 4 0 . 0 0 1 0 2 0 1 - 0 . 0 0 0 0 1 9 1 0 . 0 0 1 3 0 8 3 1 7 4 3 0 9 . - 3 . 9 7 6 9 9 3 9 1  .
3 5  ~ 0 . 0 0 1 0 3 3 0 - 0 . 0 0 0 8 3 3 3 0 . 0 0 1 3 2 7 2 1 7 4 0 5 2 . - 3 . 9 7 7 6 8 5 1 3 7 .
3 6 0 . 0 0 1 2 3 8 0 - 0 . 0 0 1 0 6 0 2 0 . 0 0 1 6 2 9 9 1 7 3 2 2 8 . - 3 . 9 7 8 2 9 7 8 3 .
3 7 0 . 0 0 1 3 3 6 2  ‘ - 0 . 0 0 1 1 6 9 1 0 . 0 0 1 7 7 5 5 0 . - 2 . 2 4 5 5 3 8 0 .
TABLE. 2.3.3 (a-)
165.000 R P M ‘HARMONIC ORDER 6.0 ' " .. .
H A R M .  T O R Q U E =  1 4 7 6 9 . 4  K G C M .  M I P = 7 7 . 8  L B / S Q . I M .
M AS S A M P . < C O S )  ‘ A M P . ( S I N ) A M P L I T U D E T O R Q U E P H A S E  ' . S T R E S S
R A D . R AD 7 RAD' . K G C M . R A D . “ L B / S Q .  I N ,
- 0 . 0 0 0 1 8 1 8 - 0 . 0 0 0 1 5 2 6 0 . 0 0 0 2 3 7 3 — 2  35  2 * " - 2 . 4 4 3 3 6 4  ~ :■-• X .
2 - 0 . 0 0 0 1 2 3 5 - 0 . 0 0 0 2 2 2 1 0 . 0 0 0 2 5 4 1 4 9 8 3 . - 2 . 2 4 7 5 5 0 7 .
3 - 0 . 0 0 0 1 2 2 3 - 0 . 0 0 0 2 2 0 6 C . 0 0 0 2  5 2 3 V 1 1 8 0 1 . “ - 0 . 8 0  2 2 9 9 1 6 .
............4 - 0 . 0 0 0 1 2 6 4 - 0 . 0 0 0 2 1 6 4 0 . 0 0 0 2 5 0 6 1 2 0 6 2 . - 0 . 0 1 5 3 2 0 1 6 .
' v ' v-'" 5  ' - 0 . 0 0 0 1 3 2 4 - 0 . 0 0 0 2 1 6 3 0 . 0 0 0 2 5 3 6 1 7 7 5 7 . ! 0 . 4 7 5 9 2 6 7 7 ■ J- 2 3 .
6 - 0 . 0 0 0 1 4 0 3 - 0  . 0 0 0 2 2 0 4 0 . 0 0 0 2 6 1 3 2 5 3 3 2 . 0 . 7 0 3 5 9 5 .....3 3 .
I Z T' 7 — 0 • 0 0 0 1 5 0 0 . - 0 . 0 0 0 2 2 8 6 J 0 . 0  0 0 2 7 3 4 3 3 3 2 5 . ^ 0 . 8  2 5 3 4 9
^.4 ^
......8 - 0 . 0 0 0 1 6 1 3 - 0 . 0 0 0 2 4 0 8 C . 0 0 0 2 8 9 8 4 1 2 4  9 . C . 9 0 1 2 6 5 5 4  •
9  '' - 0 . 0 0 0 1 7 7 4 - 0  . 0 0 0 2 6 1 1 0 . 0  0 0 3 1 5 7 — -— - •  4 j  g 7 . 0 . 1 5 9 0 7 1 ..... ' ’/ " :r " 2  •"
1 0 - 0 . 0 0 0 4 0 7 5 - 0 . 0 0 0 0 7 8 5 0 . 0 0 0 4 1 4 9 2 0 7 8 . - 2 . 8 8 9 3 7 7 "  8 .
J l E U  r 7 - 0 . 0 0 0 4 0 5  2  7 - 0 . 0 0 0 0 7 7 9 0  .  0  0 0 4 1 2 6 ;~;7~ '  2 3 6 2 . - - 2 . 9 0 6 4 5 7 - i .
0 . 0 0 0 1 4 8 1 0 . 0 0 0 0 4 9 4 0 . 0 0 0 1 5 6 1 1 9 2 9 . " 0 . 3 2 1 8 8 3 5 1  .
: 0 . 0 0 0 1 1 9 1  ‘ 0  . 0 0 0 0 3 9 7 0 . 9 0 0 1 2 5 6 ' ‘ 2 0 1 0 . 0 . 3 2 1 8 8 3 : .  . i .
..... 1 4 - 0 . 0 0 0 7 3 0 8 - 0 . 0 0 0 1 4 5 7 0 . 0 C 0 7 9 4 3 1 9 2 6 . 0 . 3 2 7 9 5 7 " " ' 6 4 .
. ' - 0  .  0 0 0 3 0 9  4 - 0 . 0 0 0 1 5 5 4 0 . 0 0 0 8 2 4 2 “  1 7 6 8 . “ 0 . 3 4 0 3 9 1 .  •
- 0 . 0 0 0 4 0 4 7 - 0 . 0 0 0 0 7 7 7 0 . 0 C 0 4 1 2 1 2 6 9 8 . 0 . 3 8 7 7 3 5 7 .
- 0 . 0 0 C 4 0 5 2 - 0 . 0 0 0 0 7 7 9 0 . 0 0 0 4 1 2 6 ~ ~~^r269 6.' : 0 . 3 8 7 7 3 5 ~ * ~ v - ' ' ' i o .
1 8 - 0 . 0 0 0 1 8 9 7 - 0 . Q 0 0 0 3 6 5 0 . 0 0 0 1 9 3 2 4 9 1 2 . - 3 . 1 2 6 9 3 1 '  3 .
1 9 - 0 . 0 0 0 1 0 7 4 - 0 • 0 0 0 0 2 0 6 7 0 . 0 0 0 1 0 9 3 8 6 7 5 . - 3 . 1 2 6 9 3 1
2 0 - 0 . 0 0 0 1 7 0 9 - 0 . 0 0 0 1 8 2 6 0 . C C 0 2 5 0 1 2 4 7 8 . - 2 . 3 2 3 3 7 2 1 •
2 1  ; 7 - 0 . C 0 0 1 0 1 1 - 0 . 0 0 0 2 4 7 9 C . 0 C 0 2 6 7 8 5 2 5 1  . - 2 . 1 2 7 5 5 8 .... .. ' ......... 7 .
2 2 - 0 . 0 0 0 1 0 0 1 - 0  . 0 0 0 2 4 6 3 C . 0 0 0 2 6 5 8 3 4 6 9 . 1 . 0 9 6 5 0 6 5 .
. 2 3  ■ - 0 . 0 0 0 1 0 0 9 - 0 . 0 0 0 2 4 7 8 0 . 0 0 0 2 6 7 6 1 2 1 3 9 . 1 . 0 6 1 3 0 0 1 6 .
2 4 - 0 . 0 0 0 1 0 3 9 - 0  . 0 0 0 2 5 3 1 0 . 0  C 0 2 7 3 6 2 0 6 7 4 . 1 . 0  5 6 3 1  5 2 7 .
■ 2 5 - 0 . 0 0 0 1 0 9 0 - 0 . 0  0 0 2 6 2 1 C . 0 0 0 2 8 3 9 2 8 9 7 7 . 1 . 0 5 5 3 2 9 3 8 .
2 6 - 0 . 0 0 0 1 1 6 1 - 0 . 0 0 0 2 7 4 7 C . 0 0 0 2 9 8 2 3 6 9 5 2 . 1 . 0 5 6 0 0 2 4 9 .
2 7 - 0 . 0 0 0 1 2 5 2 - 0 . 0 0 0 2 9 0 8 0 . 0 0 0 3 1 6 6 4 4 5 1 0 . 1 . 0 5 7 7 3 0 5 9 .
2 8 - 0 . 0 0 0 1 3 8 9 - 0 . 0 0 0 3 1 5 2 C . 0 0 0 3 4 4 4 5 0 1  7 . 0 . 1 0 6 5 3  6 3 .
29 - 0 . 0 0 0 4 0 6 6 - 0 . 0 0 0 0 7 8 7 0 . 0 0 0 4 1 4 1 1 2 6 2 . - 2 . 6 0 7 1 5 6 5 .
3 0 - 0 . 0 0 0 4 0 5 4 - 0 . 0 0 0 0 7 8 0 0 . 0 0 0 4 1 2 8 2 0 1  8 . - 2 . 7 3 3 8 8 3 1 •
• ' 3 1 - 0 . 0 0 0 1 8 9 8 - 0 . 0 0 0 0 3 6 5 0 . 0 0 0 1 9 3 3 8 6 4 5 . - 2 . 8 4 6 0 6 8 . ..5 .
3 2 - 0 . 0 0 0 1 0 7 4 - 0 . 0 0 0 0 2 0 6 0 . 0 0 0 1 0 9 3 1 5 2 6 8 . - 2 . 8 4 6 0 6 8 9 .
“ " 3 3 ‘ - 0 . 0 0 0 1 0 7 4 - 0 . 0 0 0 0 2 0 6 ' 0 . 0 0 0 1 0 9 3 3 9 0 7 1 . - 2 . 9 4 9 1 6 2 3 1  .
3 4 - 0 . 0 0 0 1 0 0 9 - 0 . 0 0 0 0 1 9 4 0 . 0 0 0 1 0 2 8 4 0 2 9 7 . - 2 . 9 4 9 2 4 1 2 1  •
' 3 5 - 0 . 0 0 0 0 9 6 6 — 0  • 0  0 0 0  1 8 6 C . 0 C 0 0 9 8 4 4 2 3 4 3 . - 2 . 9 4 9 3 6 7 3 3 .
3 6 - 0 . 0 0 0 0 2 3 6 - 0 . 0 0 0 0 0 4 3 0 . 0 0 0 0 2 4 0 4 2 7 8 2 . - 2 . 9 4 9 4 7 1 2 0 .
3 7 0 . 0 0 0 0 1 2  0 0 . 0 0 0 0 0 2 6 0 . 0 C 0 0 1 2 3 0 . - 1 . 3 2 5 8 1 7 0 .
T A B L E  2 . 3 .3 (b)
2*0.990 RPM HARMONIC ORDER 1.0
HARM. TORQUE= 115746.6 KGCM. MTP= 112. 1 L8/SQ. IN.
IASS AMP.(COS) AMP.CSIN) AMPLITUDE TORQUE p h a s e STRESS
, ^ .RAD. RAD, RAD. KGCM. RAD. LB/SQ.IN
I 9,0096568 0.0022914 0.0099045 5768. 0.224135 3e
~:2 9.00 9*527 0.003C965 0.0099479 12001. 0.272184 16.
.3. 9,0094*85 0.00 39953 0.0099425 142173. 0.001464 188.
.I? 3.09 93774 . , 0.9030952 0.C09 8750 142912. -1.638685 189.
...5 . 0.00 93822 * 0.0031665 0.0099021 76121. -4.269300 100.
£ 6 £ 0.00 93985 0.09 31321 0.0099967 285528. -4.516479 377.
7 .. 3.0994263 0.0929921 0.0098898 248669. -3.725560 328.
■ 8 . ...0.09 95301 0.0029235 0.0099684 60553. 1.374695 80 «
.9.. 3.09 95226 0.00 28862 0.0099504 112919. 0.787045 65®
,19 7-9.0004236 -0.0929133 0.0029440 110856. 0.773132 408.
11 . -0.00 05117 -0.0029994 0.0030427 110581. 0.771323 407.
M l  2 . - 0 ♦ 0 0  1 7 9 4 6 - 0 . 0 0 9 5 7 6 0 0 . 0 0 9 7 4 2 7 7 0 7 7 . 7 - 1 . 7 5 6 0 4 9 1 8 7 .
_ __ 1 3 .... - 0 . 0 0 1 7 7 3 9 —0 • 0 9 9 * 6 6 1 0 . 0 0 9 6 3 0 8 7 4 4 2 . - 1 . 7 5 6 0  5 0 4 .
M l  4 - 0 . 0 0 1 0 4 6 2 - 0 . 0 0 6 1 2 0 1 0 . 0 0 6 2 0 8 9 7 4 8 1 . - 1 . 7 5 5 9 6 6 2 4 7 ®
1 5 .....  - 0 . C 0 1 0 2 4 6 —0 . 0 0 6 0 0 4 8 0 . 0 0 6 0 9 1 5 7 5 5 1 . - 1 . 7 5 5  8 1 7 4 .
M l  6 . - 0 . 0 0  0 5 1 2 3 - 0 . 0 0 3 9 0 2 4 0 . 0 0 3 0 4 5 8 1 5 4 7 1 . - 1 . 7 5 5 4 3 5 4 2 .
_„„.17 . . - - " ■ 0 . 0 0 0 5 1 1 7 - 0 . 0 0 2 9 9 9 4 0 . 0 0 3 0 4 2 7 ___ 1 5 4 7 1 . - 1 . 7 5 5 4  3 5 _5 7  o
£ £  1 8 .....- 0 . 0 0 0 2 3 9 6 - 0 . 0 0 1 4 0 4 2 0 . 0 0 1 4 2 4 5 2 0  8 6 5 1 . 0 . 6 7 4 4 5 2 1 2 1 .
r 1 9 - 0 . 0 0  0 1 3 7 7 - 0 . 0 0 0 7 9 6 7 0 . 0 0 0  8 0 8 5 3 6 8 4 8 9 . 0 . 6 7 4 4 5 2 2 1 4 .
M 2 3 : - 9 . 0 0  2 0 2 8 5 0 . 0 0 2 0 9 0 2 0 . 0 0 2 9 1 2 7 1 6 9 6 . - 3 . 9 4 1 9 6 0 1 .
:c- 2 1 ...... - 0 . 0 0  2 2 2 2 3 0 . 0 0 1 9 0 2 2 4 . 0 0 2 9 2 5 2 3 5 2 9 . - 3 . 8 9 3 9 1 1 5 .
£ £ , 2 2 - 9 . 0 0  2 2 2 1 3 0 . 0 0 1 9 0 1 3 0 . 0 0 2 9 2 3 9 2 1 1 4 8 4 . . - 0 . 3 2 6 3 1 4 2 7 9 .
2 3 - 9 . 0 0  2 3 2 1 5 0 . 0 0 1 9 3 5 2 0 . 0 9 3 0 2 2 3 2 0 5 8 1 4 . - 1 . 4 1 4 3 6 9 2 7 2 .
2 4 —? • 0 9 2 3 3 7 5 0 * 0 0  2 0 3 6  8 0 . 0 0 3 1 0 0 4 1 7 0 2 3 . - 4 . 2 7 0 8 2 3 2 2 .
... 2 5 —0 . 0 9 2 3 3 3 9 0 . 0 0 2 0 2 9 1 0 . 0 0 3 0 9 2 6 2 3 8 6 6 6 . - 4 . 5 1 5 3 1 3 3 1 5 *
2 6 - 0 . 0 0 2 3 1 0 6 0 . 0 0 1 9 1 2 1 0 . 9 0 2 9 9 9 2 2 3 6 3 3 6 . - 3 . 5 7 1 4 9 2 3 1 2 .
2 7 - 0  . 9 0 2 2 0 3 1 0 . 0 0 1 8 6 2 8 0 . 0 0 2 8 3 5 1 3 0 6 8 8 . - 4 . 3 1 1 2 8 9 4 1 .
...... 2 8 - 0 . 0 0  2 1 9 5 6 0 . 0 0 1 8 4 5 1 0 . 0 C 2 8 6 7 9 4 9 7 8 9 . - 4 . 1 2 3 8 3 6 2 9 .
2 9 - 0 . 0 9 0 5 5 3 4 —0 . 0 0 2 9 5 8 6 0 . 0 0 3 9 9 9 9 4 7 9 3 4 . - 4 . 0 8 5 3 0 9 1 7 6 .
.£'..30 - 9 . 0 0 0 5 2 2 2 - 0 . 0 0  3 0 0 1 7 0 . 0 0 3 0 4 6 8 4 7 6 9 7 . - 4 . 0 8 0 1 8 9 2 8 .
. 3 1 - 0 . 0 0  0 2 4 4 5 , - o . o n 14^53 0 . 0 0 1 4 2 6 4 1 0 0 5 7 1 . - 4 . 0 6 6 5 6 9 ' 5 8 .
3 2 - 9 . 0 9 0 1 3 7 7 0 . 0 0 0 7 9 6 7 0 . 0 0 3 8 0 8 5 1 7 7 6 1 0 . - 4 . 0 6 6 5 6 9 1 0 3 .
3 3 —0 o O O O 1 3 7 7 - 0 . 0 0 9 7 9 6 7 0 . 0 9 0 8 0 8 5 4 0 7 2 0 4 . 1 . 1 1 3 5 5 2 3 2 4 .
3 4 - 0 . 0 0 0 1 6 7 9 - 0 . 0 0 0 8 5 8 2 0 . 0 0 0 8 7 4 4 4 0 6 6 1 2 . 1 . 1 1 3 1 5 9 2 1 2 .
3 5 - 0  . n o n  1 8 7 5 - 0 . 0 0 4 8 9 8 0 0 . 0 C 9 9 1 7 4 4 0 5 5 2 6 . 1 • 1 1 2 4 7 0 3 2 0  e
,  3 6 —9 . 0 0 0  5 0 2 8 - 0 . 0 0 1 5 3 7 0 0 . 0 0 1 6 1 7 1 4 0 3 7 9 9 . 1 . 1 1 1 8 5 8 1 9 3 *
3 7 - 9 . 0 0 0 6 5 4 2 - 0 . 0 4 1 8 4 3 5 0 *  0 0 1 9 5 6 1 0 . - I . 7 8 6 1 5 5 0 .
TABLE 2. .3.3 (<Q
240.090 RPM HARMONIC ORDER 6.0
H A R M .  T O R Q U E = 1 6 6 7 9 . 0  KGCM.
MASS ... A M P . ( C O S ) A M P . ( S I N ) A M P L I T U D E
. ..._ ± .  ... R A D . R A D . R A D .
____ l..;.__.- 0 . 0 0 0 0 8 1 2 - 0 . 9 0 0 3 6 4 3 0 . 0 0 0 1 0 3 5
2 ; .- 0 . 0 0 0 0 4 5 4 - 0 . 0 0 0 1 0 9 4 0 . 0 0 0 1 1 8 5
______3 ____ - 9 . 0 0 0 0 4 4 4 - 0 * 0 0 0 1 0 8 0 0 . 0 0 9 1 1 6 8
M \ : 4 - 5 . 0 0 9 0 5 0 1 - 0 . 0 0 0 1 0 3 6 0 . 0 0 0 1 1 5 1
____ 5 ..... .. - 0 . 0 0 0 0 5 8 5 - 0 . 0 0 0 1 9 4 1 0 * 0 0 0 1 1 9 4
M M  6 - 5 . 0 9 0 0 6 9 4 - 0 . 0 0 0 1 0 9 4 0 . 0 0 0 1 2 9 6
____ 7 ____ —9 . 0 5  C O 8 2 7 - 0 . 0 0 0 1 1 9 5 0 . 0 0 0 1 4 5 3
•±£•8 M; - 0 . 0 0 0 0 9 7 8 - 0 . 0 0 0 1 3 4 2 0 . 0 0 9 1 6 6 1
_ ......9 ____ - 5 . 0 0 0 1 1 8 7 - 0 . 0 0 0 1 5 7 9 0 . 0 0 0 1 9 7 6
-■#±. i d . - 0 . 0 0  0 0 7 3 4 0 * 0 0 0 0 5 9 7 C . 0 0 0 0 9 4 6
- 9 . 9 0  9 0 7 4 0 0 . 0 0 0 0 6 0 6 0 . 0 0 0 0 9 5 6
M B  1 2  M 0 . 0 0  0 0 1 3 9 - 0 . 0 0 0 9 9 7 8 0 . 9 0 0 0 1 5 9
__1 3 ....... . , „ D . 0 0 0 0 0 8 1 - 0 . 0 0 9 0 0 4 6 0 . 0 0 0 0 0 9 3
£ ± . 1 4  . B - 0 . 0 0 0 1 4 2 5 0 * 0 0 0 1 1 8 4 0 . 0 0 0 1 8 5 2
.......  1 5  .... - 0 . 9 0 0 1 4 7 8 0 . 0 0 0 1 2 1 2 0 . 0 0 0 1 9 1 2
£££ 1 6 - 5 * 0 0 0 0 7 3 9 0 . 0 0 0 0 6 9 6 0 . 0 0 9 0 9 5 6
_,-.1.7._. ._ - 0 . 0 0 0 0 7 4 0 0 . 0 0 0 0 6 0 6 0 . 0 0 0 0  9 5 6
: i ±  i  s . .. - 0 . 0 0  0 0 3 4 6 0 . 0 0 0 0 2 8 4 0 .  0 0 0 0 4 4 9
1 9  .. - 0 . 0 0  0 0 1 9 6 0 . 0 0 0 0 1 6 1 0 . 0 0 9 0 2 5 3
. £ £ 2 0  • - 0 * 0 0 0 0 7 8 8 - 0 . 0 0 0 0 6 4 1 - 0 . 0 0 0 1 0 1 6
....  21 - 5 . 0 0 0 0 4 3 2 - 0 . 0 0 0 1 9 7 9 0 . 0 0 0 1 1 6 2
M  22 ,±;.- 0 . 0 0 0 0 4 2 2 - 0 . 0 0 0 1 0 6 5 0 . 0 0 9 1 1 4 6
...... 2 3  . - 0 . 0 0 . 0 0 4 3 8 - 0 . 0 0 0 1 0 9 4 0 . 0 Q 0 1 1 7 8
■. 24 - 0 . 0 9 0 0 4 8 3 - 0 . 0 9 9 1 1 7 0 0 . 0 0 0 1 2 6 6
..... 2 5 ...... —9© 0 0  C 0 5 5 5 - 0 . 0 0 0 1 2 9 1 0 . 0 0 0 1 4 0 5
2 6 - 0 . 0 0 0 0 6 5 3 - 0 . 0 0 0 1 4 5 5 C . 0 9 0 1 5 9 5
2 7 - 5 . 0 9 0 0 7 7 4 - 0 . 0 0 0 1 6 5 8 0 . 0 0 * 1 9 3 0
2 9  : - 0 . 0 0 0 0 9 5 0 - 0 . 0 0 0 1 9 5 6 . 0 * 0 0 0 2 1 7 5
2 9 ...... - 9 . 0 5 0 0  7 2 4 0 . 0 0 0 0 5 9 6 0 . 0 0 0 0 9 3 8
L  30 £. - 0 . 0 9 0 0 7 3 9 0 . 0 9 0 0 6 0 6 0 . 0 0 0 0 9 5 6
3 1 - 9 . 0 0 0 0 3 4 6 0 . 0 0 0 0 2 8 4 0 . 0 0 0 0 4 4 7
3 2  - - 9 . 0 0 0 0 1 9 6 0 . 0 0 0 0 1 6 1 0 * 0 0 0 0 2 5 3
MIP— 112.1 L8/SQ.IN.
T O R Q U E  
K G C M .  
2 1 7 1 .  
4 6 9 5 .  
1 4 3 4 3 .  
1 6 8 4 6 .  
2 4 3 6 3 .  
3 3 2 7 1 .  
4 2 1 5 1 .  
5 0 4 0 5 .
3 9 5 9 .  
- 1 0 1 3 .  
6 6 1 .
416.
4 2 9 .
3 8 7 .
3 1 1 .
2 3 9 .
2 3 9 .
6 5 1 .  
1 1 5 0 .
2 1 2 9 .  
4 ' 6 0 6 .  
6 6 0 2 .  
1 7 6 3 6 .  
2 8 2 5 0 .  
3 8 1 9 1 .  
4 7 2 1 9 .  
5 5 1 2 1 .  
4  5 6 4 .  
1 6 0 6 .  
1 2 2 4 .
5 8 1 .
1 0 2 6 .
P H A S E  
R A D .  
■ 2 . 4 7 1 8 7 1  
- 2 . 1 9 0 9 8 2  
■ 0 . 6 5 8 6 3 9  
0 . 0 5 6 2 0 5  
0 . 4 5 4 0 1 8  
0 . 6 5 3 1 3 7  
0 . 7 6 9 5 1 9  
0 . 8 4 8 1 3 8  
■ 0 . 7 6 6 7 9 8  
- I  . 0 1 7 1 0 8  
• 1 . 2 0 7 3 0 7
> 0 . 5 1 2 8 1 9  
• 0 . 5 1 2 8 1 9  
• 0 . 4 9 3 3 0 3  
• 0 . 4 4 4 8 4 7  
• 0 . 0 1 2 0 7 9  
• 0 . 0 1 2 0 7 9
• 3 .  1 9 8 0 5 7  
• 3 . 1 9 8 9 5 7
- 2 . 4 5 9 1 1 1
- 2 . 1 7 8 2 2 2  
1 . 0 6 2 5 8 6  
1 . 0 3 7 5 5 4  
1 . 0 3 3 1 2 3  
1 . 0 3 2 7 4 3  
1 . 0 3 4 3 4 9  
1 . 0 3 7 4 0 9  
- 0 . 6 4 9 5 4 2  
- 0 . 5 7 6 4 6 9  
- 0 . 5 4 1 8 0 7  
0 . 0 2 2 2 9 1  
0 . 0 2 2 2 9 1
S T R E S S  
L B / S  Q . I N  
1. 
6. 
1 9 .  
22. 
3 2 *  
4 4 .  
5 6 .  
6 7 .  
2. 
4 .  
2.
11.
0.
1 3 .
0.
1*
1.
1.
6.
9 .
2 3 .
37.
50.
6 2 .
7 3 «
3 .
6.
1.
9.
1.
3 3 - 0 * 0 0 0 0 1 9 6 0 . 0 0 0 5 1 6 1 0 . 0 0 0 0 2 5 3 7 6 7 6 . - 3 . 8 2 7 1 5 1 6  .
3 4 - 0 . 0 0 0 0 1 8 6 0 . 0 0 0 0 1 5 3 0 . 0 0 0 0 2 4 1 8 2 8 3 . - 3 . 8 2 7 2 4 8 4 .
3 5  ......... - 0 . 0 0 CO 1 7 9 0 . 0 0 0 0 1 4 7 0 . 0 0 0 0 2 3 1 9 3 0 2 . - 3 . 8 2 7 3 8 8 7 .
3 6 - 0 . 9 0 C C 0 5 2 0 . 0 0 0 0 0 4 3 0 . 0 0 0 0 0 6 8 9 5 6 6 . - 3 . 8 2 7 4 9 5 5 .
3 7 9 . 0 0 0 0 0 1 0 - 0 * 0 0 0 0 0 0 8 0 . 0 0 0 0 0 1 3 0 . 0 . 5 8 8 0 0 3 0 .
TABLE 2.3.3 (d1)
" 3 7 5 • 0 0 0  RPM H A R M O N I C  O R D E R ..l . o  ..........
H A R M .  T O R Q U E — 1 7 8 1 7 6 . 4  K G C M .  M I P =  2 0 6 . 1  L 8 / S Q . I N . ■ ■ .......... ; ............... ;
“ MA S S  ; A M P * ( C O S ) * ‘ AMP i { S I N ) ' " A M P L I T U D E T O R Q U E .......  F H A S E  ' '  " S T R E S S
R A D . R A D . R A D . K G C M . R A D . L B / S Q . I N .
_£===rj---r.—“  0 * 0 0 4 5 6 5  0  “': - 0 . 0 0 2 3 0 1 3 ” 0 . 0 0 5 1 1 2 2 7 2 6 9 . " " - 0 . 4 6 6 9 3 3 • ” ........~ y ....4 .
2 0 . 0 0 4 3 9 8 3 - 0 . 0 0 1 6 4 0 1 0 . 0 0 5 1 6 5 6 1 5 1 4 8 . - 0 . 3 9 1 9 3 9 2 0 .
3- 0 . 0 0 4 8 9 3 1 - 0 . 0 0 1 6 3 8 0 0 . 0 0 5 1 6 0 0 2  0 6 7 8 0 . - 0 . 0 8 1 6 0 4 2  7 3 .
0 . 0 0 4 7 9 0 1 - 0 . 0 0 1 6 2 9 6 0 . 0 0 5 0  5 9 7 2 4 5 7 9 6 . - 1 . 7 2 1 2 2 4 3 2 4 .
' 5 ..... 0 . 0 0 4 8 0 8 5 - 0 . 0 0 1 5 0 8 1 0 . 0 0 5 0 3 9 4 -------1 1 1 3 4 9 . — - 3 . 8 9 5 3 5 0 “ •• 1 4 7 .  -
' - • " ' " ' 6  ' 0 . 0 0 4  8 4 9 1 - C . 0 0 1 5 4 6 2 0 . 0 0 5 0 8 9 6  . 4 1 4 6 9 2 . - 4 . 4 0 5 0 5 4 5 4 7 .
 ^fir'/7 “ 0 . 0 0 4 9 1 1  8 - 0 . 0  0 1 7 4 3 8 0 . 0 0 5 2 1 2 2 4  0 4 8 8 5 . ” - 3 . 5 7 1 0 4 2 .... 5 3 5 .
8 0 . 0 0 5 0 9 5  9 - 0 . 0 0 1 8 2 8 1 0 . 0 0 5 4 1 3 8 5 7 4 7 9 . - 3 . 9 6 4 2 1 5 7 6 .
9 0 . 0 0 5 1 2 0 4 - 0 . 0 0 1 8 5 4 5 0 . 0 0 5 4 4 5 9  ?” ~ ~ 5 1  Qi2. " 0 . 1 9 4 0 4 4 " ...........3 0 .  '
....... 1 0 0 . 0 0 0 2 4 6 9 - 0 . 0 0 0 3 7 3 3 0 . 0 C 0 9 0 7 6 5 1 2 0 7 . 0 . 1 5 6 1 7 0 1 8 8 .
fsfi.i vr 0 . 0 0 0 1 9 0 7 - 0 . 0  0 0 8 8 2 2 " “ 0 . 0 0 0 9 0 2 6 ■ 5 1 2 2 1 . ' 0 . 1 5 1 3 6 3 . - -  : - - 1 8 9 .
" - 0 . 0  0 4  0 7 5 4 “ - 0 . 0 1 8 9  4  6 8 “ “ “  0  .  0 1  9 2  8 2  4 ~ ~ " " 3 4 1 9 6 . - 1 . 7  3 3 7 5 9 "" " “  : " 9 0 3 .
ZLl’i - 0 .  0  0 3 9 6 1  2 . - 0 . 0 1 8 3 1 8 3  ... 0 . 0 1 8 7 4 1 7 y y 3 5 9  3 0 .  r:' - 1 . 7 8 3 7 5 8 r  2 1
1 4 0 . 0 0 0 2 5 5 3 - 0 . 0  0 2 3 4 3 8 0 . 0 0 2 3 5 7 8 3 5 9 6  5 . ' - 1 . 7 8 3 4 3 9 1 1 8 6 .
M-:i 5 0 . 0 0 0 3 7 5 3 - 0 . 0  0 1 7 9 2 4  : ’ 0 . 0 0 1 8  3 1 2  " " V . ~  3 6 0 1  I . -r - 1 . 7 8 2 8 6 5 - g j #
1 6 0 . 0 0 0 1 8 7 7 - 0 . 0 0 0 9 9 6 2 0 . 0 0 0 9 1 5 6 7 2 2 7  0 . - 1 . 7 8 1 3 4 0 1 9 4 .
“ ; “ 1 7  • 0 . 0 0 0 1 9 0 7 - 0 . 0 0 0 8 8 2 2  ~ *";■ 0 .  0 0 0 9 0 2 6 “ 7 2 2 7  0 . “ V I . 7 8 1 3 4 0 " ' 2 6 6 .
1 8 0 . 0 0 0 0 8 9 3 - 0 . 0 0 0 4 1 3 0 0 . 0  0 0 4 2 2  5 1 5 5 7 1 7 . - 1  . 0 5 9 5 5 2 9 0 .
y : i  9 0 . 0 0 0 0 4 9 6  " - 0 . 0 0 0 2 3 2 2  ' " 0 . . 0 0 0 2 3 7 4 ’ 2 7 4 9 9 9 . - 1  . 0 5 9 5 5 2 ......— 1 5 9 .
2 0 - 0 . 0 0 0 1 4 0 4 0 . 0 0 0 1 3 0 6 0 . 0 0 0 1 9 1 7 2 7 3 . - 3 . 8 9 0 7 2 8 0 .
2 1 - 0 . 0 0 0 1 5 9 3 0 . 0 0 0 1 1 0 2 0 . 0 C 0 1 9 3 7 ’ 5 6 8 . - 3 . 8 1 5 7 3 4 1 .  '
2 2 - 0 . 0 0 0 1 5 9 1 0 . 0 0 0 1 1 0 1 0 . 0 0 0 1 9 3 5 3 3 3 7 7 6 . - 0 . 3 4 7 3 8 6 4 4 1  .
' ‘ 2 3 - 0 . 0 0 0 3 1 6 0 0 . 0  0 0 1 6 6  9 0 . 0 0 0 3 5 7 4 3 3 2 7 9 2 . - 1 . 4 0 0 2 2 0 ' 4 3 9 .
2 4 - 0 . 0 0 0 3 4 4 3 0 . 0 0 0 3 3 0 9 0 . 0 0 0 4 7 7 5 4 0 6 1 . - 4 . 0 8 5 7 0 4 5 .
2 5 - 0 . 0 0 0 3 4 3 1 0 . 0 0 0 3 2 9 2 0 . 0  C 0 4 7 5  5 3 4 0 0 9 6 . - 4 . 5 3 1 2 9 9 4 4 9 .
2 6 - 0 . 0 0 0 3 1 2 5 0 . 0 0 0 1 6 2 0 0 . 0 0 0 3 5 2 0 3 4 0 5 0 7 . - 3 . 5 0 2 3 1 6 4 5 0 .
2 7 - 0 . 0 0 0 1 5 3 2 0 . 0 0 0 1 0 1 9 ' 0 . 0 0 0 1 8 4 0 7 5 1 5 . - 4 . 1 0 3 0 4 5 1 0 .
2 8 - 0 . 0 0 0 1 5 0 5 0 . 0 0 0 0 9 8 0 0 . 0 0 0 1 7 9 6 1 0 4 8 0 . - 3 . 9 9 0 9 9 6 6 .
2 9 0 . 0 0 0 1 7 9 2 - 0 . 0 0 0 3 6 8 6 0 . 0 C 0 8 8 6 9 8 8 7 8 . - 3 . 8 8 4 7 7 5 3 3 .
3 0 0 . 0 0 0 1 8 6 5 - 0 . 0 0 0 8 7 5 3 0 . 0 0 0 8 9 5 0 8 6 8 0 . - 3 . 8 6 8 4 7 5 5 .
“ 3 1 0 . 0 0 0 0 8 7 3 - 0 . 0 0 0 4 0 9 8 0 . 0 0 0 4 1 9 0 1 7 4 6 1 . - 3 . 8 2 2 2 0 2 1 0 .
3 2 0 . 0 0 0 0 4 9 6 - 0 . 0 0 0 2 3 2 2 0 . 0 0 0 2 3 7 4 3 0  8 3  7 . - 3 . 8 2 2 2 0 2 1 8 .
3 3 0 . 0 0 0 0 4 9 6 - 0 . 0 0 0 2 3 2 2 C . 0 C 0 2 3 7 4 " 2 5 1 2 4 4 . - 1 . 1 1 0 6 1 8 2 0 0 .
3 4 0 . 0 0 0 0 3 0  8 - 0 . 0 0 0 1 9 4 3 0 . 0 C 0 1 9 6 8 2 5 1 5 6 6 . - 1 . 1 1 1 0 1 6 1 3 1 .
3 5 0 . 0 0 0 0 1 3 6 - 0 . 0 0 0 1 6 9 7 0 . 0 0 0 1 7 0 7 2 5 2 0 4 4 . - 1 . 1 1 1 7 1 1 1 9 9 .
3 6 - 0 . 0 0 0 1 7 7 6 0 . 0 0 0 2 2 7 3 C . 0 C 0 2 8 3 4 2 5 1 3 0 1 . - 1 . 1 1 2 3 2 3 1 2 0 .
3 7 - 0 . 0 0 0 2 7 1 8 0 . 0 0 0 4 1 8 1 0 . 0 0 0 4 9 8 6 0 .
oaO 0 .
TABLE. 2.. 3. 3 Ce'}
3 7 5 « , 0 0 0  RPM HARMON I C  ORDER 6 . 0  ........
....... HARM.  TO R Q U E - T 2 1 8 9 3 . 6  K G C M . '  M I P =  2 0 6 . 1 L B / S Q . I N . •• --------■■■ •"—  - - -----------------•
MASS A M P . ( C O S  > A M P . ( S I N ) a m f l i t u d e TOROUE PHASE ST RES S
RA D. RAD. RAD. KGCM. R A D . L B / S Q . I N
.... 1 0 . 0 0 0 0 5 4 9 - 0 . 0 0 0 0 4 6 3 0 . 0 0 0 0 7 1 8 “  r  3 6 7 6 . - 0 . 6 9 9 7 3 0  * — ..... .. 2 .
2 0 . 0 0 0 0 9 5  1 0 . 0 0 0  0 0 1 5 0 . 0 0 0 0 9 5 2 8 3 8 0 . - 0 . 2 7 6 2 0 3 1 1 •
3 0 . 0  0 0 0 9 2  2 0 . 0 0 0 0 0 2 3 0 . 0 0 0 0 9 2 2 4 0 8 1 0 . - 0 . 0 6 5 3 4 1
...... - 54#
4 ' ; ... 0 . 0 0 0 0 7 1 B 0 . 0 0 0 0 0 3 7 0 . 0 0 0 0 7 1 9 6 2 2 2 1 . 0 . 2 6 3 7 3 2 8 2 .
5  ' 0 . 0 0 0 0 4 1 8 - 0 . 0 0 0 0 0 4 4 0 . 0  0 0 0  4 2 0 8 3 2 8 1 . 0 . 4 2 5 4 3 8 1 1 0 .
" "  6 '  ' 0 . 0 0 0 0 0 3 8 - 0 . 0 0 0 0 2 1 6 0 . 0 0 0 0 2 2 0 1 0 0 8 2 7 . 0 . 5 2 7 8 9 0 1 3 3  .
J -T T  7  •" - 0 . 0 0 0 0 3 9 7 - 0 . 0  0 0 0 4 7 0 0 . 0 0 0 0 6 1 5 ' 1 1 3 2 8  0 .  " ~ ~ 0 . 6 0 6 3 0 5
. . . . . ._ J 5 ( K
r'  8 - 0 . 0 0 0 0 8 6 3 - 0 . 0 0 0 0 7 9 3 0 . 0 0 0 1 1 7 2 1 1 9 7 2  7 . 0 . 6 7 5 6 7 4 : 1 5 8 .
• 9  ..." . - 0 . 0 0 0 1 4 4 9 - 0 . 0 0 0 1 2 6 3 0 . 0 0 0 1 . 9 2 3 : '  5 0 1 8 . :■ - I  . 0 3 3 1 8 1
........... 3#
10 - 0 . 0 0 0 0 2 5 3 0 . 0 0 0 0 3 0 9 ' 0 . 0 0 0 0 3 9 9 2 0 2 5 . - 1 . 2 5 9 0 5 6 ' 7 .
- 0 . 0 0 0  0 2 5  9 - 0 . 0 0 0 0 3 3 0 0 . 0 0 0 0 4 2 0 : ~ 1 6 4 4 .  “ - 1  . 3 4 6 2 3 3 6 .
---7-.~. :r -  ---------- : -- --------: r-T:
1 2 0 . 0 0 0 0 0 2 3 - 0 . 0 0 0 0 0 1 8 0 . 0 0 0 0 0 2 9  " -  ‘ • 1 Q 5 . ' - 0 . 6 4 9 6 8 7 ; 5  .
■,—  1 3 - 0 . 0 0 0 0 0 0 0  - ■ 0 . 0 0 0 0 0 0 0 ' 0 . 0  0 0 0 0 0 0 ' ^ 1 8 5 .  : • “  —0 . 6 4 9 6 8 8 o •'
 ^ 1 4 - 0 . 0 0 0 0 5 0 1 0 . 0 0 0 0 6 5 0 0 . 0 0 0 0 8 2 1 1 4 1 . - 0 . 5 6 5 1 7 4 ....... .. 5 .
- 0 . 0 0 0 0 5 1 9 ’ 0 . 0 0 0 0 6 6 2  ' ' 0 . 0 0 0 0 8 4 1  ’ ' Q • ;“” 0 .  1 3 9 7 3 4
....... 0  ,
“ • 16 - 0 . 0 0 0 0 2 6 0 0 . 0 0 0 0 3 3 1 0 . 0 0 0 0 4 2 1 3 6 3 . - 4 . 3 0 9 6 1 3 1 •
I T  • • - 0 . 0 0 0 0 2 5 9 ■h;o.  0000330 : o . o o o o 4 2 o  : ; : ~ j - " 7 - . '3 6 3 . - ~ ;r' ‘ . - 4 . 3 0 9 6 1 3 . 7J.7; l i  ■
' 1 6  '■ - 0 . 0 0 0 0 1 2 1 0 . 0 0 0 0 1 5 5 0 . 0 0 0 0 1 9 7 1 3 0 4 .  1 - 2 . 3 8 1 3 8 3
- 0 . 0 0 0 0 0 6  9 " 0 . 0 0 0 0 0 8 3 __ 0 . 0  0 0 0 1 1 1  3 ^  2 3 0 3 .  “ - 2 . 3 8 1 3 8 3
2 0 0 . 0 0 0 0 7 4 1 • 0 . 0 0 0 0 0 0 6 0 . 0 0 0 0 7 4 1 3 7 9 1  . 0 . 0 0 7 8 9 3 ’ 2 .
21 0 . 0 0 0 0 7 3 6 0 . 0 0 0 0 6 4 9 0 . 0 0 0 0 9 3 1 8 6 4 3 . 0 . 4 3 1 4 2 0 n .
2 2 0 . 0 0 0 0 7 0 7 0 . 0 0 0 0 6 3 6 0 . 0 0 0 0 9 5 1 4 0  3 1 9 . 0 . 8 2 0 6 1 5 5 3 .
f  2 3  . 0 . 0 0 0 0 5 6 9 0 . 0 0 0 0 4 8 9 0 • 0  COO7 5  0 7 0 3 7 4 . 0 . 8 6 9 2 5 6 9 3  •
24 0 . 0 0 0 0 3 4 2 0 . 0 0 0 0 2 2 0 0 . 0 0 0 0 4 0 7 9 6 4  0 0 . 0 . 8 9 2 1 7 6 1 2 7 .
2 5 0 . 0 0 0 0 0 4  0 - 0 . 0 0 0 0 1 5 5 0 . 0 0 0 0 1 6 0 : 1 1 6 8 4 2 . C . 9 0 8 8 9 4 1 5 4 .
2 6 - 0 . 0 0 0 0 3 2 0 - 0 . 0 0 0 0 6 1 6 0 . 0 C 0 0 6 9 4 1 3 0 5 0 2 . 0 . 9 2 4 4 1 0 1 7 2 ._. 27 - 0 . 0 0 0 0 7 1 3 - 0 . 0 0 0 1 1 3 7 0 . 0 0 0 1 3 4 2 1 3 6 5 8 7 .  ~ 0 . 9 4 1 0 5 9 .......... “ 1 8 0 .
2 8 - 0 . 0 0 0 1 2 1 8 - 0 . 0 0 0 1 8 3 0 0 . 0 0 0 2 1 9 9 5 9 8 0 . - 0 . 8 1 4 5 3 8 3.
2 9 - 0 . 0 0 0 0 2 3 2 0 . 0 0 0 0 3 0 8 0 . 0 0 0 0 3 8 5 3 0 4 2 . - 0 . 7 0 6 1 4 0 " '11.
3 0 - 0 . 0 0 0 0 2 5 8 0 . 0 0 0 0 3 3 0 0 . 0 0 0 0 4 1 9 2 6 4 0 . - 0 . 6 7 4 9 2 8 2.
7;r:31 - 0 . 0 0 0  0 1 2  1 0 . 0 0 0 0 1 5 4 0 . 0 0 0 0 1 9 6 3 4 4 7 . - 0 . 5 2 0 5 9 7 2 •
3 2 - 0 . 0 0 0 0 0 6 9 0 . 0 0 0 0 0 3 8 0 . 0 0 0 0 1 1 1 6 0 8 7 . - 0 . 5 2 0 5 9 7 4 .
■?~33"' 'v - 0 .  0 0 0 0 0 6 9 .... 0 . 0 0 0 0 0 3 8  " 0 . 0 0 0 0 1 1 1 2 2 1 4 . - 4 . 0 4 7 1 3 2  '
..... . - 2 #
34 - 0 . 0 0 0 0 0 6 6 0 . 0 0 0 0 0 8 5 0 . 0  COO 1 0 8 2 8 7 7 . - 4 . 0 4 7 3 3 0 1 .
3 5 - 0 . 0 0 0 0 0 6 4 0 . 0 0 0 0 0 3 2 0 . 0 0 0 0 1 0 4 4 0 0 0 . - 4 . 0 4 7 5 2 2 ... 3.
36 - 0 . 0 0 0 0 0 2 1 0 . 0 0 0 0 0 2 7 0 . 0 0 0 0 0 3 4 4 3 2 4 . - 4 . 0 4 7 6 3 3 2.
37 0 . 0 0 0 0 0 0 2 - 0 . 0 0 0 0 0 0 2 0 . 0 0 0 0 0 0 2 0 . - 4 . 6 0 7 5 1 2 ‘ 0 .
TABLE 2.. 3.3 Of)
■ '  v .....
. . . . ..... . .•
4 5 5 . 0 0 0  RPM H A R M O N I C  O RD ER ...............
-----------------:-r— ......... - ......~
H A R M .  T O R Q U E = 2 2 7 2  5 4 . 0  KGCM M I P =  2 8 1 . 3 L B / S Q . I N .
------------ ------------ - -  — .....
M A SS A M P . ( C O S ) A M P . ( S I N ) A M P L I T U D E T O R Q U E ' y  P H A S E  . .....' " " S T R E S S
R A D . R A D . R A D . K G C M . R A D . L B / S Q . I N .
1 0 . 0 0 3 4 2 1 2 - 0 . 0 0 2 4 1 1 0 0 . 0 0 4 1 8 5 4 • • 8  7 6 1 . - 0 . 6 1 3 3 8 9 ■ : ■ 5 .
2 0 . 0 0 3 8 4 4 9 - 0 . 0 0 1 3 0 9 8 0 . 0 0 4 2 4 9 6 1 8 2 8 2 . - 0 . 5 2 2 9 7 7 2 4 .
3  • 0 . 0 0 3 8 3 9 1 - 0 . 0 0 1 8 0 6 5 0 . 0 0 4 2 4 2 8 2 5 9 8 5 3 . - 0 . 0 8 9 5 2 0 : 3 4 3 .
4 0 . 0 0 3 7 0 9 7 - 0 . 0  0 1 7 9 4 8 0 . 0 0 4 1 2 1 0 3 1 6 1 3 9 . - 1  . 7 4 0 0 2 0 4 1 7 .
yy  5 0 . 0 0 3 7 3 6 3 - 0 . 0 0 1 6 3 9 0 0 . 0 0 4 0 0 0 0 1 4 7 3 5 5 . - 3 . 8 4 9 6 2 7 1 9 5 .
6 0 . 0 0 3 7 9 2 2 - 0 . 0 0 1 6 8 6 9 0 . 0 0 4 1 5 0 5 5 3 1 0 6 7 . - 4 . 3 8 5 6 8 5 7 0 1  •
7 0 . 0 0 3 8 7 7 5 - 0 . 0 0 1 9 3 8 4 0 . 0 0 4 3 3 5 0 5 2 7 1 3 4 . - 3 . 5 5 8 9 2 5 y  . ;r 6 9 6 .
8 0 . 0 0 4 1 1 8 4 - 0 . 0 0 2 0 4 5 3 0 . 0 0 4 5 9 8 3 8 2 3 0 4 . - 3 . 8 2 4 6 1 4 1 0 9 .
y  9  ' 0 . 0 0 4 1 5 8 5 - 0 . 0 0 2 0 7 7 9 0 . 0 0 4 6 4 8 7 4 2 7 7 8 . - 0 . 0 3 0 8 4 1 : 2 5 . '
1 0 0 .  0 0 0 6 1 3 6 - 0 . 0 0 0 1 5 7 1 0 . 0 0 0 6 3 3 4 4 4 7 3 1 . - 0 . 0 4 0 5 8 1 1 6 5 .
1 1 0 . 0 0 0 5 6 4 0 - 0 . 0  0 0 1 5 5 0  - 0 . 0 0 0 5 8 4 9 4 4 9 6 0 . - 0 . 0 4 1 7 6 1 T -  - 1 6 5 .
1 2 - 0 . 0 0 3 3 2 2 3 0 . 0 0 0 2 3 5 3 0 . 0 0 3 3 3 0 6 8 6 9 6 . - 3 . 2 1 2 2 8 8 2 3 0 .
y  1 3 - 0 . 0 0 3 1 8 5 2 0 . 0 0 0 2 2 5 6 0 . 0  0 3 1 9 3 2 * -r 9 1 3 1 . - 3 . 2 1 2 2 3 8 5  .
1 4 0 . 0 0 0 9 7 8 4 - 0 . 0 0 0 2 9 9 6 0 . 0 0 1 0 2 3 2 9 1 0 8 . - 3 . 2 1 1 7 1 5 3 0 0 .
y. 1 5  ■ " 0 . 0 0 1 1 2 0 9 - 0 . 0 0 0 3 0 9 6 0 . 0 0 1 1 6 2 9 --------. y 9 0 6 1 • - 3 . 2 1 0 6 7 6 . y  y y  ' 5 .
1 6 0 . 0 0 0 5 6 0 4 - 0 . 0 0 0 1 5 4 8 0 . 0 0 0 5 8 1 4 ...1 7 8 7 5 . - 3 . 2 0 7 8 5 3 4 8 .
1 7 0 . 0 0 0 5 6 4 0 - 0 . 0  0 0 1 5 5 0 0 . 0 0 0 5  8 4  9 1 7 8 7 5 . v'"r— 3 .  2 0 7 8 5 3 ' 6 6 .
1 8 ’ 0 . 0 0 0 2 6 4  0 - 0 . 0  0 0  0 7 2 6 0 . 0 0 0 2 7 3 8 5 9 1 4  7 . - 0 . 0 3 0 9 2 9 ............ 3 4 .
*  1 9 ' 0 . 0 0 0 1 4 8 8 - 0 . 0 0 0 0 4 1 1 0 . 0 0 0 1 5 4 3 1 0 4 ^ 5 5 * - 0 . 0  3 0 9 2 9 : ~ '“  6 !
2 0 - 0 . 0 0 0 0 4 8 9 - 0 . 0 0 0 1 1 6 4 0 . 0 C 0 1 2 6 2 2 6 4 . - 1 . 9 6 8 4 4 3 0 .
2 1 - 0 . 0 0 0 0 2 3 4 - 0 . 0 0 0 1 2 5 0 0 . 0 0 0 1 2 8 2 ......................  5 5 1  . - 1  . 8 7 7 5 3 0 ............1 •
2 2 - 0 . 0 0 0 0 2 8 4 - 0 . 0 0 0 1 2 4 8 0 . 0 0 0 1 2 8 0 4 2 7 0 1 7 . - 0 . 3 5 1 8 2 7 5 6 4  .
2 3 - 0 . 0 0 0 2 2 8 3 - 0 . 0 0 0 0 5 1 2 0 . 0 0 0 2 3 4 5 —  -  4 2 7 7 9 7 . - 1 . 4 0 0 4 5 3 5 6 5 .
2 4 - 0 . 0 0 0 2 6 5 1 0 . 0 0 0 1 5 9 6 0 . 0 0 0 3 0 9 4 2 6 3 4 . - 3 . 1 9 5 1 6 3 4 .
2 5 - 0 . 0 0 0 2 6 3 7 0 . 0 0 0 1 5 9 5 0 . 0 0 0 3  0 8 2 4 2 9 0 1 7 . - 4 . 5 2 9 8 6 3 ............... 5 6 6 .
2 6 - 0 . 0 0 0 2 2 4 8 - 0 . 0 0 0 0 5 1 4 0 . 0 0 0 2 3 0 6 4  3 2 1 2 3 . - 3 . 4 8 9 7 7 1 5 7 0 .
2 7 - 0 . 0 0 0 0 2 1  7 - 0 . 0 0 0 1 2 5 1 0 . 0 0 0 1 2 7 0 5 1 9 6 . - 3 . 2 9 4 5 9 6 7 .
2  8 - 0 . 0 0 0 0 1 8 5 - 0 . 0 0 0 1 2 5 6 0 . 0 0 0 1 2 7 0 6 1 1 2 . - 2 . 7 3 3 0 1 9 4 .
- 2 9 0 . 0 0 0 5 5 6 6 - 0 . 0  0 0 1 5 8 5 0 . 0 0 0 5 7 8 8 ’ 4 8 3  9 . - 2 . 4 9 1 5 8 0 ............ 1 8 .
3 0 0 . 0 0 0 5 6 0 9 - 0 . 0 0 0 1 5 5 3 0 . 0 0 0 5 8 2 0 4 7 0 1 . - 2 . 4 5 1 9 8 5 ' 3 .
" 3 1 ‘ 0 . 0 0 0 2 6 2 6  * - 0 . 0 0 0 0 7 2 7 0 . 0 0 0 2 7 2 5 - * ‘ 9 3 5 3 . - 2 . 3 3 7 4 3  8 - 5 .  '
3 2 0 . 0 0 0 1 4 8 8 - 0 . 0 0 0 0 4 1 1 0 . 0 0 0 1 5 4 3 1 6 5 1 8 . - 2 . 3 3 7 4 3 8 1 0 .
' 3 3  - 0 . 0 0 0 1 4 3 8 - 0 . 0 0 0 0 4 1 1 0 . 0 0 0 1 5 4 3 9 8 7 2 0 . - 0 . 1 6 6 3 3 7 7 8 .
3 4 0 . 0 0 0 1 3 2 4 - 0 . 0 0 0 0 3 6 3 0 . 0 0 0 1 3 7 8 9 9 0 6 5 . - 0 . 1 6 6 7 4 1 5 2 .
3 5 0 . 0 0 0 1 2 1 7 - 0 . 0 0 0 0 3 6 5 0 . 0 0 0 1 2 7 1 9 9 6 1 9 . - 0 . 1 6 7 4 3 9 7 9 .
3 6 - 0 . 0 0 0 0 5 0 8 - 0 . 0 0 0 0 0 7 4 0 . 0 0 0 0 5 1 4 9 9 4 2 9 . - 0 . 1 6 8 0 5 2 4 8 .
3 7 - 0 . 0 0 0 1 3 3 8 0 . 0 0 0 0 0 6 7 0 . 0 0 0 1 3 4 0 0 . - 1 . 6 6 1 4 5 7 0 .
............ . ... ...._ . ... A .....__ ___ ______ .
TABLE- 2 . 3 . 3  Cg')
455.000 RPM HARMONIC ORDER 6.0
H A R M .  T O R Q' J E = 2 6 0 0 1 . 8  KGCM • M I P =  2 8 1  . 3  L B / S Q . I N .
" "mass A M P .  ( C O S ) A M P . ( S I N ) ........ A M P L I T U D E T OR Q UE ....P H A S E S T R E S S  '
R A D . R AD • R A D . K G C M . R A D . L B / S Q . I N
.'•'5'. l : - 0 . 0 0 0 0 7 4 4 - 0 . 0  0 0 5 9 0 3 0 . 0 0 0 5 9 5 0 4 4 8 3  7 . - 1 . 6 9 6 1 2 8 - •-• 2 6  •
2 " 0 . 0 0 0 5 4 8 0 - 0 . 0  0 0 6 6 8 8 0 . 0 0 0 3 6 4 6 1 0 6 2 0 2 . - 1 . 1 9 5 6 0 2 1 4 0 .
y rf- '"  3'. T  0 . 0 0 0 5 3 3  7 - 0 . 0 0 0 6 3 2 3 0 . 0 0 0 3 2 7 4 2 6 0 2 6 3 . - 0 . 9 5 1 4 0 0 3 4 4 .. . . . . . . . . .  ^
0 . 0 0 0 4 5 8 1 - 0 . 0 0 0 5 2 6 3 0 . 0 0 0 6 9 7 8 3 7 0 4 1 7 . - 0 . 8 7 2 2 6 8 4 8 9 .
5 y y  0 . 0 0 0 3 3 9 0 - 0 . 0 0 0 3 8 4 5 0 . 0 0 0 5 1 2 6 4 5 0 1 4 3 .  '• - 0 . 8 2 3 0 1 4 5 9 4 .
6 0 . 0 0 0 1 8 6 0 - 0 . 0 0 0 2 1 9 5 0 . 0 0 0 2 3 7 7 4 9 2 1 0 2 . - 0 . 7 3 2 0 2 2 ' 6 5 0 .
■”V;: 7 0 . 0 0 0 0 1 1 4  * - 0 . 0 0 0 0 4 6 1 0 . 0 0 0 0 4 7 5 4  9 2  6 3  8 . - 0 . 7 4 0 2 8 0 ~ ....r '■ 6 5 0  •
8 - 0 . 0 0 0 1 7 0 4 0.0001201 0 . 0 C 0 2 0 8 5 4 5 1 8 9 3 . - 0 . 6 9 0 1 4 0 5 9 7 .
- 0 . 0 0 0 3 8 9 3 ‘ 0 . 0 0 0 3 0 0 8 0 . 0 0 0 4 9 2 0 1 4 8 2 4 . - 2 . 3 8 8 1 4 3 9 .
1 0 0 . 0 0 0 0 4 3 3 0 . 0 0 0 0 6 6 0 0 . 0 0 0 0 7 8 9 6 4 6 2 . - 2 . 7 2 0 7 2 8 2 4 .
" 0 . 0 0 0 0 4 9  8 o^To000690 " 0 . 0 0 0 0 8 5 1 5 4 3 2 . - 2 . 8 3 4 4 3 7 ’ ' ' ” 2 0 .
. . . . •» - - - - - - - - - - ..... — - -
" l  2 - 0 . 0 0 0 0 0 1 3 - 0 . 0 0 0 0 0 3 9 0 . 0  0 0 0  0 4 1 3 8  8 . - 1 . 8 9 3 4 1 5 10 .
b -  1 3 0 . 0 0 0 0 0 0 6 0 . 0 0 0 0 0 1 9 ' 0 .0000 020 3 7 8 . - 1 . 8 9 3 4 1 4 : ...... '  ' '  - '  0 .
......1 4 0 . 0 0 0 0 9 9 4 0 . 0 0 0 1 3 4 4 0 . 0 0 0 1 6 7 2 2 5 2 . -  1 . 7 2 4 3 4 2 ' .....8 .
rly-iS 0 .00 01 00 0 ~ 0 . 0 0 0 1 3 3 3 0 . C 0 0 1 7 0 7 - 1 1 8 . ~ - 0 . 3 9 4 1 3 8 ; o .
16 0 . 0 0 0 0 5 0 0 0 . 0 0 0 0 6 9 2 0 . C COO 8 5 3 1 4 1 2 . 0 . 7 8 2 0 9 0 ..... 4 .
7 I  ; 0 . 0 0 0 0 4 9 8 0 . 0  0 0 0 6 9 0 0 . 0  000 8 5 1 1 4 1 2 . 0 . 7 8 2 0 9 0 s .
r~--- ................................. ........ --- -------------- r--------v-v ..... -------------- r -
: I  8 0 . 0 0 0 0 2 3 3 0 . 0 0 0 0 3 2 3 0 . 0 0 0 0 3 9 8 6 4 4 3 .  " ‘ - 3 . 8 4 8 8 1  1 ....." " A .
y  1 9 :  : 0 . 0 0 0 0 1 3 3 0 . 0  0 0 0 1 8 2 r 0 . 0 0 0 0 2 2 5 ' ' 1 1 3 7 9 .  “ • - 3 . 8  4 8 8 1  1 *.... ..........................7 .
" 20 0 . 0 0 0 1 7 9 3 - 0 . 0 0 0 6 3 9 8 0 . 0 C 0 6 6 4 4 5 0  0 6 9 . - 1 . 2 9 7 5 7 8 2 9 .
2 1 ' 0 . 0 0 0 8 5 3 8 - 0 . 0 0 0 4 5 0 8 0 . 0 0 0 9 6 5 5 ~ 1 1 8 5 9 5 . - 0 . 7 9 7 0 5 5 1 5 7 .
2 2 0 . 0 0 0 8 2 3 3 - 0 . 0 0 0 4 1 9 5 0 . 0 0 0 9 2 4 0 2 7 3 0 2 6 . - 0  . 5 4 4 2 5 0 3 6 0 .
2 3 0 . 0 0 0 7 0 6 5 ' - 0 . 0 0 0 3 4 8 8 0 . 0 0 0 7 8 7 9 4 0 8 9 6 1 • - 0 . 4 6 8 7 8 2 5 4 0 .
2 4 0 . 0 0 0 5 2 4 0 - 0 . 0 0 0 2 5 6 4 0 . 0 0 0 5 8 3 4 5 1 1  0 6 6 . - 0 . 4 2 5 0 5 8 6 7 5 .
2 5 0 . 0 0 0 2 9 1 3 - 0 . 0 0 0 1 5 1 0 0 . 0 0 0 3 2 8 1 5 7 0 0 5 7 . - 0 . 3 3 9 8 4 8 7 5 3 .
2 6 0 . 0 0 0 0 2 7 6 - 0 . 0 0 0 0 4 2 7 0 . 0 0 0 0 5 0 8 5 8 0 8 0 4 . - 0 . 3 5 4 6 5 7 7 6 7 .
2 7 - 0 . 0 0 0 2 4 4  7 0 . 0 0 0 0 5 3 2 0 . 0 C 0 2 5 1 5 5 4 2 5 3 0 . - 0 . 3 1 3 0  8 4 7 1 6 .
2 8 - 0 . 0 0 0 5 6 8 9 0 . 0 0 0 1 6 3 1 0 . 0 0 0 5 9 1 9 1 8 7 9 2 . - 2 . 0 6 2 0 3 2 11 .
2 9 0 . 0 0 0 0 4 5 9 0 . 0 0 0 0 5 6 9 0 . 0 0 0 0 7 3 1 1 0 7 4 7 . - 1  . 9 1 7 7 3 7 4 0 .
3 0 0 . 0 0 0 0 4 9 9 0 . 0 0 0 0 6 8 1 0 . 0 0 0 0 8 4 5 9 5 8 1  . -  1 . 8 8 1 8 0 2 6 .
3 1 ' 0 . 0 0 0 0 2 3 4 0 . 0 0 0 0 3 1 9 0 . 0 0 0 0 3 9 5 1 4 1 5 9 . - 1 . 7 2 9 0 1 2 8 .
3 2 0 . 0 0 0 0 1 3 3 0 . 0 0 0 0 1 8 2 0 . 0 0 0 0 2 2 5 2 5 0 0 5 . - 1 . 7 2 9 0 1 2 1 4 .
3 3 0 . 0 0 0 0 1 3 3 0 . 0 0 0 0 1 8 2 0 *  0 C 0 0 2 2 5 2 6 6 9 . 0 . 9 4 2 8 5 5 2 .
3 4 0 . 0 0 0 0 1 3 0 0 . 0 0 0 0 1 7 9 0 . 0 0 0 0 2 2 1 4 6 7 4 . 0 . 9 4 2 4 0 6 2 .
3 5 0 . 0 0 0 0 1 2 7 0 . 0 0 0 0 1 7 5 0 . 0 0 0 0 2 1 6 8 0 3 8 . 0 . 9 4 2 1 4 7 6 .
3 6 0 . 0 0 0 0 0 4 3 0 . 0 0 0 0 0 6 0 0 . 0 0 0 0 0 7 4 9 1 1 8 . 0 . 9 4 2 0 3 0 4 .
3 7 - 0 . 0 0 0 0 0 0 2 - 0 . 0 0 0 0 0 0 3 0 . 0 C 0 0 0 0 3 0 . - 1 . 5 7 0 7 9 5 0 .
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16 5 . 0 0 0  RPM HARMONIC ORDER 6 . 0 . . .  . ■ ■ .
HARM.  TORQUE= . 1 4 7 . 6 9  . 4  KG CM.  MI P- 7 7 . 8  L B / S Q . I N . . ....... ...........
ASS A M P . ( C O S ) A M P . ( S I N ) A M P L IT U D E TORQUE PHASE STRES S
i _  :: P A D .  ..  '71 . R A D . RAD.  .. KGCM. . . . R A D .  ..... L B / S Q . I N .
1 - 0 . C C C 1 9 9 4 - 0 . 0 0 0 1 7 1 4 0 . 0 0 0 2 6 2 9 2 6 0 6 . - 2 . 4 3 1 6 7 1 2 .
2 > - 0 . 0 0 0 1 3 3  9 - 0 . 0 0 0 2 4 7 6 C . 0 0 0 2 8 1 5 5 5 2 0 . - 2 . 2 3 5 8 5 7 7 .  .
3 - 0 . 0 0 0 1 3 2 6 - 0 . 0 0 0 2 4 6 0 0 . 0 0 0 2 7 9 5 1 2 1 5 6 . - 0 . 8 9 4 9 4 8 1 6 .
;  4 ' - 0 .  0 0 0 1 3 6 4 - 0 . 0 0 0 2 4 1 3 0 . 0 0 0 2 7 7 2 1 1 2 9 0 .  .. - 0 . 1 5 2 4 3 7 - 1 5 .
5 - 0 . 0 0 0 1 4 2 0 - 0 . 0 0 0 2 4 0 4 0 . 0 0 0 2 7 9 2 . 1 5 8 1 2 . 0 . 3 9 5 5 0 1 21 .
6  . - 0 . 0 0 0 1 4 9 3  .... - 0 . 0 0 0 2 4 3 5 0 . 0  0 0 2 8 5 6 , . . 2 2 5 9 3 . . _ 0 . 6 5 9 9 7 3 . 7 1  ...' 3 0 .
7 - 0 . 0 0 0 1 5 8 2 - 0 . 0 0 0 2 5 0 4 0 . 0 0 0 2 9 6 2 2 9 9 6 1 . 0 . 7 9 9 5 5 5 4 0 .
r  8  .: l - 0 . 0 0 0 1 6 8 7  , - 0 . 0 0 0 2 6 1 1 0 . 0 0 0 3 1 0 9 .....  7 3 7 3 4  6 . 0 . 8 8 5 0 7 5 . .... 4 9 .  ■
9 - 0 . 0 0 0 1 6 3 5 - 0 . 0 0 0 2 7 9 3 0 . 0 0 0 3 3 4 2 5 1 7 4 . - 1 . 3 0 1 4 8 4 3 .
10  .A: 0.0000124 . 0 . 0 0 0 0 3 2 6 . 0 . 0 0 0 0 3 4 9 . . .  7 1 . 4 7 6 3 .  J 1 - 1  . 2 3 6 S 4 2 1 8 .
11 0 . 0 0 0 0 1 0  6 0 . 0 0 0 0 3 7 6 0 . 0 0 0 0 3 9 1 r 4 7 0 3 . - 1 . 2 2 7 7 9 2 1 7 .
12 > 0 . 0 0 0 0 0 2 1  I' - 0 * 0 0 0 0 1 4 6 . 0 . 0 0 0 0 1 4 8  ^■ 7 7 7 7 -7 7 i 8 3 . 7 > ' . - 1 . 7 1 3 9 5 1 , • 5  .  7
1 3 - 0 . 0 0 0 0 0 1 7 - 0 . 0 0 0 0 1 1 8 0 . 0 0 0 0 1 1 9 .............. 1 9 1 . - 1 . 7 1 3 9 5 1 0 .
14 , 0 . 0 0 0 0 2 OS 0 . 0 0 0 0 7 2 3 0 . 0 0 0 0  7 5 3 . . \ 7 > : . :7 7 ;1 8 3 . .  . - 1 . 7 0 7 8 7 6 6 .
1 5 0 . 0 0 0 0 2 1 2 0 . 0 0 0 0 7 5 2 0 . 0 0 0 0 7 8 1 .............1 6 8 . - 1 . 6 9 5 4 4 2 0 -
. 1 6 . ' o . o c o o :0 6 0 . 0 0 0 0 3 7 6 0 . 0 0 0 0 3 9 1 2 5 6 .  ..v. - 1 . 6 4 8 0 9 8 I:.' 7 1 • '
1 7 .. 0 . 0 0 0 0 1 0 6 - 0 . 0 0 0 0 3 7 6 0 . 0 0 0 0 3 9 1 . 2 5 6 . - 1 . 6 4 8 0 9 8 1 *
I 8 . -. 0 . 0 0 0 0 0 5  0 >'. 0 . 0 0 0 0 1 7 6 . 0 . 0 0 0 0 1 8 3 .. ' 1 0 2 0 5 .  . . . - 1 . 2 2 5 0 5 3 : 6 .
1 9 0 . 0 0 0 0 0 2 8 0 .  0 0 0 0 1  0 1 ’ 0 . 0  0 0 0 1 0 5 . 1 3 0 2 2 . - 1 . 2 2 6 0 5 3 1 0 .
2 0 ; 0 .  0 0 0 1 8 9 9 0 . 0 0 0 1 9 6 8 0 . 0 0 0 2 7 3 5 ,  2 7 1 0 .  .77 0 . 8 0 3 3 9 7 .... 2 .  -
21 0 . 0 0 0 1 1 4 6 C . 0 0 0 2 6 9 4 0 . 0 0 0 2 9 2 8 5 7 4 1  . 0 . 9 9 9 2 1 1 8 .
2 2  A^  0 .  0 0 0 1  13 5 0 . 0 0 0 2 6 7 6 0 . 0 0 0 2 9 0 7 .' _i. 7 . 2 4 4  0 .  ... - 1 . 9 4 2 1 0 0 . , •.. 3 .7
2 3 0 . C 0 C 1 1 3 9 0 . 0 0 0 2 6 8 8 0 . 0 0 0 2 9 1 9 1 0 5 4 1 . - 2 . 0 5 0 3 1 5 1 4 .
2 4 0 . 0 0 0 1 1 5 3 0 . 0 0 0 2 7 3 5 0 . 0 0 0 2 9 7 2 ' :,.... 1 8 5 3  9 . - 2 . 0 6 3 6 4 4 ■ . 2 4 .
2 5 0 . 0 0 0 1 2 0 7 0 . 0 0 0 2 8 1 6 0 . 0 0 0 3 0 6 4 . . 2 6 3 2 9 . - 2 . 0 6 7 8 9 0 3 5 .
2 6 . . 0 .  0 0 0 1 2 7 0 • 0 . 0 0 0 2 9 3 2 . C . 0 0 0 3 1 9 5 . 3 3 3 2 2 .  . ; - 2 . 0  6 9 0 0 2 . 4 5 .
2 7 0 . 0 0 0 1 3 5 1 0 . 0 0 0 3 0 8 0 0 . 0 0 0 3 3 6 4 4 0 9 3 3 . - 2 . 0 6 8 4 3 6 5 4 .
2 8 • . 0 .  0 0 0 1 4 7 4 0 . 0 0 0 3 3 0 6 . 0 . 0 0 0 3 6 2 0 :7 >  4 4 7 4 .  7. - 4 . 3 3 3 0 1 3 . . 3 .
2 9 0 . 0 0 0 0 0 8 6 0 . 0 0 0 0 4 3 9 0 . 0 0 0 0 4 4 8 5 0 5 0 . — 4 . 4  0 4 9 0  5 1 9 .
30  : 0 . 0 0 0 0 1 0  3 . 0 . 0  0 0 0 3 8 6 0 . 0 0 0 0 3 9 9 . •; 7- 5 1 1 4 . 1  ,... - 4 . 4 1 2 9 0 9 ....... -......  3 .
31 0 . 0 0 0 0 0 4 8 0 . 0 0 0 0 1 8 1 0 . 0 0 0 0 1 8 7 1 1 2 8 4 . - 4 . 4 3 2 3 9 8 7 .
3 2  .L' . 0 .  0 0 0 0 0 2  8 . - . 0 * 0 0 0 0 1 0 1 0 . 0 0 0 0 1 0 5 . J-.-lll-.; 1 9 9 2 8 . l . = 7. — 4 . 4  3 2 8 9 8 . . ......1 2 .
3 3 0 . 0 0 0 0 0 2 8 0 . 0 0 0 0 1 0 1 0 . 0 0 0 0 1 0 5 ... 3 7 4 2 . 1 . 3 0 5 1 2 0 3 .
3 4 0 . 0 0 0 0 0 2 6 0 . 0 0 0 0 0 9 5 0 . 0 0 0 0 0 9 8 : 3 8 5 9 . 1 . 3 0 5 0 4 2 . 2 .
15 0 . 0 0 0 0 0 2 5 0 . 0 0 0 0 0 9 1 0 . 0 0 0 0 0 9 4 4 0 5 5 . 1 . 3 0 4 9 1 5 3 .
16 . 0 . 0 0 0 0 0 0 6 0 . 0 0 0 0 0 2 2 0 . 0 0 0 0 0 2 3 > 4 0 9 7 .  . 7  1 . 3 0 4 8 1 1 7 2 .
17 - 0 . 0 0 C 0 0 0 3 - 0 . 0 0 0 0 0 1 1 C . 0 0 0 0 0 1 2 0 . - 1  . 3 0 4 5 4 3 0 .
TABLE. 2-3-5 (cO)
2 4 0 • 0 0 0  RPM HARMONIC ORDER 6 . 0 • • . ;
HARM.  TORQUE= 1 6 6 7 9 . 0  KGCM.  MI P-  11 2 . 1  L B / S Q . I N .
IASS A M P . ( C O S ) A M P . ( S I N ) A M P L IT U D E TORQUE PHASE STRESS
t Z  RA D.  -I-.Z RA D. RAD.  . : : KGCM.  'L Z: R A D . L 8 / S Q . I N
1 - 0 . 0 0 0 0 8 5 5 - 0 . 0 0 0 0 6 3 9 C . 0 0 0 1 0 6 8 2 2 3 9 . - 2 . 4 9 9 6 1 5 1 .
Z . 2 Z > - 0 . 0  0 0 0 5 0  0 - 0 . 0 0 0 1 1 1 5 . 0 . 0 0 0 1 2 2 2 ' . 4 8 4 2 .  .. - 2 . 2 1 8 7 2 5 .. .......LL 6 .
3 - 0 . 0 C 0 0 4 Q 9 - 0 . 0 0 0 1 1 0 1 0 . 0 0 0 1 2 0 4 1 4 0 8 8 . - 0 . 6 3 3 3 7 3 1 9 .
: , 4 .  ,3 - 0 . 0 0 0 0 5 4 3 —0 . 0 0 0 1 C 5 6 0 . 0 0 0 1 1 8 8 .... 1 6 2  0 9 . 0 . 0  4 6 3 6 0 21  •
5 - 0 . 0 0 0 0 6 2 4 - 0 . 0 0 0 1 0 6 0 0 . 0 0 0 1 2 3 0 . ... 2 3 5 0 4 . 0 . 4 5 9 1 4 6 '31 .
;• - 0 . 0 0 0 0 7 3  0 - 0 . 0 0 0 1 1 1 2 ■ 0 . 0  0 0 1 3 3 0  . . , .  . 3 2 2 7 2 .  ZZ. . 0 . 6 6 3 6 9 4 -Z 4 3 .
7 - 0 . 0 0 0 0 8 5 7 - 0 . 0 0 0 1 2 1 1 0 . 0 0 0 1 4 8 4 4 1 0 4 7 . 0 . 7 8 2 0 6 4 5 4 .
' 8 - 0 . 0 0 0 1 0 0 2  . > 0 . 0 0 0 1 3 5 6 0 . 0 0 0 1 6 8 6 . 4 9 2 2 3 . . . . . . . 0 . 8 6 1 4 5 9  ! Z. 6 5 .
9 - 0 . 0 0 0 1 2 0 4 - C . 0 0 0 1 5 9 1 C . 0 0 0 1 9 9 5 3 6 7 6 . - 1 . 2 5 2 2 7 5 2 .
10 Z 0 . 0 0 0 0 1 1 2 . - 0 . 0  0 0 0 0 0 0 0 . 0 0 0 0 1 1 2 . . 3 8 0 2 .  ..: Z Z - 1 . 1 6 4 1 0  2 1 4 .
1 1 0 . 0 0 0 0 0 9 5 0 . 0 0 0 0 0 3 9 . 0 . 0 0 0 0 1 0 2 3 8 0 3 .  ; - 1  . 1 5 3 2 6 3 1 4 .
1 2 - 0 . 0 0 0 0 0 1  4 . - 0 . 0 0 0 0 0 0 9 ■- 0 .  0 0 C 0 0 1  7  ...... :'.ZZZZZ1‘45.Z-Z_ZZ.— 2 .  5 8 1 8 1  4 Z i •
13 - 0 . 0 0 0 0 0 0 8 - 0 . 0 0 0 0 0 0 5 0 . 0 0 0 0 0 1 0 4 6 . - 2 . 5 8 1 8 1 4 o *
1 4 0 . 0 0 0 0 1 8 4 • 0 . 0 0 0  0 0 7 3 0 . 0 0 0 0 1 9 8 Z ZZZZ 4 i . . .Z - 2 . 5  6 2 2 9 7 . • l  •
1 5 0 . 0 C C 0 1 9 0 C . 0 0 0 0 0 7 7 0 . 0 0 0 0 2 0 5 . - 3 3 . - 2 . 5 1 2 8 4 1 0 .
16 .., .0.  0 0 0  0 0 9 5  .. ._ „C.  0 .000 0 3 9  .... . 0 . 0  0 0 0 1 0 2 _L_ ZZ.ZZZ.2.6 ■ZZ-2 . 0 8 1 0 7  5 . . .  — ._ZZZ-£«-.Zq.a
1 7 0 . 0 0 0 0 0 9 5 0 . 0 0 0 0 0 3 9 0 . 0 0 0 0 1 0 2 2 6 . - 2 . 0  8 1 0 7 5 0 .
1 8 0 . 0 0 0 0 0 4 4 0 . 0 0 0 0 0 1 8 0 . 0 0 0 0 0 4 8 Z.81 6 6 .  Z.ZZ - 1 . 1 3 0 4 4 4 Z 5 .
1 9 0 . 0 0 0 0 0 2 5 C . 0 0 0 0 0 1 1 0 . 0 0 0 0 0 2 7 1 4 4 2 2 . - 1  . 1 3 0 4 4 4 8 .
2 0 0 .  GOO0 8 2 6 0 . 0 0 0 0 6 3 0 0 . 0 0 0 1 0 3 9  ... Z . 2 1 7 9 . . 0 . 6 5 1 3 9 6 . . .. 1 •
21 0 . 0 0 0 0 4 7 6 C . 0 0 0 1 0 9 0 0 .  00 01  1 8 9 4 7 1  2 . 0 . 9 3 2 2 8 6 6 .
2 2 0 . 0 0 0 0 4 6 6 0 . 0 0 0 1 0 7 6 . 0 . 0 0 0 1 1 7 2  : ;Z . 6 3 9 0 . Z - 2 . 0 2 7 9 3 4 . 8 .
2 3 0 . 0 0 0 0 4 8 0 0 . 0 0 0 1 1 0 4 0 . 0 0 0 1 2 0 4 1 7 2 8 3 . - 2 . 0 7 6 3 0 2 2 3 .
2 4 ; 0 . 0 0 0 0 5 2 2 0 . 0 0 0 1 1 8 0 0 . 0 0 0 1 2 9 0  . 2 7 7 7 3 . .. —2 . 0  8 6 0 1  8 3 7 .
2 5 0 . 0 0 0 0 5 9 0 0 . 0 0 0 1 3 0 1 0 .  00 01  4 2 8 3 7 6 0 0 . - 2 . 0 8 8 8 1 7 5 0 .
2 6 0 . 0 0 0 0 6 8 3 : 0 . 0 0 0 1 4 6 4 0 . 0 0 0 1 6 1 6  ..... Z.ZZ 4 6 5 2  9 .  Z. Z - 2 . 0 8 8 6 5 5 6 1 .
2 7 0 . 0 0 0 0 7 9 8 0 . 0 0 0 1 6 6 6 0 . 0 0 0 1 3 4 8 5 4 3 4 7 . - 2 . 0 3 6 6 1 0 7 2 .
2  8 0 . 0 0 0 0 9 6 7 0 . 0 0 0 1 9 6 3 0 . 0 0 0 2 1 8 8 . 3 7 0 9 . ■ - 4 . 1 4 6 9 2 8 2 .
2 9 0 . 0 0 0 0 0 7 2 0 . 0 0 0 0 0 8 3 0 . 0 0 0 0 1 1 0 3 3 2 3 . - 4 . 2 3 4 2 3 2 1 4 .
3 0 0 . 0 0 0  0 0 9  2 0 . 0 0 0 0 0 4 5 0 . 0 0 0 0 1 0 2  • : 3 8 2  3 . - 4 . 2 4 5 0 0 4 2 .
31 0 . 0 0 0 0 0 4 3 0 . 0 0 0 0 0 2 1 0 . 0 0 0 0 0 4 8 8 1 6 7 . - 4 . 2 7 3 1 5 2 5 .
3 2 0 . 0 0 0 0 0 2 5 , 0 . 0 0 0 0 0 1 1 . 0 . 0 0 0 0 0 2 7 ..... .... 1 4 4 2 2 .  . - 4 . 2 7 3 1 5 2 8 •
3 3 . 0 . C 0 0 0 0 2 5 0 . 0 0 0 0 0 1 1 0 . 0 0 0 0 0 2 7 8 2 2 . 0 . 4 2 4 5 5 0 i .
3 4 • 0 .  0 0 0 0 0 2 3 ■ 0 . 0 0 0 0 0 1 1 0 . 0 0 0 0 0 2 6 Z . 8 8 6 . . 0 . 4 2 4 4 5 3 0 .
3 5 0 . 0 0 0 0 0 2 3 0 . 0 0 0 0 0 1 0 0 . 0 0 0 0 0 2 5 9 9 5 . C . 4 2 4 3 1 3 1 .
3 6 - 0 . 0 0 0 0 0 0  7 0 . 0 0 0 0 0 0 3 0 . 0 0 0 0 0 0 7  , . . 1 0 2 4 . 0 . 4 2 4 2 0 6 0.
3 7 - o ^ o o o o o o t - 0 . 0 0 0 0 0 0 1 0 . 0 0 0 0 0 0 1 0 . 0 . 0 0.
. ............  ~ ................
ZZZzZZ/ZZ’
.............. - . - -
Z/:ZZz:!Z,
‘ '
TABLE 2:. 3. 5 (b)
375.000 RPM HARMONIC ORDER 6.0
HARM. TORQUE^ 21893.6 KGCM.
MASS AMP.(COS > AMP.(SIN) AMPLITUDE
■ RAD. RAD. PAD.
. ... 1 ’ 0.0C00525 -0.0000450 0.0000692
LL 2 . . 0.0000916 0.0000007 • 0.0000916
3 0.0000888 0.0000015 0.0000888
ZZ 4 , . , 0.0000688 0.0000029 0.0000688
5 0.0000393 -0.0000052 0.0000396
ZZ 6 0.0000020 -0.0000223 0.0000224
7 -0.0000407 -0.0000475 0.0000626
.:,L 8 . —0.COO0864 -0.0000797 . 0.0001175
9 — 0.00 01440 -C.0001265 0.0001917
1 1 0 .. 0.0000087 —0.0000C50 0.0000101
n 0.0000064 0.0000007 .0.0000065
12 Z -0. 0000004 -0.0000002 0.C000004
13 0.ocooooo 0.0000000 0.0000000
14 0.0 00012 6 0.0000012 0.0000126
15 0.0000129 0.0000014 0.0000130
16 0.0000064 0.0000007 ;0.0000065
17 0.0000064 0.0000007 0.0000065
1 8 0.0000030 0.0000003 C.0000030
19 O.COOCOl6 0.0000003 .0.0000017
20 -0.000072 3 -0.0000022 . 0.0000724
21 -0.0000704 -0.0000651 0.0000959
22 —0•0000676 -0.0000637 •0.0000929
23 -0.0000542 -0.0000489 0.0000730
24 -0.COO0319 -0.0000219 .0.0000337
25 - 0 .C000023 0.0000157 0.0000158
26 0*000032 9 . 0.0000618 0.0000700
27 0.0000715 0.0001140 0.0001345
28 0.0001210 0.0001834 0.0002197
29 0.0000028 0.0000073 0.0000078
30 0.0000059 0.0000017 0.0000062
31 0.0000028 0.0000008 0.0000029
32 0.0000016 0.0000003 0.0000017
33 0.000001 6 0.0000003 0.0000017
34 0.000001 6 0.0000003 0.0000016
35 0.0000015 0.0000003 0.0000016
36 0.C000005 0.0000001 0.0000005
37 -0.0000000 -0.0000000 0.0000000
L8/SQ.IN.
TORQUE PHA SE STRESS
KGCM. ,'ZZZ'ZZ..- RAD. LB/SQ.IN,
3540. -0.703128 2.
8068. . -0.284601 11.
40092. -0.067836 53.
. 61142. :,v 0.266375 81 •
81943. 0.430240 108.
V 99318. . , . 0.533765 131.
111691. 0.612808 147.
118151.. . .0.682579 . .156.
4956. -1.281554 3.
5546. ... -1.18464 2 .... 20.
5564. -1.173666 20.
ZZZZZZ'2 8'.ZZZ•Z— 2 • 779 44 3 .. ZZ' ZZZ 1.
28. -2.779443 0.
ZZZZ/.22*.Z;Z.Z -2.694929 . Z.ZZ,.. i.
. 10. -2.269490 0.
Z.-0.15618 3 ZZZ.. o.
56. -0.156183 0.
ZZ ‘ 12057. ’ Z -1.13705 9 Z
21293. -1.137059 12.
. 3704. . Z -3.110917 . . . 2.
8443. -2.637390 11 .
39988.__ :.-2.30 7533 Z . Z . . 53.
69881. -2.260702 92.
95767.ZZ. -2.238572 126.
116104. -2.222338 153.
129699. . Z -2.20 7186 171 .
135766. -2.190853 179.
5387. . Z -4.115343 3.
5751 • -4.201549 21 •
573 8. ... -4.211842 .. 3.
12186. -4.238956 7.
Z 21521 • ....Z. -4.2 38956 12.
332. . 0.192611 0.
Z  432. Z' Z 0.192413 Z o.
601. 0.192222 0.
Z .649. ... 0.192109 0.
0. -4.656390 0.
TABLE 2.3.5 (c^
455.000 RPM HARMONIC ORDER 6.0 . . _ ; ---“
HARM. T0P0UE= 26001 .8 KGCV. MI P= 281 .3 L3/SQ.IN.
MASS AMP.(COS) AMP.(SIN) AMPLITUDE TORQUE PHASE STRESS
• RAD. RAD. RAD. KGCM. RAD. LB/SQ.IN
1 -0.0000539 -0.0005893 0.0005917 44589. -1.661951 26.
i 2 ' 0.0005674 . -0.0006461 0.0003599 105616. -1.161427 1 39.
3 0.000551 9 -0.0006103 0.0003228 2 59 6*2 5. -C.918808 343.
4 0.0004731 -0.0005071 0.0006936 369364. -0.838106 488.
5 0.0003494 -0.0003696 C.0005087 449770. -0.788024 594.
6 0.0001908 . -0.0 00 2102 0.0002839 ... 491968. -0.746456 649.
7 0.0000103 -0.0000432 0.0000444 492774. -0.704234 651 •
: 8 -0.0001775 0.0001164 0.0002122 ' .452310* -0.653628 597.
9 -0.000*031 0.0002891 0.0004960 15277. -2.571961 9.
10 .-0.0000090 -0.0000302 0.000031 5 ..;L 18137. -2.442635 67.
11 0.0000065 -0.0000172 0.0000184 13228. -2.428871 67.
12 .—0 * 000000 5 0.0000007 0.0000009 ^. ; v „ .  84..M.. “ 4.051391 2 •
13 0.0000003 -0.0000003 0.0000 004 82. -4.051391 0.
14 .0.000012 3 -0.0000340 0.0 000362 _ ... -3.88231 8 . 2 •
15 0.0000129 -0.0000346 0.0000369 25. -2.552115 0.
16 0.000005 5 -0.0000173 . 0.0000185- ’.l ’l -^30 5.. — 1 .3 75887 1 *
17 ... 0.0000065 -0.0000172 0.0000184 ... ... 305. -1.375887 1 «
. . ■
18 .0.0000030 . “ 0.0000081 . C-.O000086 . . - 39822. -2.379629 23.
19 0,0000021 -0.0000042 ; 0.0000 04 7 70325. -2.379629 41 •
20 V  -0. 0001954 ■0.0006451 0.0 00674 0 50790. -4.418229 29.
21 -0.0008755 0.0004390 0.0009794 120303. -3.917706 159.
22 .-0.0008438 ,0.0004079 0.0009373 277511. .. -3.666230 • 366.
23 -0.0007238 0.0 003384 0.0007 990 415355. -3.591312 549.
24 -0.000536 5 0.0 002*80 C.C005911 519779. -3.547907 686.
25 -0.0002978 0.0 001453 0.0003313 579844. -3.512936 765.
26 -0. 0000276 0.0000401 .0.0000487 L 5 90 82 7. , A. “ 3.477961 780.
27 0.0002513 -0.0000574 0.0002577 551934. -3.436623 729.
28 0. 0005830 -0.0001532 0.0006040 17541. 0.972336 10.
29 0.0000230 0.0000013 0.0000230 19237. 0.866207 71 .
30 0.000 009 1 -0.0000146 0.0000172 . ; 19213, 0.853892 1 1 .
31 0.000004 3 -0.0000068 0.0000080 40658. 0.821280 24,
32 0.000002 1 -0.0000042 0.0000047 . r: 71802. 0.821230 42.
33 0.0000021 -0.0000042 0.0000047 557. -1.12 4856 c •
34 0.0000020 -C.0000041 . 0.0C00 046 976.. -1.11530 5 1.
35 0.00CC020 -0.0000040 0.0000045 1688. -1.115563 1 «
36 0.0000007 -0.0000014 0.0000015. 1903. ■-1 .1 15681* 1 •
37 -0.0000000 0.0000001 . 0.0000001 0. -0.602287 0.
’ ......... • ' * " ".....
r_ _ _  . .•... ,
t a b l e : 2. 3.5 (d)
3. ANALOGUE COMPUTING EXAMPLES
EXAMPLE 3.1
SINGLE! DEGREE OF FREEDOM SYSTEM 
WITH FORGED EXCITATION AND 
DAMPING
K
1G . 36
Inertia, J =  2.4 lb.in. -sec.2
Shaft stiffness, K = 3.0 x 10^ lb.in./rad.
External damping coefficient, C = 128 lb.in.sec./rad. 
Exciting torque, T0= 1500 lb.in.
The undamped natural frequency,
= 1118,0 rad./sec.
The dynamic magnifier at resonance, M = 21.
• r v  -4*
Amplitude at resonance, —  - 0.0105 rad.
For comparative purposes the system frequency 
response was examined by digital forced-damped computing 
from 100 to 1500 rad./sec. in steps of 100 rad./sec. and 
also in the vicinity of resonance, from 1000 to 1200 
rad./sec, in steps of 50.
(a) Analogue Computing from Static Conditions
The equation of motion is:- 
*■> *
J ©  + C © + K © = T c * sin t J
* 6
or 2.4© + 128© + 3 x 10 . © = 1500 sinUit .
Re-arranging for analogue computing:-
» »  • /- ,
©  = - 53.33 ©  - 1.25 x 10 ©  + 625 sin U3X •
The analogue computer circuit representative 
of this equation is sho>m diagrammatically in 
Fig: 37 .
Amplitude Scaling:-
Maximum permissible machine voltage = l.M.U. = 100 volts 
For convenient scaling a frequency range up’ to 1200 
rad./sec. is considered, that is C0o approximates 
to 1200.
Maximum amplitude, 6 = + .01048 rad. - Say 9000
volts/unit.
*
Velocity, ©  = + -U.7187 rad./sec -
- Say 7.5 
volts/unit.
Acc?, 0 „ = O c.© = + 13102 rad./sec. - Say .00625MAX MAX , / • ,volts/unit.
For 1st. Integrator, A2,
Input scale, = .00625 volts/unit ^
Output scale Vc =7.5 volts/unit.
Hence integrator factor = 7.5/.00625 = 1200
loov
CO A  \
CO
A V
1200
A2,
A  2. B 2
1200A 2
A3
FIG.37
ANALOGUE COMPUTER CIRCUIT DIAGRAM 
FOE BASIC 1-MASS SYSTEM ANALYSIS.
EXAMPLE 3.1,(a)
For 2nd.Integrator, B2,
V |tsl = 7.5 volts/unit and V Q = 9000 volts/unit? 
Integrator factor = 9000/7.5 = 1200.
To satisfy equation of motion in the circuit, 
Multiplier for amplitude loop, 0  ,
= 1.25 x 106 x .00625/9000 = .86806, (Pot.QB2)
and multiplier for velocity loop, 0 ,
= 53.33 x .00625/7.5 = .04444, (Pot.PB2).
For the excitation input the machine circuit for 
sine wave generation will give + 100 volts.
The required input = 625 x .00625 = 3.90625 volts?
hence multiplier is 3.90625/100 = .03906,
(Pot.QAl).
Time Scaling:-
For the equivalent system circuit, the integrator 
factors^or "gains'^ required are 1200 to compute 
the problem in real time. This could be obtained 
with a value of .12 at each potentiometer PA2 and 
QA2 and integrator gains of 10,000 at both A2 and 
B2. Such gains are both too high for accurate 
integration and too fast for recording or 
monitoring the results. Hence for practical 
computing the gains should be reduced to convenient 
values of 10 or 100, or, in other words, the 
problem slowed down by factors of 1000 or 100.
These alterations apply also to the integrators of 
sine wave generator circuit, Al and Bl.
Analogue Computer Results
The analogue circuit, (Fig: 37 ), was patched up for 
computing on the Solartron 247 Analogue Computer 
and the appropriate potentiometers set to the 
constant values already determined.
Computing runs were carried out for a range 
of values of excitation frequency, . During 
computing, the continuous solution was recorded on 
a single-pen Flat-bed Plotter. Two runs were 
performed for each value of **3 , recording first 
the output voltage of integrator Al, representing - 
s i n ( f u l l  scale 100 volts), and then 
superimposing the output of integrator, B2, giving 
the response, B , of the system. Typical results 
are shown in Figs. 38 to 43 , and indicate that,
with this mode of recording, the irregular transient 
phase lasted too long for any attempt to measure 
the steady-state magnitudes and phases of the 
response.
Consequently further runs were made at 
successive values of , monitoring the response fB 
on an oscilloscope and waiting in each case for 
the transient phase to decay into steady-state 
vibration. This procedure permitted the 
measurement of response magnitude only, since 
phase could not be determined with any accuracy.
The oscilloscope vertical gain was set so 
that + 100 volts double amplitude was 
represented by a scale measurement of 20 cm.
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FIG. 38
EXAMPLE 3.1 (a) . 
SINGLE - MASS SYSTEM 
ANALOGUE COMPUTED RESPONSE
FROM STATIC START CONDITIONS,
i_ t
I_*
4-a
-w
r - t
FIG. 39
EXAMPLE 3.1 (a)
SINGLE - MASS SYSTEM 
ANALOGUE COMPUTED RESPONSE
FROM STATIC START CONDITIONS«
FIG .4-0
EXAMPLE 3.1 (a) . 
SINGLE - MASS SYSTEM 
ANALOGUE COMPUTED RESPONSE
FROM STATIC START CONDITIONS,
FIG. 41
’ EXAMPLE 3.1 (a) 
SINGLE - MASS SYSTEM 
ANALOGUE COMPUTED RESPONSE
FROM STATIC START CONDITIONS.
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FIG.42.
EXAMPLE 3.1 (a) 
SINGLE - MASS SYSTEM 
ANALOGUE COMPUTED RESPONSE
FROM STATIC START CONDITIONS,
FIG. 43
EXAMPLE 3.1 (a)
SINGLE - MASS SYSTEM 
ANALOGUE COMPUTED RESPONSE
FROM STATIC START CONDITIONS.
Table 3.1.1 below lists the scaled measurements 
obtained on the oscilloscope by monitoring the output 
of integrator B2 for values of 63 , having reached 
the steady state condition in each case. The Table 
also shows the scaled double amplitudes converted 
first to volts and then to equivalent system 
amplitudes, and finally the comparative values obtained 
by digital computer analysis.
63
rad./sec.
i
Scope
Reading
(cm)
B2
Output
(Volts)
® MAX 
(Analogue) 
(rad.)
® MAX 
(Digital) 
(rad.)
300 1.0 5.0 .000556 .000539
500 I*2 6.0 .000667 .000625
700 1.55 7.75 .000861 .000821
900 2.55 12.75 .001416 .001412
1000 4.3 21.5 .002390 .002445
1050 7.5 37.5 . .004170 .003961 ;
1100 15.7 78.5 .008720 .008802
1118 18.5 92.5 .01029 (.0105)
1150 12.5 62.5 .006945 .006581 j
1200, 5.7 28.5 .003169 .003117
1300 2.4 12.0 .001334 .001403 !
1500 1.2 6.0 .000667 .000623
TABLE 3.1.1.
(b) Analogue Computing from Prescribed Initial Conditions
The analogue treatment of the system is driven 
directly into the condition of steady-state vibration 
at the instant of starting the computation by prior 
setting of initial condition voltages^consistent with 
the instantaneous motions of the system at some 
chosen datum time, say the starting point of a cycle 
of excitation. These initial conditions may be 
deduced from the classical analysis for the steady- 
state forced vibration.
Thus, the basic equation of motion is:- 
•* •
J ©  + C O  -r K 0  = T c,sin Q t  .
Let 0 = A sin ( + Tfi ) = o(sini^t + cos ^
where OL = A.cos ^  and [%> = A sin l}> .
Then,
- J L3 , ( ols(<\ “V“ {& CoS C&t ) + C 63 ( 0C CoS
+ K (^Csin tot -fr* {& ccs cofc ) = T c sin c&t- T
Equating like terms,
o( ( Is ~ J  ^  3 /S C C **^ 0 T 0
and od (c.<^  + /a Cvc - Jw.2') = o ..
for which the solution is,
/ To C ^  “-J^ }
oC =• --------- ------— ~
( k - J w 2 )2 + c  o
and
- X . C W
Ck.-Juj1')2
At time t = o }
© e ~ o£ Sin <ofc /3> CcS COt ~ /2> j  '
«►
&© — O  (otccstofc -/Ssin c o O  = c^o( ^
0 O = ~CO Co^Sin cot -V- (b CCS lOt^ = ~ CO 3  .
Thus fi and tOO( are the required initial conditions
of amplitude and velocity, to be set up as voltages
at the two integrator output positions^, before 
starting the computation.
This may be proved additionally from the 
equivalent circuit eqation arranged for analogue 
treatment, thus,
e = - % © _ * © +  To.svAwt .
o j* j
A t  t = o ;
0  = u?/2> = To C O3
Ck - J cz^ L
R.H.S. = - S. COOi - 1< fa
cr j J
— —  cco T 0 (k  — Ob^2) -V K T^CcO
-V C 2<02 3
. o c u ?  ■ ( = e ^
CK-Jco2)z -t c^co2-
The required initial conditions of motion, (& and COO(^  
and their corresponding circuit voltages are 
calculated in the following Table 3.1.2. The same 
constants and amplitude scaling factors are used 
as in previous treatment, (a), that is 9000 
volts/unit for amplitude & and 7.5 volts/unit
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FIG. 44
ANALOGUE COMPUTER CIRCUIT DIAGRAM 
FOR 1 - MASS SYSTEM ANALYSIS WITH 
INITIAL CONDITIONS.
EXAMPLE 3.1.(b)
a range of values of exciting frequency 00 / and
2J = 2.4 lb.in.sec ,
K
1500 lb.in. v
3.0 x 106 lb.in./rad
and C = 128 lb.in.sec./rad.
Analogue Computer Results
The requisite analogue circuit, (Fig: 4-4-), 
was patched up for computing on the Solartron 247 
Analogue Computer.
Computing runs at numerous selected values 
of excitation f r e q u e n c y , , were carried out, 
in each case having set up the initial condition 
values, as calculated in Table 3.1.3., on the 
potentiometers PC2 and QC2, prior to the run.
During each run the output voltage of 
integrator B2, representing the amplitude response 
0 , of the single mass, was monitored on an 
oscilloscope and the waveform double-amplitude 
measured. The oscilloscope vertical gain had been 
set initially so that - 100 volts double amplitude 
was represented by a scale measurement of 16.5 cm.
Every run with the prescribed initial 
condition settings immediately produced a steady-state 
vibration waveform with no trace of a transient 
phase.-
The analogue computed results are set out in 
Table 3.1.4. below and the amplitudes, after 
conversion, compared with the analytically 
calculated values. These results are also 
compared graphically in Fig: 4*5 , the continuous 
curve indicating the digital computer values.
Reading
(cm)
Output 
(Volts)
©  MAX 
(Analogue) 
(rad.)
0 MAX 
(Digital) 
(rad. )
300 .80 4.85 .000539 .000539
500 . 95 5.76 .000640 .000625
700 1.20 7.27 .000808 .000821
900 2.15 13.03 .001448 .001412
1000 3.60 21.82 .002424 .002445
1050 5.80 35.15 .003906 .003961
1100 12.80 77.58 .008620 .008802
1118 15.50 93.94 .01044 .01048
1150 9.85 59.70 .006633 .006581
1200 4.75 2 8.80 .003200 .003117
1300 2.05 12.42 .001380 .001403
1500 .90 5.45 .000606 .000623
TABLE 3.1.4.
As a further demonstration of the effectiveness 
of the initial condition setting technique in obtaining 
a direct steady-state vibration solution a later sequence 
of runs was carried out on the analogue computer for 
several values of CO « In each case dual runs were 
computed, the first starting from static conditions and 
passing through the transient phase and the second 
starting with the prescribed initial conditions.
The results were recorded on a U.V. multi-channel 
recorder and typical traces for the two methods are 
compared in Figs. *43 to 32
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EXAMPLE 3.2
TWO-MASS FREE SYSTEM WITH 
FORCED EXCITATION AND DAMPING
To. sin
n
This example considers a simple two-mass system 
having external viscous damping at both elements and 
harmonic excitation imposed on one of them. The details 
of the system have been taken from the B.I.C.E.R.A. 
Handbook (Ref: 12, p.401).
Inertias,
and
Stiffness,
Excitation,
J = 480 lb.in.sec,
2J = 800 lb.in.sec. .
K = 3.0 x 10 lb.in./rad.
T = 6000 lb.in.o
Natural frequency, & - 100 rad./sec.
Dynamic Magnifier at (1) = 80 , C-^  = 600 lb.in.sec./rad. 
Dynamic Magnifier at (2) = 40 , C2 “ 2000 lb.in.sec./rad
Resonant amplitudes, ©S' ± .0448 rad.
0 Cl + .0268 rad. 
i
For comparative purposes the system frequency 
response was examined by digital forced-damped computi ng 
over the range from 10 to 150 rad./sec..in steps of 
10 rad./sec., and also in the region of resonance 
from 90 to 110;in steps of 1 rad./sec. The digital
computing was also repeated over the same frequency 
ranges with the above values of damping coefficients 
doubled.
Analogue Computing from Static Conditions 
The equations of motion are:-
6
480 + 6000 6 t + 3 x 10 ( ~ ) = 6000 sin
and
6
800 + 2000 - 3 x 10 ( - 8 2 ) = O
Re-arranging for analogue computing:
9 9 #
©  = - 1.25 0, - 5250 ( ©, - e z ) + 12.5 sin 511
« « I*
and ©  = - 2 . 5  © 2 + 3750 ( © ( —  © 2 )
The analogue computer circuit representing these 
equations is shown diagrammatic ally in Fig: S4- .
Amplitude Scaling
Maximum permissible machine voltage = 1 M.U. =
100 volts. Suitable scaling is arranged for values 
at resonance, that is at 100 rad./sec. frequency.
CO Cl
63
A 2
A3 A 2
62/
625 C3
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C4 65
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FIG. S4
ANALOGUE COMPUTER CIRCUIT 
DIAGRAM FOR 2 - MASS SYSTEM 
ANALYSIS FROM STATIC START.
EXAMPLE 3.2 (a)
Maximum = - .0448 rad. - say 2000 volts/unit.
Maximum 0  = = _ 4.48 rad./sec. - say 20 volts/unit.
* * x "HMaximum Q% = u> = _ 448 rad./sec. - say 0.20 volts/unit.
For 1st Integrator, A2, of 6 circuit,
Input scale, V ll4 =0.2 volts/unit,
Output scale, Vq = 2 0  volts/unit.
Hence integrator factor = 20/0.2 = 100.
For 2nd Integrator, B2 of 0  ^  circuit,
= 2 0  volts/unit and Vq = 2000 volts/unit.
Hence integrator factor = 2000/20 = 100.
The factors for integrators C4 and B5 of the circuit 
will be the same as for ®
To satisfy the first re-arranged equation of 
motion in the circuit, the required multiplier for the 
differential amplitude loop, ( - 0^ ) is 6250 x 0.2/2000 =
.6250 (Pot. QB2), and the multiplier for the damping 
velocity loop, ©, is
1.25 x 0.2/20 = .0125, (Pot.PA4).
Similarly for the second equation, the differential 
amplitude ( ) multiplier is 3750 x 0.2/2000 = .3750,
(Pot. QB5), and the damping velocity, multiplier is
2.5 x 0.2/20 = .0250, (Pot.PB4).
The machine circuit arranged for the sine wave 
generation will give - 100 volts. The first equation of 
motion requires an excitation input of 12.5 x 0.2 =
+ 2.5 volts. Hence required multiplier is 
2.5/100 = .0250, (Pot. QAl).
For computing the problem with double the amounts 
of damping, the settings of the potentiometers, PA&- 
and PB4, in the ©, and & x loops of the circuit, must 
also be doubled.
Time Scaling
To compute the problem in "real" time, the integrator 
factors#o.r "gains11’ in the analogue circuit are required 
to be 100. These could be obtained with potentiometers, 
QA2, PAZ, QC4 and PC4 set at 0.1 and the gains of 
integrators,'A2, B2, C4 and B5 set at 1000. For 
satisfactory computing these gains, (and also for all 
other integrators in the circuit), must be reduced 
by factors of 10 or even 100.
Analogue Computer Results
The analogue circuit, (Fig: S4- ) was patched up on the 
Solartron 247 Analogue Computer and the appropriate 
potentiometers set to the values determined above.
Some preliminary computer runs at several values 
of 03 were attemped, the outputs of amplifiers, B2, B5 
and D3, representing and - © 2. » respectively,
being monitored on the oscilloscope. It was noted as 
a general tendency that, at the prescribed level of 
excitation, the output voltages of integrators B2 and B5 
drifted up to overload values in the transient phase,
before steady-state conditions could be attained. 
Accordingly, the excitation was reduced by setting the 
potentiometer QA\ to .01 instead of .025, and 
steady-state conditions were then obtainable for 
satisfactory measurement on the oscilloscope, for values 
of O  reasonably close to the resonant frequency.
For this series of measurements the oscilloscope 
vertical gain was set to give a 20 cm. movement for 
+ 100 volts double amplitude. Conversion of scaled 
measurements in cm. to voltage amplitude therefore 
required a multiplier of 100/20 = 5.
Conversion of such voltages to equivalent 
system torsional amplitude involved scaling up by 2.5 
to reproduce the true level of excitation and the use 
of the amplitude scaling factor of 2000 volts/unit.
Hence multiplier was
2.5/2000 = .00125.
Further conversion of the differential amplitudes, ,
to torques involved shaft stiffness. Hence multiplier
was 6
3 x 10 x 2.5/2000 = 3750 J
from volts to torque in lb.in. units.
For the "double damping" computing runs it was 
possible to increase the excitation to twice the previous 
value, setting the potentiometer, QAl to .02, and still 
obtain reasonable steady-state conditions. The 
appropriate conversion multipliers for the measurements 
of these runs ware therefore one half of the values 
indicated above.
Table 3.2.1. gives a detailed tabulation of the 
results obtained and the equivalent torsional vibration 
quantities are compared with corresponding values obtained 
by digital computing.
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TABLE 3.2.1.
Analogue Computing from Prescribed Initial 
Conditions
The data required for the determination of the 
appropriate initial conditions of motion, 
to drive the analogue computing directly into 
the steady-state vibration condition, are 
obtainable from the results of analysing the 
system by digital computed forced-damped means.
Relevant data for selected values of 
exciting frequency, tO # extracted from the 
results of digital computing, comprising the 
amplitude and phase responses at the two 
inertias, are listed in Table 3.2.2. overleaf.
60
(Rad./Sec.)
FIRST INERTIA SECOND INERTIA
©1
t (Rad.) (Degress)
6 2. j 'V'z
+ (Rad.) j (Degrees)
80 .0014411 - 5.049 .0020328 - 180.734
90 .0035286 - 6.326 .0030370
r
- 183.366
95 .0074095 - 10.876 .0052608 - 188.298
97 .0122860 - 17.052 .0081321
- ------- , ,
- 194.598
99 .00296479 - 41.953 .0183541 J - 219.611
100 .0454816 - 91.726 .0272609 | - 269.436
101 .02962 84 -140.529 .0172061 j 41.712
103 .0127141 -164.858 .0069447 I 17.292
105 .0079150 -170.990 .0040764 j 11.076
110 .0040889 -175.689 .0018350 6.197
f '
DOUBLE DAMPING
95 .0071468 | ~ 21.261 .0050589 | - 196.116
, , ......._  i ........ -  ___________  ....
97 .0111518 [ - 32.046
. ................................i........................... .
“J -J 1 J * ■"L" J J J j -
.0073611 j - 207.148
99
f
.0197001 j - 62.368 .0121653 j - 237.692
100 .0227845 - 92.736
lj, jimmrn |l m. —  i t  ... , . ........... ...
.0136240 j - 268.163
..... ■—
101
,  ......
.0196795 -122.603 .0114024 j 61.873
.... , , , , j,. r. ..., ..., , r ,__________
| 103 .0114550 J -151.985 .0062438 j 32.308
TABLE 3.2.2,
In terms of the notation adopted for the 
classical solution of the equations of motion for 
the system, the instantaneous initial starting 
values for amplitude and velocity at time t « O 
are,
e o» = P k = ©, s i n ^ ( f
9
0at = CO OC = CO 0 . coso\ I \ * I
e 2 S'*'>2 
tO © 2 COS
These sets of quantities were calculated from 
the data in Table 3.2.2. for the corresponding 
values of frequency, and converted to integrator 
initial condition static voltages,using the 
amplitude scaling factors adopted in 3.2.(a), 
that is 2000 volts/unit for amplitude and 20 volts/ 
unit for velocity. All these calculated values 
are set out in Table 3.2.3.
The analogue circuit diagram is given in
Pig: 55 and the voltages corresponding to» •
> ^oi ' ®o*2. anc3 A>x are applicable to 
integrators B2, A2, B5 and C4 respectively, being 
set via the initial condition potentiometers PB2, 
PC2, PB5 and QB4.
Analogue Computer Results
The analogue circuit, modified for acceptance of 
initial condition settings, (Fig. 55 ), was 
patched up for computing on the Solartron 247 
Computer.
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FIG. 55
ANALOGUE COMPUTER CIRCUIT 
DIAGRAM FOR 2 - MASS SYSTEM 
ANALYSIS WITH INITIAL CONDITIONS,
EXAMPLE 3.2 (b)
Computing runs were carried out at selected 
values of exciting frequency, (-0 , in each case 
having first set up the initial condition values 
set out in Table 3.2.4., together with all the 
other potentiometer settings and integrator gains. 
The runs were arranged to proceed at .03 times true 
speed, which, in general, required all the circuit 
integrators to be set with gains of 10 and their 
associated preceding potentiometers set to 0.3 
of their true values. Thus the settings of 
potentiometers PA1 and PBl, quoted in Table 3.2.4, 
are 0.3 of the representative values corresponding 
to the particular excitation frequencies CO .
It should also be noted that, for the normal 
damping, resonant case, the excitation#(Pot.QAl) 
was halved, since the output voltage of amplifier 
D3, representing shaft twist, (©j — ,
otherwise became excessive. This reduction applied 
also to the initial condition settings.
The results of the runs were monitored on an 
oscilloscope and wave-form double amplitude 
measurements scaled. The vertical gain was set 
in the region of 21.5 cm for 100 volts double 
amplitude in this series of runs but, in view of 
slight variability, was recalibrated for each 
run.
In every case, with the pre-calculated 
initial condition settings, the observed waveforms 
immediately demonstrated steady-state vibration 
responses with no detectable transients.
The measured results are set out in Table 
3.2.5., together with comparative values from
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digital computing, after conversion to torsional 
quantities. These results are also compared 
graphically in Figs. 56 to 5 8  ,
In order to demonstrate once again the 
effectiveness of the initial-cord ition setting 
technique as a means of obtaining a direct 
solution for the steady state vibration response, 
a further series of computing runs was carried 
out for a selection of values of exciting 
frequency. As before, in each case dual runs 
were computed, the first starting from static 
system conditions and passing through the 
transient irregular phase, while the second was 
started with the prescribed initial conditions 
of motion preset.
The results of these runs were recorded on 
a flat-bed plotter, each in alignment with 
pre-recorded traces of the reference exciting 
sinusoid function. Typical traces obtained for 
the two methods of treatment are illustrated 
for comparison in Figs. 5"9 to 64- . These 
include traces which demonstrate the drift towards 
overload voltages, experienced with the static 
start runs.
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EXAMPLE 3.3.
FOUR-MASS SYSTEM INCORPORATING A 
VISCOUS DAMPER WITH FORCED EXCITATION
sin co t
Engine
CylinderViscousDamper
Flywheel
FIG.
This example is a simplified representation of a 
typical oil engine and flywheel installation with a forward 
end untuned viscous damper, the engine region having been 
reduced to a single mass. It 'has been taken from the 
B.I.C.E.R.A. Handbook, (Ref. 12, page 535).
2
Inertias;- J = 120 lb.an.sec. (Damper Ring)
2
J2 ~ 40 lb.in.sec. (Damper Hub)
2J - 480 lb.in.sec,
. 2= 8000 lb.m.sec.
Stiffness;- K - 81 x 10^ lb.in./rad.
6
= 27 x 10 lb.in./rad.
Optimum Damping Coefficient, c^ = 26482 lb.in.sec./rad
Exciting Torque, Tq •= 12000 lb.in. (Considered as 
1st order harmonic excitation at the engine crank.)
Preliminary Calculations
The system was reduced to 3 masses by lumping together the 
damper elements and natural undamped frequencies were 
calculated by th^ classical formula, for the extreme
160 lb.in.sec.2
211.1 rad./sec. 
830.7 rad./sec.
40 lb.in.sec.^
234.9 rad./sec. 
1482.6 rad./sec.
Optimum Damping:
Equivalent Damper inertia is Hub + % Ring
2
= 100 lb.m.sec.
1st Frequency = 2123 v.p.m. to, = 222.3 rad./sec.
2nd Frequency = 9497 v.p.m. CJ^ sa 994.5 rad./sec.
For comparative purposes the system frequency 
responses were examined in detail for the optimum damping 
coefficient case by digital forced-damped computing from 
212.3 to 2972.2 v.p.m. in steps of 212.3 v.p.m. and also in 
the region of resonance from 1931.93 to 2314.07 in steps 
of 21.23 v.p.m. This treatment was also repeated with 
half and double the optimum damping coefficient.
conditions of the damper.
Damper Locked:-
Equivalent damper inertia
1st Frequency = 2016 v.p.m. O,
2nd Frequency = 7933 v.p.m.
Damper Free*-
Equivalent damper inertia
1st Frequency = 2243 v.p.m.
2nd Frequency = 14159 v.p.m. Co2
With optimum damping the maximum resonant amplitude 
was found to be approximately - .004 rad. at the second 
inertia.
Analogue Computing from Static Conditions 
The equations of motion for the system are:-
• o •
120 6 , + 26482 . ( 6 , - S 2 ) = 0
40 © 2 - 26482 . ( © ( - ©., ) + 81 x 106 ( ©2 - © 3 ) = 0
480 © 3 - 81 X lo6 „ ( e 2 - 6 j ) + 27 x 106 ( © 3 - &^ ) =
12000 sin Wt
8000 - 27 x 10 . ( © a - ©  ) = 0
Re-arranging for analogue computing 
6 , = - 220.683 ( ©, - © 2)
© 2 = 662.05 ( - 6 2 ) -  2.025 X 106 ( © 2- © 3 )
% •
©3 = 168750 ( e 2- e 5 ) - 56250 ( 63- 6^)
+ 25 sin
<% = 3375 . ( © 3- ©4,) .
The analogue computer circuit representing these 
equations is shown diagrammatically in Figs 44 .
Amplitude Scaling:-
Maximum permissible machine voltage ~ 1 M.U. = 100 volts.
Amplitude scaling within this limit is arranged assuming 
• ,
a maximum deflection - .0004 rad. at a frequency of 250 
rad./sec. and is taken as common to all four inertia 
stations.
-  \ M .U ,
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ANAUOOUE COMPUTER CIRCUIT DlAGt^AK 
F o R  >4-- K A S S  S Y S T E M  A M A t-Y S IS  
( STATIC START ^
E X A M P L E  3.3.
Maximum © = - .004 rad. - Say 25000 volts/unit.
Maximum 0 = © s= "t .004 x 250 = 1 - Say 100 volts/unit.
*49 2 Maximum 0 = CO- 6 = - .004 x 250 = 250 - Say 0.4 volt/unit.
For 1st Integrator of each ©  circuit,
V|N = .4 volt/unit f Vq = 100 volts/unit.
Hence integrator factor = 100/.4 = 250 or .25 x 1000.
For 2nd Integrator of each © circuit,
VJN = 100 volts/unit, Vq = 25000 volts/unit.
Integrator factor = 25000/100 = 250 or .25 x 1000.
To satisfy the first re-arranged equation the required
*  *
multiplier for the damping loop, ( ©, - 0 2 ), is 220.683 x 
.4/100 = .8827. This is combined with the integrator 
factor, (.25), so that effective multiplier of potentiometer, 
Q C 2 , is .2207.
For second equation, damping loop multiplier is
662.05 x .4/100 = .2648 x 10, (Pot.PC4).
Differential amplitude loop, ( ), multiplier is,
2.025 x 106 x .4/25000 = .324 x 100, (Pot.QA4).
For third equation, differential amplitude loop, ( © 2.~ ^3 
multiplier is 168750 x .4/25000 = .27 x 10, (Pot.PA4). ‘ 
Differential amplitude loop, ( 0^ ) multiplier is,
56250 x .4/25000 = .900 (Pot.QC5).
For fourth equation, differential amplitude loop, ( - 0^ ),
multiplier is 3375 x .4/25000 = .054. This is combined 
with the integrator factor, (.25), to give an effective
multiplier of .0135 for Pot.PC5. The factors of 10 or 100, 
which arise among the multipliers determined above, are 
arranged in the circuit by appropriate setting of summing 
amplifier input gains; for example the amplifiers B3 and A4.
Regarding excitation, the sine wave generation 
circuit gives - 100 volts sin uit . The third equation of
motion requires an excitation input bo amplifier, B6 of
+
25 x .4 = - 10 volts. Hence required multiplier = 10/100 = 
.10, (Pot. QAl).
For problem solution with halved and doubled damping 
the above multipliers for potentiometers, QC2 and PC4 are 
adjusted accordingly.
Time Scaling
For computation of the problem in "real" time, the factors 
of integration, or "gains", in the analogue circuit would 
nominally be 250, obtainable with the input potentiometers 
set at .25 and the integrating amplifiers given gains of 
1000. Since the latter would be too high for satisfactory 
computing, the gains of all the integrators in the circuit 
require reduction by factors of 10 or 100, thereby 
correspondingly slowing down the progress of problem 
solution.
Analogue Computer Results
The analogue circuit, (Fig. && ) was patched up on the 
Solartron 247 Analogue Computer and the potentiometers set 
to the constant values determined above for the system with 
optimum damping conditions. (The full list of potentiometer 
settings for the complete projected sequence of runs, 
covering the three different levels of damping coefficient,
is given in Table 3.3.1.).
Initially, some preliminary computer runs were 
attempted for the prescribed level of excitation, at several 
values of # starting from static system conditions.
As in previous examples, it was noted generally that 
certain output voltages drifted to overload levels in 
the transient phase, before achieving steady-state 
vibration, this being confirmed by monitoring the integrator 
outputs on the oscilloscope.
Accordingly the excitation was halved by reducing 
the setting of potentiometer QAl from .10 to .05. It was 
then possible to obtain reasonably steady-state conditions 
without overload, but only in a region fairly close to 
resonance and after somewhat lengthy runs. The sequence 
of computer runs was carried out with the scale of the
monitoring oscilloscope adjusted to give a vertical'
*t* ■«measurement of 21.65 cm for - 100 volts double-amplitude,
in each run the outputs being measured from amplifiers
Dl, A2, C4, B5, A4 and D6 representing the system values
for and ( ~ ^ 4- ■) ,
respectively. These oscilloscope measurements are 
presented collectively in Table 3.3.2.
Conversion of scaled readings to vibratory 
amplitudes for the original problem, taking into account 
running at half excitation, required a multiplier of
2 x 100/21.65/25000 = .0003695
Similarly, for conversion of readings, representing the 
differential amplitudes, ( £ ^ “ ^ 3) and ( © 3 - ^ 4 )# 
to corresponding shaft torques required multipliers of
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2 x 100 x 81 x 106/21.65/25000 = 29931. 
and 2 x 100 x 27 x 10^/21.65/25000 = 9976.9, respectively.
The complete results from the analogue solutions 
are presented and compared with corresponding digital 
computer results in Table 3.3.3. A further comparison of 
these results, in frequency response form, is presented 
graphically in Figs. &7 to 70 for a selection of 
variables.
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EXAMPLE 3,4
FOUR-MASS BRANCHED STEAM TURBINE SYSTEM 
WITH PROPELLER EXCITATION, AND DAMPING
H.P.
Turbine
Propeller
L.P.
Turbine Gearing
FIG. 71
This example was based on a typical marine steam 
turbine propulsion machinery installation. However, 
although retaining most of the essential features of such 
machinery, the dynamic system was considerably simplified 
and modified to provide a suitable example for analogue 
computer treatment of a branched torsional system problem. 
Thus, the system was reduced to the representative 4-mass 
level and the turbine branch inertias and shaft stiffnesses 
were referred to the propeller shaft speed, having regard 
to the ratio of the reduction gearing. The stiffnesses 
of the turbine branch quillshafts were also reduced, as 
an artifice to add interest to the problem, by introducing 
two critical speeds within the operating range, associated 
with the correspondingly lower natural frequencies.
Inertias:-
2
H.P, Turbine, J = 1455991 lb.m.see ,
. 2Lumped Gearing, J = 1537570 lb.m.see ,
. 2L.P. Turbine, J « 10310670 lb.m.sec ,
. 2
Propeller = 1840754 lb.m.see .
Shaft Stiffnesses:-
H.P. Turbine branch quill, K_ = 2416.6 x 10^ lb.in./rad
6
Propeller line shafting, K = 763.8 x 10 lb.in,/rad
6
L.P. Turbine branch quill, ~ 8556.6 x 10 lb.in./rad
Excitation
The propeller exciting torque under consideration was 
the 6th order harmonic^ associated with 6 blades and was 
taken as 10% of the steady driving torque. This torque 
varied as the square of the shaft speed, a cubic propeller 
power law being assumed, with a service rating of 32444 
S.H.P. at 86 R.P.M.
Damping: -
A propeller specific damping coefficient of 30 was 
assumed and the damping coefficient was similarly related 
to shaft speed.
Preliminary Calculations
A hatural frequency analysis was carried out, using the 
branched-system computer program and gave
F^ = 201.36 v.p.m. , = 21.086 rad/sec.
F* = 365.85 v.p.m. , 0..= 38.312 rad/sec.
2
Fg = 886.85 v.p.m. , 3= 92.871 rad/sec.
Additionally, for later purposes of comparison, the 
system frequency responses were examined in detail by 
digital computing, making use of a simplified version of 
the forced-damped program adapted for excitation and damping 
at the propeller mass only. This treatment considered 
6th order harmonic excitation and appropriate damping, 
covering the propeller speed range from 20 to 90 R.P.M. in 
steps of 5 and locally in the resonant regions from 31 to 39 
in steps of 0.5 R.P.M. and from 59 to 62 in steps of 0.1 
R.P.M.
It should be noted that, although both the digital 
computing and subsequent analogue treatment were based on 
a dynamic system with all inertias and stiffnesses referred 
to propeller speed, the digital computer output results 
took into account the speed reductions through the gearing 
from the turbine shafts to the propeller shaft and the 
final amplitudes and torques were true values based on their 
own respective shaft speeds. These speed reductions were 
.0143 and .0236 for the H.P- Turbine/propeller and 
L.P. Turbine/propeller^respectively. The subsequent 
analogue computer results were therefore ultimately corrected 
where appropriate to true, values, for comparison with the 
digital results.
Analogue Computing with Prescribed Initial Conditions
The equations of motion for the system are:-
J1 0 1 + Ki <e i - 6 2> = 0
j3 e 3 + K3 (6 3 - e 2j
= 0
%*Q>CM 2
-
K1 - e 2> - K (0 - 0 ) + K (0 - 0 ) ss 0 3 V 3 2 2 2 4
J4<5 4 + C4 ® 4  - V (0 2 ~ © 3.) ~ tq sinU>C ,
By substitution and re-arrangement for analogue computing, 
these equations become
0, = - 1659.76 ( 6 ' - © 2)
©3 = - 829.88 ( © 3 - © 2)
6Z= 1571.70 (<31 - 02) + 5565.0 ( © 3 - © 2) - 496.76 ( ©■ - ©
my »
Oy, = - C . ( ©  ) + 414.93 ( 0 - S ) + T . sin oi £4 ' 4 2 4 o
in which tO = 6.JHL = HJtL # and the coefficients (CA/JA)
and (TQ/J^) vary with frequencyJ that is, with propeller speed,
N . Calculated values for these coefficients at 
selected propeller speeds are listed in Table 3.4.1. overleaf.
IN
R.P.M.
'
(rad./sec.)
To P  C4 
(lb.in.) j (lb.in.sec./rad.)
o/j
4
i-------- :
c4/ja4
1.5718030 18.850 289330 2893305 .15718
1
32
32.5
20.106
20.420
329194 ! 3086192 .17884 1.67659
339561 3134413 .18447 1.70279
33 20.735
.. . " '
350090 3182635 .19019
i
1.72898
33.5 21.049 360779 
... , .......
| 3230857 ; .19600 1.75518
34 21.363 371629
i .......
3279079 ! .20189 1.78138
34.5 21.677 382639
393811
3327300 .20787
_LJ_. ,
1.80757
! 35 21.991 3375522
I" . ...
.21394
.27943
.43661
-JJ . ..
1.83377
2.09574
2.61967
40 25.133 514365 j 3857740
50 31.416 803795 j 4822175
.. ... »
! 59 37.071 1119065
1 »  1 r . ■ i ... . . i - ---
5690166 .60794 3.09122
60
60.5
37.699
38.013
......*-■«
1157321
1176690
------- ^
5786610
5834831
.62872 3.14361
.63924 3.16980]
60.9 38,265 1192297 5873401
. ,
5892688
.64772
.65198
3.19076;
61.1
61.5
38.390
38.642
1200141 3.20124j
1215910
■■ , . . . . . . .  , r-.ir
5931275 .660549 3.22220j
i r ..r ■>
65 40.841 1358245 6268827
I
TABLE 3.4.1.
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FIG - 72.
ANALQCAJK COMPUTER CIRCUIT DIAGRAM 
FQE^  BRANCHED STEAH TURBlKE SVSTEh .
EXAMPLE 3-4-.
The analogue computer circuit devised to solve the 
above equations is shown diagrammatically in Fig: 72. .
Amplitude Scaling:-
Maximum permissible circuit voltage = 1 M.U. = 100 volts.
At the first resonance, = 21.086 rad./sec. and the
maximum relative amplitude is (^2
(© - ©  )■ + .006 rad. - Say 16000 volts/unit.2 4 woe .
(®2 ~  ^ “ SaY 750 volts/unit*
(©« - 8 J  = O 2 ( © n -6 )-Say 37.5 volts/unit.
2 4 m/yx \ 2 4
These scaling factors are assumed to be suitable 
also in the region of the second resonance at 63^ = 38.312 
rad./sec., to avoid rescaling the circuit constants for 
this condition.
For the 1st Integrator of each 0 circuit,
V J}^ = 37.5 volts/unit and VQ = 750 volts/unit, 
hence integrator factor = 750/37.5 = 20.
For the 2nd Integrator of each & circuit,
V|N = 750 volts/unit and Vq = 16000 volts/unit, 
hence integrator factor = 16000/750 = 21.33.
To satisfy the four re-arranged analogue equations 
and also to provide the necessary voltage scaling 
compatibilities, the numerical coefficients of the 
differential amplitude terms in the equations must be 
multiplied by a factor of 37.5/16000 = 1/426.67, to obtain
the required multipliers, or potentiometer settings in 
the respective circuit loops. Also^for the first two 
equations these multipliers are further combined with the 
first integrator factors of 20, in order to eliminate 
unnecessary potentiometers. Thus,
(1st equation multiplier = .7780 x X100 (Pot. PA2) 
0-0 7
» 2 prd " ” = .3684 x 10 (Pot. QA5)
(2nd equation multiplier = .3890 x 100 (Pot. PC2) 
3 2 13rd «. . # 1304 x 100 (Pot. QB5)
(3rd equation multiplier = .1164 x 10 (Pot. PC5) 
" " = .9725 (Pot. QC5)
The potentiometer setting, (PD5), for the damping, 
.oop, i 
multiplier of
( © ) loo to satisfy the 4th equation must give a
4
With the sinusoid generator circuit giving an
•f « . . .
output of - 100 volts, the excitation multiplier to 
satisfy the 4th equation requires a setting for potentio­
meter QAl of
37.5 
100
Using the variable values from Table 3.4.1. for substitution 
in the damping and excitation multiplier expressions above, 
the appropriate settings are given in Table 3.4.2. 
overleaf.
pot. PD5 Pot. QAl
.0786 .058930
32 .0838 .0671
.0851 .069232.5
.0864 .071333
.0878 .073533.5
34 .0891 0757
.090434.5 .07 80
.0802091735
.1048 .104840
.1310 .163750
60.5 .1585 2397
60.9 .1595 .2429
61.1 .1601 .2445
.161161.5 .2477
TABLE 3.4.2.
Time Scaling:-
In order to run the analogue solutions in "real" time 
for the range of values of ^  to be examined, the integrator 
gains generally would have to be set at 100, and for 
convenience it would be preferable to ’felow down" the solutions, 
by reducing these gains to 10. However, in view of the 
variation in magnitude of the various circuit multipliers, 
different effective gains are required in local regions of 
the circuit. This is catered for by suitable individual
settings of input gains, involving both the summing and 
integrating amplifiers.
Calculation of Prescribed Initial Condition Settings:-
To drive the analogue solution directly into 
steady-state vibration with all the system responses having 
their correct magnitudes and phase relationships it is 
necessary to preset initial condition integrator output 
voltages such that, at datum time, t = 0 for each
inertia,
instantaneous amplitude, 0O =
0
and instantaneous velocity, 0 O - OC .
oi and yS are the respective amplitude components in s i n  
and cos Ut at the several inertias, as presented by the 
output from the digital computer solution. These values, 
factored in relation to the referred dynamic system, and 
the resulting initial static voltages are listed in 
Table 3.4.3 overleaf.
FREQUENCY
03
rad./sec.
r
DIGITAL VALUES ANALOGUE 3
t
I.C. VOLTAGES
1 £  i
e 10
/
|..... ;
©  10 I
18.850 - .0001953 .0000546 .8736 - 2.7611
20.106 - .0002898 .0002085 3.336 - 4.3700
20.420 - .0002 890 .0003148 5.037 - 4.426
20.735 - .0002122 .0004501 7.2016 - 3.3000
21.049 - .0000253 .0005204 8.3264 - .3994
21.363 .0001549 .0004396 7.034 2.482
21.677 .0002231 .0003043 4.869 3.627
21.991 .0002203 .0002012 3.219 3.633
25.133 .0000543 .0000139 .222 1.024
31.416 - .00002 82 -.0000040 - .064 - .664
38.013 -.0013477 -.0001396 - 2.234 - 38.423
38.265 -.0084040 -.0003564 - 5.702 -241.184
38.390 .0053000 .0008536 13.658 152.6
38.642 .0012623 .00001575 2.520 36.583
/3 2 Q 2 p 0 2,0
18.850 -.0001535 .0000429
. .--J ■ ■
.6864 - 2.1701
20.106 -.0002192 .0001578 2.5248 - 3.3054 
•
20.420 -.0002164 .0002357 3.770 - 3.314
20.735 -.0001573 .0003335 5.336 - 2.4462
21.049 -.0000186 .0003815 6.104 - .2936
21.363 .0001123 .0003187 5.099 1.799
21.677 .0001599 .0002182 3.491 2.600
21.991 .0001561 .0001426 2.282 2.575
25.133 .0000336 .0000086 .138 .633 i
31.416 - .0000114 -.0000016 - .026 - .269 i
38.013 -.0001744 -.0000181 - .290 - 4.972
38.265 -.0009903 -.0000420 - .672 - 28.420
38.390 .0005938 .0000956 1.530 17.097
38.64-2 .0001267 .0000158 .253
I
3.672
i
0( 3 /3 3 ® 30 ® 30 »
18.850 — .0002685 .0000751 1.2016 - 3.7959
20.106 - .0004274 .0003076 4.9216 - 6.4450
20.420 ~ .0004349 .0004738 7.581 - 6.660 ;
20.735 - .0003263 .0006920 11.072 - 5.0744
21.049 - .0000398 .0008184 13.0944 - .6283
21.363 .0002495 .0007082 11.331 3.998
21.677 .0003687 .0005029 8.046 5.994
21.991 .0003742 .0003418 5.469 6.172
25.133 .0001407 .0000360 .576 2.652
31.416 .0000604 .0000086 .138 1.423
: 38.013 .0002352 .0000244 .390 6.705
38.265 .0012957 .0000549 .878 37.185
38.390 .0007653 -.0001233 -1.973 - 22.035
38.642 .0001585 -.0000198 - .317 - 4.594 !
(X 4 £  4 © 4 0
j
o»
!
£ 
1
O 
!
18.850 .0013763 -.0003850 - 6.160 19.4574
20.106 .0025152 -.0018099 -28.958 37.928 ,
20.420 .0026429 -.002 8793 -46.069 40.476
20.735 .0020465 -.0043402 - 69.443 31.826
21.049 .0002576 -.0052926 - 84.682 4.067
21.363 — .001662 8 -.0047193 - 75.509 -26.642
I 21.677 - .0025296 -.0034509 - 55.214 -41.126
21.991 - .0026417 -.0024130 - 38.608 -43.570
25.133 - .0012745 -.0003262 - 5.219 -24.024
31.416 - .0007398 -.0001053 - 1.685 -17.431
38.013 - .0005437 -.0000563 . 901 -15.501 !
I  38.265 - .0002246 -.0000095 .152 - 6.446
38.390 - .0008329 -.0001341 - 2.146 | -23.98
38.642 - .0006520 -.0000814 1 - 1.302 | -18.896
TABLE 3.4.3,
Analogue Computer Results
The analogue circuit for this problem, (Pig. 72), was 
.patched-up for computing on the Solartron 247 Computer.
The appropriate integrator and other amplifier gains were 
set, together with the required values on the potentiometers, 
representing the invariable multipliers or constants of 
the system as already determined.
Computer runs were carried out for various values 
of exciting frequency, O  , corresponding to the 6th 
harmonic order at selected propeller revolutions, and 
embracing the two resonant criticals in the operating 
range. Prior to each run the two potentiometers 
associated with excitation and damping (QAl and PD5) were 
re-adjusted to reflect the variation of these quantities 
with propeller speed, and all the integrator initial . 
condition potentiometers were reset to give the required 
static starting output voltages. All these variable 
potentiometer settings are listed in Table 3.4.4. It 
should be noted that, as a result of adopting a common 
set of amplitude scaling factors for the whole speed 
range, certain circuit voltages^ including initial 
condition settings# would have been excessive at points 
close to the second resonance. Accordingly the actual 
runs at 60.9 and 61.1 R.P.M. were carried out with one 
third and one half of the true excitation, respectively.
The variable potentiometer settings for excitation and 
initial conditions for these speed points, as given in 
table 3.4.4. were therefore correspondingly reduced.
The results of the runs were monitored on an 
oscilloscope and the wave form double-amplitude measurements 
scaled for each of the relevant integrator and amplifier
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outputs. The oscilloscope vertical gain was set in the 
region of 20 cm for 100 volts double amplitude, but was 
recalibrated prior to each run.
In every case, with the preset initial conditions, 
the observed wave forms immediately demonstrated steady- 
state vibration responses from the outset. However, 
because of the sharpness of the second resonance, great 
care was required in this frequency region to adjust the 
machine settings with the highest accuracy, in order to 
obtain stable solutions. The measured results, as 
scaled readings from the oscilloscope, are listed in 
Table 3.4.5. These readings were first converted to 
voltages, using the oscilloscope scale factors, and 
thence to vibratory response amplitudes and torques for 
the system, using the amplitude scaling factors. In 
this process the vibratory torques were obtained from 
differential amplitudes via the appropriate branch shaft 
stiffnesses. In all cases true values were obtained 
from the referred system results by taking account of 
each shaft speed relative to the propeller shaft speed. 
Correction was also made for the runs with reduced 
excitation close to the second resonance.
The final results are presented collectively in 
Table 3.4.6 (a). Comparative values resulting from 
digital computation are given in Table 3.4.6 (b), and 
the two sets of results are compared, for selected 
quantities, on a graphical frequency response basis in 
Figs. 7 3  to 76 .
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EXAMPLE 3.5
FIVE-MASS BRANCHED OIL-ENGINE PROPULSION SYSTEM
Winch
T sinofc o
O
Generator
Propeller
Engine
Reduction
Gearing
Auxiliary
Generator
FIG,7 7
This example simulates an integrated, medium speed 
oil-engine driven machinery installation, typical of many 
modern trawlers. It is similar to the example previously 
considered in Section 1, (example 1.3), but has been 
greatly simplified to bring it within the capabilities of 
analogue computer analysis, although the essential features 
of the branched system configuration have been retained.
The engine has been reduced to a single inertia representing 
a cylinder^at which excitation and damping may be imposed. 
Damping at the propeller inertia is also catered for.
The reduction gearing represents the common junction point 
for the several branches and, although rotating at
different speeds, all inertias and stiffnesses in the 
dynamic system have been referred to engine shaft speed, 
throughout the analysis.
Inertias
Lumped Engine, —
Lumped Gearing, —
Winched Generator, - 
Auxiliary Generator,
Propeller,  ---—
1.68 x 10 lb.in./rad.
9.5 x 10^ lb.in./rad.
g
3.83 x 10 lb.in./rad.
2.725 x 106 lb.in./rad.
Excitation
Excitation of the system was assumed to arise from 
the 6th order harmonic component of the engine torque.
The magnitude of exciting torque is variable and was 
related to engine cylinder indicated mean pressure in 
accordance with the graphs given in Chapter R(E), Section 2 
of the Lloyd's Register Rules (Ref.11). The engine m.i.p., 
in turn, was assumed to vary with the square of speed, 
based on a service power of 1100 H.P. at 550 R.P.M.
Damping:-
The damping imposed at the engine cylinder inertia 
position was assumed to be of an external viscous nature 
with a constant coefficient, estimated to be 11595 lb.in.sec./rad 
External damping was also imposed on the propeller inertia 
with a variable coefficient. A specific damping coefficient
Shaft Stiffnesses
Engine drive branch, --  =
Winch Generator branch,:—  =
Auxiliary Generator
branch, --- =
Propeller line shafting,— =
J1 = 2309 lb.in.sec^/
J2
S 616.19 lb.in.sec
— 21134 lb.xn.sec3
J4
= 95.7 lb.in.sec^
J5
= 2690 lb. m.sec #
of 30 was assumed and the variable damping coefficient was 
dependent on the square of the speed, based on the above 
service power rating.
Preliminary Calculations
A natural frequency analysis was carried out for the 
referred dynamic system, using the branched-system computer 
program, the results being,
= 340.92 v.p.m. , = 35.701 rad./sec.
F2 = 665.27 v.p.m. t = 69.667 rad./sec.
Fg = 1460.74 v.p.m. = 152.97 rad./sec.
F^ = 2184.46 v.p.m. , = 228.76 rad./sec.
These modal frequencies constituted the complete 
set for the system considered and provided four associated 
6th order resonant conditions to be investigated within 
the engine operating speed range.
In addition, to provide the necessary data for 
calculating the analogue computing initial condition 
settings, and for the purpose of overall comparison, the 
frequency responses of the system were examined in detail, 
using the forced-damped digital computer program. This 
treatment dealt with the appropriate engine 6th order 
harmonic excitation and cylinder and propeller damping, 
covering the speed range from 40 to 375 R.P.M. in steps 
of 5 R.P.M. Analysis was also carried out with finer 
frequency increments in the regions of the four resonant 
conditions.
Analogue Computing with Prescribed Initial Conditions
The equations of motion for this system are:-
9  U *
Jv © _ + K. . (6 - 6 .) + C e  = T sinwt
1 1  1 1 2 1 1 o *
J3 ® 3  + K3 ' (®3 " e 2) = ° '
J4 ® 4 + K4 - (64 “ 6 2) = ° '
® 2  - K1 ‘ ( 6 1 - 6 2) “ K3-( 6 3 - e 2} - K4A & 4 “ ®2 >J,
+ K5-( G 2 “ 6 5) = ° 
J5 ®  5 " K5  ^( 6 2 - 6 5) + C5 ®  5 = ° *
By substitution and re-arrangement for analogue 
computing, these equations become -
•• *
= - 727.588 ( - ©2) - 5.02165 ©  x + T0/j sin ^
0 9
© 3 = - 8377.425 (© 3 - © 2) f 
• *
6  = - 40020.9 (©„ - © 0) ,4 4 2 •
9 m
©  2 = 2726.43 (Q 1 - © 2)+  15417.32 (e 3 ~ ® 2  ^ •
+ 6215.615 ( © . - © „ )  - 4422.34 (©„ - ©„)
4  2  2  5 ^
9 <* 0
®  5 = 3949.275 . ( © 2 ~ © 5) - C5/j ' ®  5-
, rj qf ^
in which, for the 6th order harmonic, = o At- = in
terms of engine speed, and the coefficients an(^
(C^/J^) are variables with this speed. Calculated values 
for these coefficients at all the speed points treated 
in this problem are listed in Table 3.5.1 below.
R.P.M. (Rad./Sec.)
To
(lb.in.)
C5
(Lb.in.sec./rad.)
T ,
jr
in
LD
u
45 28.274 31186 562.537 13.5063 .815271
50.8 '31.919 31223 635.042 13.5223 .920351
52.8 33.175 31237 660.044 13.5283 .956586
55 34.558 31253 687.545 13.5352 .996442
55.8 35.060 31259 697.546 13.5377 1.010936
56.8 35.689 31266 710.047 13.5410 1.02 9054
57.8 36.317 31274 722.548 13.5443 1.047171
58.8 36.945 31282 735.049 13.5476 1.065288
65 40.841 31333 812.554 13.5698 1.177614
108.9 68.424 31842 1361.340 13.790 1.972956
109.9 69.052 31856 1373.841 13.797 1.991073
110.9 69.681 31871 1386.342 13.803 2.009191
111.9 70.309 31886 1398.842 13.809 2.027307
230 144.513 34578 2 874.05 14.975 4.16529
240 150.796 34891 2999.01 15.111 4.34639
241.5 151.739 34939 3017.75 15.132 4.37355
242.5 152.367 34971 3030.25 15.146 4.39167
244.5 153.624 35036 3055.24 15.174 4.42788
245.5 154.252 35069 3067.74 15.188 4.44600
250 157.080 35218 3123.97 15.252 4.52749
260 163.363 35558 3248.93 15.400 4.70859
350 219.911 39217 4373.55 16.985 6.33848
360 226.195 39691 4498.51 17.190 6.51958
362 227.451 39787 4523.50 , 17.231 6.55580
363 228.080 39835 4536.00 17.252 6.57391
365 229.336 39932 4560.99 17.294 6.61013
366 229.965 39981 4573.49 17.315 6.62824
368 231.221 40079 4598.48 17.358 6.66446
370 232.478 40177 4623.47 17.400 6.70068
TABLE 3.5.1
Having regard to the range of frequencies of interest
covered in this example and the accompanying variations in 
the magnitudes of the system responses, requiring several 
amplitude scalings, together with the consideration that two 
different models of Analogue Computer were employed in the 
analysis, the subsequent preparation and treatment was 
carried out in separate stages. The analysis in the regions 
of the first two resonances at and COz was carried out 
on the Solartron 247 Analogue Computer, the diagram of the 
circuit arranged being shown in Fig. TB . For resonances 
at C0 3 and CO^ the analysis was performed using the 
E.A.L. 580 Computer and the circuit arrangement is shown 
diagrammatically in Fig.79 .
Amplitude Scaling (a) for C0| = 35.701 rad./sec.
Maximum permissible circuit voltage = 1 M.U. = 100 volts. 
The maximum relative amplitude at the first resonance is
2 M A X
2 'MAX
MAX
Say 800 volts/unit
Say 22.4 volts/unit.
Say .625 volts/unit.
For the 1st Integrator of each ©  circuit
= .625 volts/unit, VQ « 22.4 volts/unit, 
hence integrator factor - 22.4/.625 = 35.84.
For the 2nd Integrator of each ©  circuit,
22.4 volts/unit, VQ = 800 volts/unit 
hence integrator factor = 800/22.4 - 35.714 .
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To satisfy the five re-arranged analogue equations 
and to provide compatibilities of voltage scaling, the 
coefficients of the terms in the equations must be 
multiplied by factors of .625/800 = 1/12 80 and .625/22.4 = 
1/35.84, for differential amplitude and damping velocity, 
respectively, to obtain the required circuit multipliers 
or potentiometer settings. Also for the first three 
equations these multipliers are further combined with the 
first integrator factors, (35.84), to eliminate unnecessary 
additional potentiometers. Thus,
0  g ( 1st equation multiplier = .2037 x 100 (Pot.PCI) 
4th " " - .2130 x 10 (POt.QCl),
6 3 - 6 2
6  & 
4 - 2
6 2 -»5
2nd equation multiplier = .2346 x 1000 (Pot.PA5) 
4th " " = .1204 x 100 (Pot.QA5),
3rd equation multiplier = .1121 x 10000 (pot.PC2) 
4th " " = .4856 x 10 (Pot.QB5),
4th equation multiplier = .3455 x 10 (Pot.PC5) 
5th " " = .3085 x 10 (Pot.QD5),
  1st equation multiplier = .5022 x 10 (pot.PAl).
The potentiometer setting, (PD5) for the propeller 
+
damping ( ) loop, to satisfy the 5th equation^must give a
multiplier of
^§25  ^ (C5 )
22.4 (—  )
5
= .027902 . | C5 j
Since the sinusoid generator circuit gives an output
■f t
of - 100 volts, the excitation multiplier to satisfy the 
1st equation requires a setting for potentiometer QA2 of
Taking the variable values for C5/J5 and TQ/J^ from 
Table 3.5.1 the appropriate potentiometer settings are given 
in Table 3.5.2 below
R.P.M. Pot.PD5 POt.QA2
45 .0227 .3025 x 10
50.8 .0257 .3029 x 10
52.8 .0267 .3030 x 10
55 .0278 .3032 x 10
55.8 .0282 .3032 x 10
56.8 .0287 .3033 x 10
57.8 .0292 .3034 x 10
58.8 .0297 .3035 x 10
65 .0329 .3040 x 10
TABLE 3.5.2
Amplitude Scaling (b) for^2 = 69.667 rad./sec. :-
At this resonance the maximum relative amplitude
is (6 - 6  ).
(8 , -S, - - -016 rad.
=  ti. (6 „ - 6 e )
2 5 '
<©2 "®5 >MA*
( e 2 “ e 5 W  = (62 - e 5)
Say 6200 volts/unit, 
Say 89 volts/unit,
Say 1.2 8 volts/unit,
For each 1st Integrator,
v m =  1 .28 volts/unit, Vq « 89 volts/unit, 
hence integrator factor = 89/1.2 8 = 69.531
Similarly for each 2nd Integrator, the
factor = 6200/89 
= 69.663
Adopting the same procedure as for , the
required constant circuit potentiometer settings are,
Q _ 0 (1st equation multiplier = .1044 x 10, (Pot.PCI) t 
1 2  )4th " " = .5629 (Pot.QCl) .
q q (2nd equation multiplier = .1203 x 1000 (Pot.PA5);
3 2 >4th " " = .3183 X 10 (POt.QAS) .
Q — (3rd equation multiplier = .5745 x 1000 (Pot.PC2)^ 
>4th ■" " = .1283 X 10 (POt.QB5).
©  - e (4th equation multiplier = .9130 (Pot.PC5) /
>5th . . = .8153 (Pot.QD5) .
A
. 1 1st equation multipliers .5022 x 10 (Pot.PAl) .
The potentiometer setting (PD5) for propeller damping 
( ) loop satisfying the 5th equation requires a multiplier
of
. (£1 > . .014382 . { £s ] .
5
The excitation multiplier satisfying the 1st equation 
requires a potentiometer setting for QA2 of
j;.*,?.?. x 69.531 ( To ) * . 89 • f^ 0 1
> j I . }
Using the variable values of C5/J5 and TQ/J^ from 
Table 3.5.1 the appropriate potentiometer settings are given 
in table 3.5.3. below.
R. P.M. Pot.PD5 Pot.QA2
108.9 .0284 .1227 x 10
109.9 .02 86 .1228 x 10
110.9 .0289 .122 8 x 10
111.9 .0292 .1229 x 10
■ — ■■■■ —  ■■■■ —  ■■■ — —  —  _  —  - j
TABLE 3.5.3
Time Scalingr-
For running the analogue solutions in "real" time in the 
frequency regions of and ^  2 integrator gains generally 
would have to be set at 100, but it would be preferable 
for convenient observation to "slow down" the process by 
a factor of 10. However, although this course was 
adopted as a general principle, the variability in 
magnitude of the circuit multipliers locally called for 
individual selection of input gains for the many summing 
and integrating amplifiers involved, in certain instances 
differing for treatment of the two regions around ^  1 
and ^  2 •
Calculation of Prescribed Initial Condition Settings for 
1 and ^  2 ; -
To obtain direct and correct steady-state vibration 
solutions, initial condition integrator output voltages must 
be preset to simulate, for each inertia, the condition 
at datum time, fc = O
instantaneous amplitude, 
and instantaneous velocity © c = CO cL .
The respective amplitude components, oi and /3 at the 
several inertias were obtained from the output results of 
the digital analysis. These values and the resulting
initial static voltages, obtained from them using the 
appropriate amplitude scaling factors, are listed below in 
Table 3.5.4.
Frequency
CO
rad./sec.
DIGITAL VALUES ANALOGUE I.C. VOLTAGES
<
0
10
e
10
28.274 ±0066116 -.0007586 - .607 4.187
31.919 .0194473 -.0056568 - 4.525 13.904
33.175 .028102 8 -.0133734 - 10.699 20.884
34.558 .0353798 -.0406041 - 32.483 27.387
35.060 .0274521 -.0579222 - 46.338 21.559
35.689 .0005873 -.0702395 - 56.192 .470
36.317 -.0250849 -.0588019 - 47.042 - 20.406
36.945 -.0338090 -.0405052 - 32.404 - 27.979
40. 841 -.0194624 -. 0066454 - 5.316 - 17.805
68.424 -.0032441 -.0004124 - 2.557 - 19.756
69.052 -.0031180 -.0005712 - 3.541 - 19.162
69.681 -.0033222 -.0008144 - 5.049 - 20.603
70.309 -.0035066 -.0005525 - 3.425 - 21.942
y® 2 ®  20 6  20
28.274 -.0190680 .0013651 1.092 - 12.077
31.919 -.0251226 .0065482 5.239 - 17.962
33.175 -.0299386 .0132907 10.633 - 22.248
34.558 -.0316091 .0344797 27.584 - 24.468
35.060 -.0235170 .0465767 37.261 - 18.469
35.689 -.0017506 .052 8620 42.290 - 1.399
36.317 .0165103 .0415018 33.201 13.431
36.945 .0213245 .0268610 21.489 17.648
40.841 .0083771
i
.0031030
---- - ------ ----1
2.482 7.664
68.424 -.0011278 .0007094 4.398 - 6.868
69.052 -.0013739 .0016862 10.454 - 8.443
69.681 .0002687 .0030223 18.738 1.666
70.309 .0016059 .0014995 9.297 . 10.049
0^3 ®30 ®  30
28.274 -.0210796 .0015091 1.207 - 13.351
31.919 -.0286008 .0074548 5.964 - 20.449
33.175 -.0344667 .0153009 12.241 - 25.613
34.558 -.0368642 .0402120 32.170 - 28.536
35.060 -.0275610 .0545861 43.669 - 21.645
35.689 -.0020645 .0623399 49.872 - 1.650
36.317 .0195953 .0492565 39.405 15.941
36.945 .0254752 .0320893 25.671 21.083
40.841 .0104596 .0038743 3.099 9.569
68.424- -.0025565 .0016082 9.971 - 15.568
69.052 -.0031890 .0039140 24.267 - 19.598
69.681 .0006391 .0071887 44.570 3.963
70.309 .0039177 .0036581 22.680 24.515
OC'4 /6 4 ©40 ©  40
28.274 -.0194567 .0013929 1.114 - 12.323
31.919 -.0257788 .0067193 5.375 - 18.431
33.175 -.0307852 .0136666 10.933 - 22.877
34.558 -.0325813 .0355402 28.432 - 25.221
35.060 -.0242622 .0480526 38.442 - 19.054
35.689 -.0018081 .0545997 43.680 - 1.445
36.317 .0170730 .0429161 34.333 13.889
36.945 .0220775 .0278094 22.248 18.271
40. 841 .0087414 .0032379 2.590 7.997
68.424 -.0012772 .0008034 4.981 - 7.778
69.052 -.0015597 .0019143 11.869 - 9.585
69.681 .0003058 .0034396 21.326 1.896
70.309 .0018323 .0017109 10.608 11.466
i1 w
r
/3s © 50 © 50
28.274 -.0238938 .0018864 1.509 - 15.133
31.919 -.0337647 .0091632 7.331 - 24.141
33.175 -.0412951 .0188857 15.109 - 30.687
34.558 -.0446859 .0499840 39.987 - 34.591
35.060 -.0332577 .0680584 54.447 - 26.119
35.689 -.0015127 .0780467 62.437 - 1.209
36.317 .0256844 .0619401 49.552 20. 894
36.945 • .0332047 .0405422 32.434 27.479
40.841 .0146086 .0050637 4.051 13.364
68.424 .0065618 -.0026153 - 16.215 39.960
69.052 .0077717 -.0068270 - 42.327 47.762
69.681 .0008440 -.0130423 - 80.862 5.234
70.309 -.0054147 -.0067338 - 41.750 - 33.882
TABLE 3.5.4.
Analogue Computer Results ( and ^ 2  ).
The analogue circuit shown in Fig. 78 was patched up 
for computing on the Solartron 247 Computer. As a 
consequence of the number of computing elements required 
by this problem, both modules of the computer had to be 
utilised and these were linked together to operate as a 
single system, one module becoming a "slave" to the 
master control panel of the other. The required gains 
were set on the integrators and other amplifiers, and 
the relevant potentiometers were adjusted to the
predetermined constants of the system.
Computer runs were performed at the selected 
values of exciting frequency embracing the natural 
frequencies and ^ 2  corresponding to the first two 
resonant speeds for engine 6th order excitation. Prior
to each run the excitation and damping circuit 
potentiometers, QA2 and PD5, were readjusted to their 
speed-dependent values and all the initial condition 
potentiometers were reset to give the required starting 
output voltages. All these variable settings are 
set out in Table 3.5.5.
The progress of the analogue runs was monitored 
on the oscilloscope and in every case with the preset 
initial conditions, the observed waveforms immediately
demonstrated steady-state vibration responses. With
.  •  •  .  41the oscilloscope vertical g a m  calibrated for - 100
volts, the double amplitudes of the monitored output 
waveforms from the relevant integrators and amplifiers 
were'scaled off. These measured readings are listed in 
table 3.5.6. It should be noted that the measurements 
from amplifiers A3 and C3 were subject to magnification 
by a factor of 10, due to the gain settings, except 
for A3 at the four higher frequencies.
As in previous examples, the measurements were 
converted first to voltages and then to equivalent 
amplitudes and torque, the final results being presented 
in Table 3.5.7(a). Comparative results from digital 
computation are given in Table 3.5.7(b) and the twb 
sets of results are compared graphically in Figs. &0 to 85 
for selected quantities of interest.
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A m p litu d e  S c a lin g  (c ) f o r  and
In  t h is  s ta g e  o f  t r e a tm e n t  th e  p rob lem  a n a ly s is  was c a r r ie d  
o u t on th e  EAL 580  A nalogue C om puter, in s te a d  o f  th e  
S o la r t r o n  m ach ine , and f o r  t h is  com puter th e  maximum 
p e r m is s ib le  v o lta g e  (M .U .) is  -  10 v o l t s .  A s in g le  
a m p litu d e  s c a l in g  p rocess  was c a lc u la te d  to  em brace th e  
fre q u e n c y  re g io n s  o f  b o t h a n d  F u rth e rm o re , th e
s c a l in g  was n o t a rra n g e d  p a r t i c u l a r l y  to  s u i t  one o f  th e  
re s o n a n t c o n d it io n s , h a v in g  re g a rd  to  th e  e x tre m e ly  w id e  
ran g e  o f  system  resp o n se  m a g n itu d e s . S c a lin g  was 
th e r e fo r e  based on resp onses a t  a f l a n k  c o n d it io n  a t  2 4 2 .5  
RPM, assum ing them  to  occur a t  a fre q u e n c y  ^ 3 /  th u s  
p ro v id in g  a g e n e ra l b a s is ,  w h ich  c o u ld  be a d ju s te d  l o c a l l y  
to  d e a l c o n v e n ie n t ly  w ith  th e  p a r t i c u la r  m agnitu des o f  
re s p o n s e .
T ak in g  0 ^  = 1 5 2 .9 7  r a d . /s e c .  th e  maximum r e l a t i v e
a m p litu d e  in  t h is  re g io n  was ( 0  -  ) ,  h a v in g  a v a lu e
+ .o f  -  .0 0 6 2 5  r a d . a t  th e  2 4 2 .5  e n g in e  R .P .M . f l a n k .
( © 3  - ^ 3 ) ^  -  .0 0 6 2 5  r a d .  —  say  1600 v o l t s / u n i t
- © n )  = 60 ( $  - ©0 ) — say  1 0 .5  v o l t s / u n i t
o Z M A X  j 6 Z
( © 3  “ ® 2 ^max = ^ 3  ( © 3  ~~ saY . « ° 6 8  v o l t s / u n i t
Hence f o r  th e  1 s t In t e g r a t o r  o f  each ® c i r c u i t ,
th e  in t e g r a t o r  f a c t o r  = 1 0 .5 / .0 6 8  = 1 5 4 .4 1 2
and f o r  th e  2nd In t e g r a t o r  o f  each 0  c i r c u i t ,
th e  in t e g r a t o r  f a c t o r  = 1 6 0 0 /1 0 .5  = 1 5 2 .3 8 1
R e v e r t in g  to  th e  o r i g i n a l  f i v e  re a rra n g e d  a n a lo g u e  
e q u a tio n s  f o r  th e  system , in  o rd e r  to  s a t i s f y  them  and
en su re  c o m p a t ib i l i t y  o f  v o lta g e  s c a l in g ,  th e  e q u a tio n  
c o e f f ic ie n t s  r e q u ir e d  m u l t i p l i c a t io n  b y  fa c to r s  o f  
. 0 6 8 /1 6 0 0 =  1 /2 3 5 2 9  and .0 6 8 /1 0 .5  = 1 /1 5 4 .4 1 2 ,  f o r
d i f f e r e n t i a l  a m p litu d e  and damping v e lo c i t y  te rm s , 
r e s p e c t iv e ly ,  in  o b ta in in g  th e  c o r r e c t  c i r c u i t  m u l t i p l i e r s .  
A ls o  f o r  th e  f i r s t  th r e e  e q u a tio n s  th e s e  m u l t i p l i e r s  w ere  
com bined in  each case  w ith  th e  f i r s t  in t e g r a t o r  f a c t o r s ,  
( 1 5 4 .4 1 2 ) .  Thus,
e - ©
4 2
®2 - ® 5
1 s t  e q u a tio n  m u l t i p l i e r  = .4 7 7 5  x  10 ( P o t .10) 
4 th  " " = .1 1 5 9  ( P o t .17)
2 nd
4 th
3rd
4 th
4 th  
5 th
= .5 4 9 8  x  100 ( P o t .3 0 )
= .6 5 5 2  ( P o t .37 )
= .2 6 2 6  x  1000 ( P o t .4 0 )
= .2 6 4 2  ( P o t .4 7 )
= .1 8 8 0  
= .1 6 7 8
( P o t .2 7 )  
( P o t .5 7 )
 ^ — 1 s t  e q u a tio n  m u l t i p l i e r  = .5 0 2 2  x  10 ( P o t .18 )
The p o te n tio m e te r  m u l t i p l i e r  (5 5 ) f o r  p r o p e l le r
• til
dam ping, loop# to  s a t i s f y  th e  5 e q u a tio n  m ust be
. 0 D  -  .0 0 6 4 76 2  . (C5 )
1 0 .5  (J 5 ) GJ5  ) ■ ■
W ith  th e  s in u is o id  g e n e ra to r  c i r c u i t  o u tp u t o f
4.
-  1 0  v o l t s ,  th e  e x c i t a t io n  m u l t i p l i e r  f o r  p o te n tio m e te r  ( 6 2 ) ,  
s a t is f y in g  th e  1 s t  e q u a t io n , must be
x 1 5 4 .4 1 2  ( To ) = 1 .0 5 0  . < To )
10 ' ' '
( Jl > ( J], )
U sing  th e  v a r ia b le  v a lu e s  f o r  C5 / J 5  and TQ/ f r o m  
T ? b le  3 . 5 . 1 ,  th e  r e q u ir e d  p o te n tio m e te r  s e t t in g s  a re  g iv e n  
in  T a b le  3 . 5 . 8 .  b e lo w : -
R. P .M . P o t. 55 P o t. 62
230 .0 2 7 0 .1 5 7 2  x  100
240 .0 2 8 1 .1 5 8 7  x  100
2 4 1 .5 .0 2 8 3 .1 5 8 9  x  100
2 4 2 .5 . 02 84 .1 5 9 0  x  100
2 4 4 .5 .0 2  87 .1 5 9 3  x 100
2 4 5 .5 . 02 89 .1 5 9 5  x 100
250 .0 2 9 3 .1 6 0 2  x  1 0 0
260  - .0 3 0 5 .1 6 1 7  x  100
350 .0 4 1 0 .1 7 8 3  x 100
360 .0 4 2 2 .1 8 0 5  x 1 0 0
362 .0 4 2 5 ' .1 8 0 9  x  100
363 .0 4 2 6 .1 8 1 2  x  1 0 0
365 .0 4 2 8 .1 8 1 6  x  1 0 0
366 .0 4 2 9 .1 8 1 8  x  1 0 0
368 .04 3 2 .1 8 2 3  x  100
370 .0 4 3 4 .1 8 2 7  x  100
TABLE 3 . 5 . 8 .
Time S c a l in g : -
F o r " r e a l"  t im e  ru n n in g  o f  th e  a n a lo g u e  s o lu t io n s  in  th e
fre q u e n c y  ran g e  o f ^  a n d O  . in t e g r a t o r  g a in s  in  g e n e r a l
o  4
o f  1000 w ould  have been n e c e s s a ry . In  v ie w  o f  such  
e x c e s s iv e  v a lu e s  a l l  th e  in t e g r a t o r  g a in s  w ere re d u c ed  by  
a f a c t o r  o f  100 to  p re s e rv e  o p e r a t io n a l  a c c u ra c y . L o c a l 
a d ju s tm e n ts  o f  a m p l i f i e r  g a in s  w ere  made to  cope w i t h  th e
ra n g e  o f  m agnitudes o f  th e  v a r io u s  c i r c u i t  m u l t i p l i e r s  and, 
in  some c a s e s , a d d i t io n a l  p o te n tio m e te rs  w ere  in tro d u c e d  
" in  cascade" to  im prove th e  a c c u ra c y  o f  s e t t in g .
C a lc u la t io n  o f  P re s c r ib e d  I n i t i a l  C o n d it io n s  f o r  and ’
As p r e v io u s ly  f o r  th e  lo w er f r e q u e n c ie s , i t  was n e c e s s a ry
t o  c a lc u la t e  th e  i n i t i a l  c o n d it io n  in t e g r a t o r  o u tp u t
v o lta g e s  f o r  th e  s e le c te d  p o in ts  in  th e  fre q u e n c y  ra n g e
o f  tJ and , s a t is f y in g  th e  c o n d it io n s  f o r  each i n e r t i a ,  
j 4
in s ta n ta n e o u s  a m p litu d e ,
9
and in s ta n ta n e o u s  v e l o c i t y ,  0 o = C&0( a t  datum  
t im e , t  = 0 t and th e re b y  e n s u r in g  d i r e c t  s te a d y  s t a te  
v ib r a t io n .
The a m p litu d e  components 0L and /S a t  th e  s e v e r a l  
i n e r t i a s  f o r  th e  s e le c te d  f re q u e n c ie s  w ere  ta k e n  fro m  
th e  d i g i t a l  a n a ly s is  r e s u l t s .  These v a lu e s , to g e th e r  
w ith  th e  i n i t i a l  s t a t i c  v o lta g e s  o b ta in e d  fro m  them  b y  
use o f  th e  a p p r o p r ia te  a m p litu d e  s c a l in g  fa c to r s  a re  s e t  
o u t in  T a b le  3 .5 .9  b e lo w .
F req u en cy
CO
R a d ./S e c .
D IG ITA L VALUES ANALOGUE I . C . VOLTAGES
■
&
1 0 ®10
1 4 4 .5 1 3 - .0 0 0 7 3 0 5 - .0 0 0 0 2 6 0 - .0 4 1 6 - 1 .1 0 8 5
1 5 0 .7 9 6 - .0 0 0 6 4 8 5 - .0 0 0 0 2 1 8 - .0 3 4 9 - 1 .0 2 6 8
1 5 1 .7 3 9 - .0 0 0 6 1 3 9 - . 0 0 0 0 2 1 2 - .0 3 3 9 -  .9 7 8 1
1 5 2 .3 6 7 - .0 0 0 5 4 4 5 - .0 0 0 0 2 3 7 - .0 3 7 9 -  .8 7 1 1
1 5 3 .6 2 4 - .0 0 0 7 7 4 3 - .0 0 0 0 3 7 3 - .0 5 9 7 - 1 .2 4 9 0
1 5 4 .2 5 2 - .0 0 0 7 1 4 0 - .0 0 0 0 2 7 8 - .0 4 4 5 -1 .1 5 6 4
1 5 7 .0 8 0 - .0 0 0 6 5 2 4 - . 0 0 0 0 2 2 2 , ’ - .0 3 5 5 - 1 .0 7 6 0
1 6 3 .3 6 3 - .0 0 0 5 9 7 8 - .0 0 0 0 1 9 1 - .0 3 0 6 — 1 .0 2 5 4
2 1 9 .9 1 1 - .0 0 0 3 5 5 3 - .0 0 0 0 0 8 2 - .0 1 3 1 - .8 2 0 4
2 2 6 .1 9 5 -.0 0 0 3 3 6 7 -.0 0 0 0 0 7 5 - . 0 1 2 0 - .7 9 9 7
2 2 7 .4 5 1 - .0 0 0 3 2  98 - .0 0 0 0 0 7 3 - .0 1 1 7 - .7 8 7 6
2 2 8 .0 8 0 - .0 0 0 3 2 0 9 - .0 0 0 0 0 7 0 - . 0 1 1 2 - .7 6 8 5
2 2 9 .3 3 6 - .0 0 0 3 5 1 1 - .0 0 0 0 0 8 5 - .0 1 3 6 - .8 4 5 5
2 2 9 .9 6 5 - .0 0 0 3 4 0 4 - .0 0 0 0 0 7 8 - .0 1 2 5 - .8 2 1 9
2 3 1 .2 2 1 - .0 0 0 3 3 3 2 - .0 0 0 0 0 7 4 - .0 1 1 8 - .8 0 8 9
2 3 2 .4 7 8 - .0 0 0 3 2 9 0 - .0 0 0 0 0 7 3 - .0 1 1 7 - .8 0 3 1
^ 2 ® 2 0 © 2 0
1 4 4 .5 1 3 - .0 0 0 3 1 8 4 - .0 0 0 0 0 9 4 - .0 1 5 0 — .4 8 3 1
1 5 0 .7 9 6 - .0 0 1 1 2 7 2 - .0 0 0 0 1 4 7 - .0 2 3 5 - 1 .7 8 4 8
1 5 1 .7 3 9 - .0 0 1 9 6 1 2 .0 0 0 0 05 5 .0 0 8 8 3 .1 2 4 7
1 5 2 .3 6 7 - .0 0 3 9 6 3 3 .0 0 0 1 60 7 .2 7 5 1 - 6 .3 4 0 7
1 5 3 .6 2 4 .0 0 3 5 2  73 .0 0 0 3 5 3 1 .5 6 5 0  ■ 5 .6 8 9 7
1 5 4 .2 5 2 .0 0 1 7 9 1 5 . 0 0 0 1 2 0 0 .1 2 9 0 2 .9 0 1 6
1 5 7 .0 8 0 .0 0 0 5 33 3 . 0 0 0 0 2 2  8 .03 6 5 .8 7 9 6
1 6 3 .3 6 3 .0 0 0 1 8 6 4 .0 0 0 0 06 5 .0 1 0 4 .3 1 9 7
2 1 9 .9 1 1 - .0 0 0 0 6 9 8 - .0 0 0 0 0 1 6 - .0 0 2 6 - .1 6 1 2
2 2 6 .1 9 5 - .0 0 0 2 7 5 7 -.0 0 0 0 0 5 2 - .0 0 8 3 - .6 5 4 8
2 2 7 .4 5 1 - .0 0 0 5 5 2 1 - .0 0 0 0 0 8 3 - .0 1 3 3 - 1 .3 1 8 5
2 2 8 .0 8 0 - .0 0 1 0 7 4 9 - .0 0 0 0 0 8 6 - .0 1 3 8 - 2 .5 7 4 2
2 2 9 .3 3 6 .0 0 1 2 7 3 7 .0 0 0 0 4 9 8 .0 7 9 7 3 .0 6 7 1
2 2 9 .9 6 5 .0 0 0 6 16 7 .0 0 0 0 18 7 .0 2 9 9 1 .4 8 9 1
2 3 1 .2 2 1 .0 0 0 3 0 7 0 .0 0 0 0 0 8 0 .0 1 2 8 .7 4 5 3
2 3 2 .4 7 8 .0 0 0 2 0 6 1 .0 0 0 0 0 5 1 .0 0 8 2 .5 0 3 1
0^3 $  3 ® 3 0 e 30
1 4 4 .5 1 3 .0 0 0 2 13 3 .0 0 0 0 06 3 . 0 1 0 1 .3 2 3 7
1 5 0 .7 9 6 .0 0 0 6 57 5 .0 0 0 0 08 5 .0 1 3 6 1 .0 4 1 1
1 5 1 .7 3 9 .0 0 1 1 21 7 -.0 0 0 0 0 3 2 - .0 0 5 1 1 .7 8 7 2  ,
1 5 2 .3 6 7 .0 0 2 2 3 7 6 - .0 0 0 0 9 0 7 - .1 4 5 1 3 .5 7 9 8
1 5 3 .6 2 4 - .0 0 1 9 4 1 2 - .0 0 0 1 9 4 3 - . 3 1 0 9 -  3 .1 3 1 4
1 5 4 .2 5 2 - .0 0 0 9 7 3 5 - .0 0 0 0 6 5 2 - .1 0 4 3 -  1 .5 7 6 7
1 5 7 .0 8 0 - .0 0 0 2 7 4 2 - .0 0 0 0 1 1 7 - .0 1 8 7 - .4 5 2 2
1 6 3 .3 6 3 - .0 0 0 0 8 5 3 - .0 0 0 0 0 3 0 - . 0 0 4 8 - .1 4 6 3
2 1 9 .9 1 1 .0 0 0 0 1 4 6 .0 0 0 0 00 3 .0 0 0 5 .0 3 3 7
2 2 6 .1 9 5 .0 0 0 0 5 4 0 .0 0 0 0 0 1 0 .0 0 1 6 .1 2 8 3
2 2 7 .4 5 1 .00 0 1 06 7 .0 0 0 0 0 1 6 . 002 6 .2 5 4 8
2 2 8 .0 8 0 .0 0 0 2 06 3 .0 0 0 0 0 1 7 .0 0 2 7 .4 9 4 1
2 2 9 .3 3 6 - .0 0 0 2 4 1 3 - .0 0 0 0 0 9 4 - . 0 1 5 0 - .5 8 1 1
2 2 9 .9 6 5 - .0 0 0 1 1 6 1 - .0 0 0 0 0 3 5 - . 0 0 5 6 - . 2 8 0 3
2 3 1 .2 2 1 - .0 0 0 0 5 7 0 - .0 0 0 0 0 1 5 - . 0 0 2 4 - . 1 3 8 4
2 3 2 .4 7 8 - .0 0 0 0 3 7 8 - .0 0 0 0 0 0 9 - . 0 0 1 4 - . 0 9 2 3
^  4 £4 0
j<2>
1i1
^ 4 0
1 4 4 .5 1 3 - .0 0 0 6 6 5 9 - .0 0 0 0 1 9 8 - .0 3 1 7 - 1 . 0 1 0 4
1 5 0 .7 9 6 - .0 0 2 6 1 0 4 - .0 0 0 0 3 3 9 - .0 5 4 2 ' - 4 .1 3 3 2
1 5 1 .7 3 9 - .0 0 4 6 1 8 0 .0 0 0 0 1 3 0 .0 2 0 8 -  7 .3 5 7 7
1 5 2 .3 6 7 - .0 0 9 4 3 8 6 .0 0 0 3 8 2 8 .6 1 2 5 - 1 5 .1 0 0 4
1 5 3 .6 2 4 .0 0 8 5 9 7 0 .0 0 0 8 6 0 6 1 .3 7 7 0 1 3 .8 2 3 8
1 5 4 .2 5 2 .0 0 4 4 1 8 4 .0 0 0 2 9 5 9 .4 7 3 4 7 .1 5 6 2
1 5 7 .0 8 0 .0 0 1 3 9 0 8 .0 0 0 0 5 9 4 .0 9 5 0 2 .2 9 3 9
1 6 3 ,3 6 3 .0 0 0 5 5 9 6 .00 0 0 19 5 .0 3 1 2 .9 5 9 9
2 1 9 .9 1 1 .0 0 0 335 2 .0 0 0 0 0 7 4 .0 1 1 8 .7 7 4 0
2 2 6 .1 9 5 .0 0 0 990 3 .0 0 0 0 1 8 6 .0 2  98 2 .3 5 2 0
2 2 7 .4 5 1 .0 01 8 86 5 .0 0 0 0 2 8 4 .0 4 5 4 4 .5 0 5 4
2 2 8 .0 8 0 .0 0 3 5 8 5 1 .0 0 0 0 2 8 8 .0 4 6 1 8 .5 8 5 7
2 2 9 .3 3 6 - .0 0 4 0 5 4 0 - .0 0 0 1 5 8 5 - .2 5 3 6 -  9 .7 6 2 1
2 2 9 .9 6 5 - .0 0 1 9 1 8 9 - .0 0 0 0 5 8 1 - . 0 9 3 0 -  4 .6 3 3 4
2 3 1 .2 2 1 - .0 0 0 9 1 3 9 - .0 0 0 0 2 3 8 - .0 3 8 1 -  2 .2 1 8 8
2 3 2 .4 7 8 - .0 0 0 5 8 8 2 - .0 0 0 0 1 4 5 - .0 2 3 2 -  1 .4 3 5 8
--
--
1 i
R
j
U1
1
£ 5 ® 50 ®  50
1 4 4 .5 1 3 .0 0 0 0 7 4 1 .0 0 0 0 0 4 8 .0 0 7 7 .1 1 2 4
1 5 0 .7 9 6 .0 0 0 2 3 6 5 .0 0 0 0 1 1 3 .0 1 8 1 .3 7 4 4
1 5 1 .7 3 9 .0 0 0 4 0 5 6 .0 0 0 0 1 3 0 .0 2 0 8 .6 4 6 2
1 5 2 .3 6 7 .0 0 0 8 1 2 6 - .0 0 0 0 0 4 7 - .0 0 7 5 1 .3 0 0 0
1 5 3 .6 2 4 - .0 0 0 7 0 5 6 - .0 0 0 0 9 5 4 - .1 5 2 6 -1 .1 3 8 2
1 5 4 .2 5 2 - .0 0 0 3 5 5 3 - .0 0 0 0 3 6 2 - .0 5 7 9 -  .5 7 5 5
1 5 7 .0 8 0 - .0 0 0 1 0 1 4 - .0 0 0 0 0 7 8 - .0 1 2 5 -  .1 6 7 2
1 6 3 .3 6 3 - .0 0 0 0 3 2 3 - . 0 0 0 0 0 2 2  • - .0 0 3 5 -  .0 5 5 4
2 1 9 .9 1 1 .00 0 0 06 2 .0 0 0 0 00 3 .0 0 0 5 .0 1 4 3
2 2 6 .1 9 5 .0 0 0 0 2 3 0 . 0 0 0 0 0 1 2 .0 0 1 9 .0 5 4 6
2 2 7 .4 5 1 .0 0 0 0 4 5 6 . 0 0 0 0 0 2 1 .0 0 3 4 .1 0 8 9
2 2 8 .0 8 0 .0 0 0 0 88 2 .0 0 0 0 03 5 .0 0 5 6 . 2 1 1 2
2 2 9 .3 3 6  . - .0 0 0 1 0 3 2 -.0 0 0 0 0 7 3 -  .0 1 1 7 - .2 4 8 5
2 2 9 .9 6 5 - .0 0 0 0 4 9 7 - .0 0 0 0 0 3 1 -  .0 0 5 0 - . 1 2 0 0
2 3 1 .2 2 1 - .0 0 0 0 2 4 4 - .0 0 0 0 0 1 4 -  . 0 0 2 2 - .0 5 9 2
2 3 2 .4 7 8 -.0 0 0 0 1 6 2 - .0 0 0 0 0 0 9 -  .0 0 1 4 - .0 3 9 5
TABLE 3 . 5 . 9 .
A na log ue  Com puter R e s u lts  ( and <A^)
The an a lo g u e  c i r c u i t  d e v is e d  f o r  a n a ly s is  o f  t h i s  p ro b le m  
in  th e  h ig h e r  fre q u e n c y  ra n g e , u s in g  th e  EAL 580  A nalog ue  
C om puter, as shown d ia g ra m m a t ic a l ly  in  F ig .  *79 , was 
co n n ected  up on th e  p a tc h  p a n e l.
The p r a c t ic a l  p ro ced u re  o f  a n a ly s is  was a l t e r e d  o n ly  
in  m inor d e t a i l  b y  th e  em ploym ent o f  a d i f f e r e n t  ty p e  o f  
co m p u ter. As b e fo r e ,  th e  r e le v a n t  in t e g r a t o r  and 
a m p l i f i e r  g a in s  w ere s e t  and th e  c o n s ta n t  v a lu e  p o te n t io m e te r  
m u l t i p l i e r s  w ere  s e le c te d  by d i g i t a l  b u tto n s  in  a c co rd an ce  
w ith  th e  p re d e te rm in e d  system  c o n s ta n ts .
Com puter runs w ere  c a r r ie d  o u t a t  th e  s e le c te d
v a lu e s  o f  e x c i t in g  fre q u e n c y  in  a ra n g e  c o rre s p o n d in g  to
e n g in e  speeds c o v e r in g  th e  two re s o n a n t 6 th  o rd e r  c r i t i c a l s
a s s o c ia te d  w ith  ^ 0  and . p o r each ru n  th e3 4
p o te n t io m e te r s , 62 and 55 d e te rm in in g  th e  speed d ep en d en t 
v a lu e s  o f  e x c i t a t io n  and p r o p e l le r  damping w ere  r e s e t ,  
to g e th e r  w i th  th e  fre q u e n c y  and a l l  i n i t i a l  c o n d it io n  
p o te n t io m e te r s . These v a r ia b le  s e t t in g s  a re  l i s t e d  in  
T a b le  3 .5 .1 0 .  I t  sh o u ld  be n o te d  t h a t  th e s e  v a lu e s  
in c lu d e  th e  a d ju s tm e n t o f  a m p litu d e  s c a l in g  to  s u i t  th e  
m agnitudes o f  a n t ic ip a te d  resp o n se  v o lta g e s  a t  c e r t a in  . 
f r e q u e n c ie s . Thus, in  th e  60 r e g io n , e x c i t a t io n  and 
i n i t i a l  c o n d it io n  s e t t in g s  w ere  h a lv e d  a t  2 4 2 .5  and
2 4 4 .5  R. P .M . S im i la r ly  in  th e  ra n g e  a l l  v a lu e s  w ere  
d o u b le d , e x c e p t f o r  th e  p o in ts  a t  363 and 365 R .P .M .
The an a lo g u e  s o lu t io n s  w ere  m o n ito re d  on th e  
o s c il lo s c o p e  and, in  e v e ry  c a s e , th e  v a r io u s  ob served  
system  resp onse  waveform s c o n firm e d  th e  im m ed ia te  p ro d u c tio n  
o f  c o m p le te  s te a d y -s ta te  v ib r a t io n ,  r e s u l t in g  fro m  th e  
p r e s e t t in g  o f  th e  r e q u ir e d  i n i t i a l  c o n d it io n s . W ith  th e  
o s c il lo s c o p e  v e r t i c a l  g a m  c a l ib r a t e d  f o r  -  1 0  v o l t s ,  
th e  r e le v a n t  in t e g r a t o r  and a m p l i f i e r  o u tp u t w aveform  
d o u b le  a m p litu d e s  w ere  s c a le d  o f f .  In  some c a s e s , w i th  
v e ry  s m a ll re s p o n s e s , th e  o u tp u t  s ig n a ls  w ere  passed th ro u g h  
an a m p l i f i e r  w ith  a g a in  o f  1 0 , as a means o f  in c r e a s in g  
th e  a c cu ra c y  o f  m easurem ent. The c o m p le te  s e t  o f  
m easured re a d in g s  a re  l i s t e d  in  T a b le  3 .5 .1 1 .  These w ere  
c o n v e rte d  to  v o lta g e s  and th e n c e  to  e q u iv a le n t  system  
a m p litu d e s  and to rq u e s , th e  r e s u l t s  b e in g  p re s e n te d  in  
T a b le  3 . 5 . 1 2 ( a ) .
The p r e v io u s ly  o b ta in e d  r e s u l t s  fro m  d i g i t a l  compu­
t a t io n  a re  g iv e n  f o r  com parison in  T a b le  3 .5 .1 2 ( b )  and th e  
two s e ts  o f  r e s u l t s  a re  compared g r a p h ic a l ly  f o r  s e le c te d  
system  q u a n t i t ie s  in  F ig s .  86 to  31 .
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EXAMPLE 3.6
FIVE-MASS O IL  ENGINE DRIVEN GENERATING SET
K. k 2
T.
J 4
K4
3 E ng ine
C y lin d e rs
FlG. 92,
F ly w h e e l G e n e ra to r
R o to r
T h is  exam ple was c h o s e n ’ to  p ro v id e  a system  h a v in g  
c h a r a c t e r is t ic  fe a tu r e s  c lo s e ly  re s e m b lin g  th o s e  o f  an 
a c tu a l  m arin e  a u x i l i a r y  power g e n e r a t in g  s e t .  A lth o u g h  th e  
system  is  u n bran ch ed , th e  purpose o f  th e  exam ple was to  
d e m o n s tra te  th e  use o f  th e  a n a ly t i c a l  methods in  cases  
f e a tu r in g  th e  m u lt ip le  a p p l ic a t io n  o f  b o th  damping and  
phased e x c i t a t io n s .
The o r i g i n a l  i n s t a l l a t i o n  was d r iv e n  b y  a 6 - c y l i n d e r ,  
4 - s t r o k e ,  "Vee" o i l  e n g in e  w i th  a power r a t in g  o f  2 4 0  B .H .P .  
a t  1200  R .P .M . As a s im p l i f i c a t io n  f o r  t r e a tm e n t  by  
an a lo g u e  co m p u tin g , th e  en g in e  was red u ced  to  an e q u iv a le n t  
3 - c y l in d e r  v e r s io n , w ith o u t  d e s tro y in g  any o f  th e  e s s e n t ia l  
fe a tu re s  o f  i n t e r e s t ,  p a r t i c u l a r l y  th e  e f f e c t s  o f  m a jo r  
and m ino r h arm on ic  o rd e rs  o f  e n g in e  e x c i t a t i o n .  In  t h i s  
r e s p e c t ,  i n t e r e s t  l i e s  in  th e  t y p i c a l  o c c u rre n c e  o f  tw o  
modes o f  v ib r a t io n  h a v in g  n a t u r a l  f re q u e n c ie s  f a i r l y  c lo s e
to  each o th e r  and g iv in g  m a jo r and m in o r lH and 8 th  o rd e r  
reso nances in  p a ir s  n e a r th e  r a te d  s e r v ic e  speed o f  th e  
i n s t a l l a t i o n .
I n e r t i a s : -
E n g in e  c y l in d e r s ,
F ly w h e e l,
G e n e ra to r , J_
5
-  50  x  10 l b . i n . / r a d .t 
= 62 x  1 0 ^ l b . i n . / r a d .  ,
g
= 7 2 .6  x  10 l b . i n . / r a d .  
E x c i t a t io n
E x c ita t io n s  due s e p a r a te ly  to  th e  7% and 8 th  o rd e r  
harm onic  components o f  e n g in e  to rq u e  w ere  c o n s id e re d  as 
a c t in g  a t  each o f  th e  th r e e  c y l in d e r  p o s it io n s  in  c o r r e c t  
phase r e la t io n s h ip .  The f i r i n g  o rd e r  sequence f o r  th e
c y l in d e r s  was 1 - 3 - 2 ,  w i th  e q u a l c ra n k  a n g le  in t e r v a ls  o f
o . . . .240  . Over th e  l im i t e d  speed ra n g e  in v e s t ig a t e d ,  th e
g e n e ra to r  was assumed to  be " o n - lo a d " , g iv in g  a c o n s ta n t  
e n g in e  o u tp u t to rq u e  and hence c o n s ta n t  harm on ic  
e x c i t a t io n s .  The m agnitudes o f  th e  e x c i t in g  to rq u e s  w ere  
based on c y l in d e r  in d ic a te d  mean p re s s u re , u s in g  th e  
r e la t io n s h ip s  g iv e n  g r a p h ic a l ly  in  C h a p te r  R (E ) ,  S e c t io n  2 
o f  th e  L lo y d 1s R e g is te r  R u le s , (R e f . 1 1 ) .
Dam ping: -
E x te r n a l  v is c o u s  damping was a p p lie d  e q u a l ly  a t  each  
o f  th e  th r e e  e n g in e  c y l in d e r  p o s i t io n s .  As is  cu s to m ary
S h a f t  S t i f f n e s s e s : -  
C ra n k s h a ft ,  
E n g in e -F ly w h e e l,  
G e n e ra to r  s h a f t ,
2
= J 2  = J 3  = lb .  m .  s e c . ,
2= 354 l b . i n . s e c  „ ,
2= 109 l b . m . s e c  .
w ith  c y l in d e r  dam ping, th e  damping c o e f f i c ie n t  was assumed 
to  rem a in  c o n s ta n t w i th  fre q u e n c y  and th e  m agn itu de  was 
e s tim a te d  to  be 6 9 0 .9  l b . i n . s e c . / r a d .  a t  each p o s i t io n .
(T h is  was based on an e n g in e  dynam ic m a g n if ie r  o f  50 f o r  th e  
2 nd mode, 8 th  o rd e r  re s o n a n c e , as g iv e n  by c o n v e n t io n a l  
a n a ly s is ) .
P r e l im in a r y  C a lc u la t io n s
A n a t u r a l  fre q u e n c y  a n a ly s is  was c a r r ie d  o u t f o r  th e  
e q u iv a le n t  dynam ic system  u s in g  th e  d i g i t a l  com puter 
program  and th e  r e s u l t s  o b ta in e d  f o r  th e  f i r s t  th r e e  modes 
o f  v ib r a t io n  w e re ,
F^ = 8 2 1 9 .9  v .p .m . , CO = 8 6 0 .7 9  r a d . / s e c .t
F 2  = 9 5 4 1 .8  v .p .m . t  ^= 9 9 9 .2 1  r a d . /s e c .  ,
and F^ = 2 3 5 2 9 .1  v .p .m ^  O ^  = ' 2 4 6 3 . 9 6  r a d . /s e c .  /
in d ic a t in g  th e  c lo s e n e s s  o f  th e  f i r s t  two f r e q u e n c ie s .
In  a d d it io n  th e  fre q u e n c y  resp o n ses  o f  th e  system  
w ere  a n a ly s e d  in  d e t a i l ,  u s in g  th e  fo rced -d am p ed  d i g i t a l  
com puter p rogram , to  p ro v id e  th e  n e c e s s a ry  d a ta  f o r  c a lc u l ­
a t in g  th e  an a lo g u e  com puting i n i t i a l  c o n d it io n  s e t t in g s  
and a ls o  f o r  th e  purpose o f  o v e r a l l  com parison o f  th e  
m ethods. T h is  t re a tm e n t  c o n s id e re d  th e  e f f e c t s  o f  lh and  
8 th  o rd e r  e x c i t a t io n s  s e p a r a te ly ,  c o v e r in g  th e  e n g in e  speed  
ran g e  fro m  1000 to  1300 R .P .M . in  s te p s  o f  10 R . P . M.  and  
a ls o  w i th  f i n e r  fre q u e n c y  in c re m e n ts  in  th e  re g io n s  o f  th e  
re s o n a n t c o n d it io n s .
A nalogue Com puting w i th  P re s c r ib e d  I n i t i a l  C o n d it io n s
The e q u a tio n s  o f  m otio n  f o r  th e  dynam ic system , m aking
thp ro v is io n  f o r  m u lt ip le  a p p l ic a t io n  o f  n o rd e r  e x c i t a t io n s
in  a s p e c if ie d  phase r e la t io n s h ip  based on th e  c y l in d e r  
f i r i n g  sequence, a re  -
Jl ® l + cl ® l + Kl * ( 6 l ~ = T *u sin (<-it•**<£,) ,
J2 ® 2  +  c 2 ® 2 -  K1 • ( 6  I - e 2 ) +  K2 • ( ® 2  ~ 6 3>
T s in  (lO t +  txyL)
J 3 ® 3  + C3 ®  3 -  K2 ’ ( e 2 -  6 3 } + K3 - ( 6  3 "  ® 4 ) =
T s in  (Lot-vin<$)
J4 ®  4  -  K3 • ( ® 3  “ ® 4 ) + K4 ’ (<94 = °  '
and J5 © 5 - K4 . (©4 -©5) = 0. ,
in  w h ic h , f o r  th e  n o r d e r ,  CO = tv X L  = — . V \. N  in
3 0
term s o f  en g in e  speed .
In  t h is  exam p le , = T In 2 . = T H 3  anc^
phase a n g le s  due to  th e  c ra n k  r e la t io n s h ip s  a re  = O
4>2 = -  4 8 0 °  and $  = -  2 4 0 ° .
By s u b s t i t u t io n  and re -a r ra n g e m e n t f o r  a n a lo g u e  
co m p u tin g , th e s e  e q u a t io n s , in  g e n e r a l ,  become
©  = -  4 9 . 3 5  ©  -  3 .5 7 1 4  x  10 6  ( ©  - © 9 ) + . s i n  ( c o t + o )
JL L J- m S
© 2  = -  4 9 . 3 5  © 2  + 3 .5 7 1 4  x  10 6 [ ( © 1  -  © 2 ) -  ( © 2  - © 3 )} +
Zb. . s in  ( c o t  -V vx ct> )
J2 s
= -  4 9 .3 5  & 3 + 3 .5 7 1 4  x  106 ( ©2 -  ©3) -  4 .4 2 8 6  x  10 .
( © 3  -  © 4 ) + . s in  ( c o t  -V U  )
J 3
9 4
©4 = 175140 (63 - © 4 ) -  2 050 80  (©4 - © g )
© 5 = 666060 ( ©  - © 5).
Prom t h i s  p o in t  th e  t r e a tm e n t  was c a r r ie d  o u t  
s e p a r a te ly  f o r  th e  7^ and 8 th  o rd e r  h arm on ic  e x c i t a t io n s .  
F o r th e  1% o r d e r ,  T n was ta k e n  as 1 0 3 0 .4  l b . i n .  so t h a t
and, w i t h  th e  r e l a t i v e  f i r i n g  a n g le s , a l l  th r e e  e x c i t in g  
term s a c te d  " in  phase" , p ro d u c in g  a m a jo r e n g in e  o r d e r .  
S im i l a r l y  f o r  th e  8 th  o r d e r ,  T ^  was ta k e n  as 8 1 9 .1  l b . i n . ,  
so t h a t
b u t  th e  r e l a t i v e  f i r i n g  a n g le s  produced a m inor e n g in e  
o r d e r ,  th e  th r e e  phase a n g le s  b e in g  e q u iv a le n t  to
In  o th e r  words th e  e x c i t in g  te rm s w ere
f o r  C y l .  1 , 5 8 .5 0 7 1  . s in  W t,
C y l.  2 , 5 8 .5 0 7 1  , ( - . 5  s in  O it  + . 8660  cos C i t ) ,
and C y l .  3 , 5 8 .5 0 7 1  . ( - . 5  s in  w t  -  . 8 6 6 0 c o s w t ) .
The an a lo g u e  c i r c u i t s  d e v is e d  to  s im u la te  th e  above  
e q u a tio n s  f o r  s o lu t io n  on th e  EAL 580  Com puter and 
c a te r in g  f o r  th e  two harm o n ic  o rd e rs  o f  e x c i t a t io n  a re  
shown d ia g ra m m a t ic a l ly  in  F ig s .  9 3  and 3 4 -  , 
r e s p e c t iv e ly .
A m p litu d e  S c a lin g  (a ) f o r  7% O rder
A s in g le  a m p litu d e  s c a l in g  o p e r a t io n , s u i t a b le  f o r  th e  
w h ole  ra n g e  o f  fre q u e n c ie s  to  be c o n s id e re d , was based  on 
c o n d it io n s  a t  th e  2nd m odal re s o n a n c e . T h is  f re q u e n c y , < - ^ 2  
was a p p ro x im a te ly  1 0 0  r a d . /s e c .  and th e  maximum a m p litu d e
T n / J x = T n  / J 2  = / J 3  = 7 3 . 6 0 0
T h / J x = T n / J 2  = T n / J 3  = 5 8 .5 0 7 1
n<5i = o
- I H.U.-
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AKA,LOCUH COMPUTER CIRCUIT DIAGRAM
r p R  E X A M P L E  3 » 6 »  C B t^ O ^ D E R  E K O T A T t O H ^
Aoccurred at the 1st mass, where —  - .002 rad.
•  •  •  •  *■!*W ith  maximum p e rm is s ib le  v o lta g e  = 1 M .U . = -  10 v o l t s ,
6 i « a *  ~  - ° 0 2  r a d ,
=  ^ 2 .
^ 1  M A X  ~  ^ 2 ^  M A X
say 5000  v o l t s / u n i t ,  
say 5 v o l t s / u n i t ,  
say .0 0 5  v o l t s / u n i t .
Hence f o r  th e  1 s t  In t e g r a t o r  o f  each ©  c i r c u i t ,
th e  in t e g r a t o r  f a c t o r  = 5 / .0 0 5  = 10 0 0 .
and f o r  th e  2nd In t e g r a t o r  o f  each ©  c i r c u i t ,
th e  in t e g r a t o r  f a c t o r  = 5 0 0 0 /5  = 1 0 0 0 .
In  o rd e r  to  s a t i s f y  th e  f i v e  r e -a r r a n g e d  a n a lo g u e  
e q u a tio n s  f o r  th e  system  and a ls o  to  en su re  c o m p a t ib i l i t y  
o f  v o lta g e  s c a l in g ,  th e  c o e f f ic ie n t s  o f  th e  e q u a tio n
- 6r e q u ir e d  m u l t ip l i c a t io n  by f a c to r s  o f  .0 0 5 /5 0 0 0  = 10 and
„3
.0 0 5 /5  = 10 , f o r  d i f f e r e n t i a l  a m p litu d e  and damping
v e lo c i t y  te rm s , r e s p e c t iv e ly ,  th u s  o b ta in in g  th e  c o r r e c t  
c i r c u i t  m u l t i p l i e r s  and p o te n tio m e te r  c o n s ta n t s e t t in g s .  • 
These m u l t i p l i e r s  w ere  f u r t h e r  com bined w i t h  th e  f i r s t  
in t e g r a t o r  fa c to r s  o f  each c i r c u i t  ( 1 0 0 0 ) ,  to  econom ise in  
th e  use o f  p o te n t io m e te rs . Thus,
e ,  -  e
©  — ©
©  -  ©
1 s t  e q u a tio n  m u l t i p l i e r K .3 5 7 1 4 X 41 0 ( P o t .15 )
2 nd I 1! SS .3 5 7 1 4 X io4 (P O t .16 )
2 nd e q u a tio n  m u l t i p l i e r .3 5 7 1 4 X io4 (P O t .2 5 )
3 rd H H = .3 5 7 1 4 X 1 0 4 ( P o t .2 6 )
3 rd  e q u a tio n  m u l t i p l i e r .4 4 2 8 6 X io4 ( P o t .35 )
4 th n ii = .1 7 5 1 4 X io3 ( P o t .36 ) /
4 th  e q u a tio n  m u l t i p l i e r = .2 0 5 0 8 X io3 ( P o t .4 5 )
5 th H H .6 6 6 0 6 X io3 ( P o t .4 6 )  ,
© 1 s t e q u a tio n  m u l t i p l i e r  = . 4935 x 100 ( P o t .1 0 ) .
T h is  a ls o  a p p lie s  f o r  and ©^ ( P o t .20  and 3 0 ) .
W ith  th e  s in u s o id  g e n e ra to r  c i r c u i t  g iv in g  an o u tp u t
-t- , , , t , .
o f  -  1 0  v o l t s  th e  e x c i t a t io n  m u l t i p l i e r s  s a t is f y i n g ,  m  
common, th e  f i r s t  th r e e  e q u a tio n s  r e q u ir e d  a s e t t in g  f o r  
p o te n tio m e te r  62 o f
in c lu s iv e  o f  th e  f i r s t  in t e g r a t o r  f a c t o r  o f  each c i r c u i t .
A m p litu d e  S c a lin g  (b ) f o r  8 th  O rder
As w i th  th e  7% o r d e r ,  th e  a m p litu d e  s c a l in g  f o r  th e  8 th
o rd e r  was based on th e  2 nd m odal re s o n a n c e , assum ing an
a p p ro x im a te  fre q u e n c y , o f  1000 r a d /s e c .  The maximum
a m p litu d e  in  th e  system  a t  re s o n a n c e , o c c u r r in g  a t  th e
41
1 s t  mass, was a p p ro x im a te ly  - .0 0 0 5  r a d .  f o r  th e  8 th  o rd e r  
e x c i t a t i o n .
+
W ith  th e  maximum p e rm is s ib le  v o lta g e  = 1 M .U . = -  10  v o l t s ,  
.0 0 5  ra d  —  say  20 00 0  v o l t s / u n i t ,
th e  above v o lta g e  s c a l in g  f o r  th e  8 th  o rd e r  a n a ly s is ,  i t  
c o n v e n ie n t ly  fo llo w e d  t h a t  th e  in t e g r a t o r  f a c to r s  and a l l  
th e  c o n s ta n t c o e f f i c ie n t  m u l t i p l i e r s  o f  th e  r e -a r r a n g e d  system  
e q u a tio n s , a lr e a d y  c a lc u la te d  f o r  th e  7% o rd e r  c a s e , w ere  
e q u a lly  a p p l ic a b le  to  th e  8 th  o r d e r .
7 3 .6  x  .0 0 5  x  1000  = . 3680  x  100
10 /
2  \ MAXI M A X
2  I WAX
say 2 0  v o l t s / u n i t .
say  . 0 2  v o l t s / u n i t .
H av ing  adopted  th e  same b a s ic  c o n d it io n s  in  a r ra n g in g
In  th e  f i r s t  in s ta n c e , w ith  th e  s in u s o id  g e n e ra t in g
•  •  •  •  “f-c i r c u i t  p ro v id in g  an o u tp u t o f  -  1 0  v o l t s ,  th e  r e q u is i t e
8 th  o rd e r  e x c i t a t io n  m u l t i p l i e r s  s a t is f y in g  th e  f i r s t  
th r e e  e q u a tio n s  and in c o r p o r a t in g  th e  f i r s t  in t e g r a t o r  
f a c t o r  o f  each c i r c u i t  w ould  have been
.5.8 i.5 0 7 1 x  tQ2 x  1 0 0 0  _   ^117Q x  100Q1Q   .
H ow ever, in  p re v io u s  cases e i t h e r  s in g le  e x c i t a t io n s  o r ,  
as w i th  th e  7h o rd e r  t r e a tm e n t ,  m u l t ip le  in -p h a s e  
e x c i t a t io n s  o n ly  w ere  c o n s id e re d . Thus th e r e  was i n t e r e s t  
in  s in  e x c i t a t io n  o n ly ,  o b ta in a b le  fro m  th e  o u tp u t  o f  
a m p l i f i e r  6 2 . In  th e  8 th  o rd e r  case  th r e e  m u tu a lly  
d i f f e r e n t  phased e x c i t a t io n s  w ere  r e q u ir e d ,  in v o lv in g  th e  
in t r o d u c t io n  o f  cos te rm s . A f e a tu r e  o f  th e  s in u s o id  
c i r c u i t  is  t h a t  an o u tp u t  o f  1 0  cos c o t v o l t s  is  p ro v id e d  
by in t e g r a t o r  6 0 , so t h a t  th e  s in g le  g e n e ra t in g  c i r c u i t  
a f fo r d e d  a l l  th e  v o lta g e  s ig n a ls  r e q u ir e d  to  s e t  up th e  
th r e e  s e p a ra te  e x c i t a t io n s .
Thus th e  s in  cot v o lta g e  was passed th ro u g h  
p o te n tio m e te r  6 2 , s e t  to  th e  above m u l t i p l i e r ,  d i r e c t l y  
to  th e  in t e g r a t o r  1 0  o f  th e  f i r s t  c i r c u i t  and , v ia  a 
f u r t h e r  p o te n tio m e te r  6 6 , s e t  a t  .5 0 ,  to  th e  second and 
t h i r d  c y l in d e r  c i r c u i t  in te g r a to r s  20  and 3 0 . F o r th e  
cos cot component th e  v o lta g e  s ig n a l  was passed th ro u g h  
p o te n tio m e te r  65 s e t  a t  a v a lu e  o f  .1 1 7 0  x  .8 6 6 0  = .1 0 1 3 ,  
and th en ce  to  th e  in t e g r a t o r s  20 and 3 0 , (w ith  a change  
o f  s ig n  a t  a m p l i f i e r  63 in  th e  f i r s t  c a s e ) ,  so f i n a l l y  
a r ra n g in g  th e  r e q u is i t e  phase r e la t io n s h ip s  betw een th e  
th r e e  e x c i t a t io n s .
Tim e S c a lin g
A lth o u g h  th e  lh and 8 th  o rd e r  an a lo g u e  tre a tm e n ts  o f  t h is  
system  w ere  c a r r ie d  o u t as s e p a ra te  in v e s t ig a t io n s ,  th e  
same fre q u e n c y  ranges w ere  in v o lv e d  and th e  same 
a m p litu d e  s c a l in g  m u l t i p l i e r s  a d o p ted . Thus, in  b o th  
c a s e s , f o r  " r e a l - t im e "  ru n n in g  in t e g r a t o r  g a in s  ra n g in g  
fro m  100 to  10000 w ould  have been r e q u ir e d .  A c c o rd in g ly ,  
f o r  c o n v e n ie n t o b s e rv a t io n  and to  r e t a i n  com puting  
a c c u ra c y , th e  p rob lem  was slow ed down b y  re d u c in g  th e  
g a in s  g e n e r a l ly  by  a f a c t o r  o f  1 0 0 0  and com pensating  
l o c a l l y  in  th e  c i r c u i t  w here n e c e s s a ry .
C a lc u la t io n  o f  P re s c r ib e d  I n i t i a l  C o n d it io n s
As in  p r e v io u s ly  w orked exam p les , i t  was c o n s id e re d  
e s s e n t ia l  t o  c r e a te  d i r e c t  s te a d y -s ta te  v ib r a t io n  c o n d it io n s  
f o r  th e  system  fro m  th e  p o in t  o f  i n i t i a t i o n  o f  each a n a lo g u e  
ru n . The r e q u is i t e  i n i t i a l  c o n d it io n  in t e g r a t o r  o u tp u t  
v o lta g e s  w ere th e r e fo r e  c a lc u la te d  f o r  th e  s e le c te d  
fre q u e n c y  v a lu e s  in v e s t ig a te d ,  s a t is f y in g  th e  c o n d it io n s  
a t  datum  t im e , fc = O , f o r  each i n e r t i a
in s ta n ta n e o u s  a m p litu d e , © 0  =  {$> 
and in s ta n ta n e o u s  v e l o c i t y ,  =  CO 0£ .
The r e s p e c t iv e  a m p litu d e  resp onse  com ponents, 0^ and /3 , 
f o r  th e  in e r t i a s  a t  th e  s e le c te d  fre q u e n c ie s  w ere ta k e n  
fro m  th e  d i g i t a l  com puter c a lc u la t io n s  and th e  i n i t i a l  
c o n d it io n  s t a t i c  v o lta g e s  o b ta in e d  fro m  them  u s in g  th e  
a p p r o p r ia te  a m p litu d e  s c a l in g  f a c t o r s .  A l l  th e s e  v a lu e s  
a re  s e t  o u t in  T a b le s  3 .6 .1  and 3 .6 .2  b e lo w  f o r  th e  
lh and 8 th  o rd e r  a n a ly s e s  r e s p e c t iv e ly .
7% Order
F req u en cy  
R a d ./S e c .
D IG ITA L VALUES ANALOGUE I.< : .  VOLTAGES
® 1 0 ® 1 0
8 4 0 .3 8 . 0Q10117 - .0 0 0 6 9 1 2 -  3 .4 5 6 0 4 .2 5 1 0
8 5 6 .0 8 .0 0 0 6 7 0 8 - .0 0 1 8 9 8 1 -  9 .4 9 0 5 2 .8 7 1 3
8 6 3 .9 4 - .0 0 0 4 9 4 8 - .0 0 1 9 9 4 4 -  9 .9 7 2 0 -  2 .1 3 7 4
8 8 7 .5 0 - .0 0 0 7 2 7 6 - .0 0 0 3 0 0 5 -  1 .5 0 2 5 -  3 .2 2 8 7
9 4 2 .4 8 .0 0 0 0 03 3 - . 0 0 0 0 0 1 0 -  . 005 .0 1 5 6
9 6 6 .0 4 .0 0 0 3 02 5 - .0 0 0 0 5 0 9 -  .2 5 4 5 1 .4 6 1 1
9 8 1 .7 5 .0 0 0 7 03 3 - .0 0 0 3 1 9 3 -  1 .5 9 6 5 3 .4 5 2 3
9 8 9 .6 0 .0 0 0 9 2 9 8 - .0 0 0 8 6 3 4 -  4 .3 1 7 0 4 .6 0 0 7
9 9 7 .4 6 .0 0 0 3 1 9 8 - .0 0 1 8 0 0 8 -  9 .0 0 4 0 1 .5 9 4 9
1 0 0 5 .3 1 - .0 0 0 7 9 9 9 - .0 0 1 3 8 8 1 -  6 .9 4 0 5 -  4 .0 2 0 7
1 0 1 3 .1 6 - .0 0 0 9 0 0 3 - .0 0 0 7 3 1 1 -  3 .6 5 5 5 -  4 .5 6 0 8
1 0 2 1 . 0 2 - .0 0 0 7 7 3 1 - .0 0 0 4 2 5 6 -  2 . 1 2  80 -  3 .9 4 6 7
0 ^ 2 Z6  2 © 2 0 © 2 0
8 4 0 .3 8 .0 0 0 7 9 9 0 - .0 0 0 5 4 2  8 -  2 .7 1 4 0 3 .3 5 7 3
8 5 6 .0 8 .0 0 0 5 3 5 0 - .0 0 1 5 0 0 7 -  7 .5 0 3 5 2 .2 9 0 0
8 6 3 .9 4 - .0 0 0 3 8 8 2 - .0 0 1 5 8 3 5 -  7 .9 1 7 5 -  1 .6 7 6 9
8 8 7 .5 0 - .0 0 0 5 8 4 1 -.0 0 0 2 4 3 2 -  1 .2 1 6 0 -  2 .5 9 1 9
9 4 2 .4 8 -.0 0 0 0 1 8 1 - .0 0 0 0 0 0 7 -  .0 0 3 5 -  .0 8 5 3
9 6 6 .0 4 .0 0 0 2 03 5 - .0 0 0 0 3 3 5 -  .1 6 7 5 .9 8 2 9
9 8 1 .7 5 .0 0 0 4 97 2 - .0 0 0 2 2 3 6 -  1 .1 1 8 0 2 .4 4 0 6
9 8 9 .6 0 .0 0 0 6 6 6 0 - .0 0 0 6 1 4 0 -  3 .0 7 0 0 3 .2 9 5 4
9 9 7 .4 6 .0 0 0 2 3 4 9 - .0 0 1 2 9 4 7 -  6 .4 7 3 5 1 .1 7 1 5
1 0 0 5 .3 1 - .0 0 0 5 7 4 9 - .0 0 1 0 0 6 4 -  5 .0 3 2 0 -  2 .8 8 9 8
1 0 1 3 .1 6 - .0 0 0 6 5 1 9 - .0 0 0 5 3 3 5 -  2 .6 6 7 5 -  3 .3 0 2 4
1 0 2 1 . 0 2 - .0 0 0 5 6 2 1 -.0 0 0 3 1 2 3 -  1 .5 6 1 5 -  2 .8 6 9 6
u 3 /3  3 © 30 © 3 0
8 4 0 .3 8 .0 0 0 4 1 4 1 - .0 0 0 2 7 7 7 -  1 .3 8 8 5 1 .7 4 0 0
8 5 6 .0 8 .0 0 0 2 8 6 6 - .0 0 0 7 8 9 0 -  3 .9 4 5 0 1 .2 2 6 8
8 6 3 .9 4 - . 0 0 0 2 0 2 2 - .0 0 0 8 4 6 3 -  4 .2 3 1 5 -  .8 7 3 4
8 8 7 .5 0 - .0 0 0 3 2 9 3 - .0 0 0 1 3 9 3 - .  6965 -1 .4 6 1 3
9 4 2 .4 8 - .0 0 0 0 5 5 6 - .0 0 0 0 0 0 5 -  .0 0 2 5 -  .2 6 2 0
9 6 6 .0 4 .0 0 0 0 31 2 - .0 0 0 0 0 4 7 ~ .0 2 3 5 .1 5 0 7
9 8 1 .7 5 .0 0 0 1 3 9 4 - .0 0 0 0 6 0 8 -  .3 0 4 0 .6 8 4 3
9 8 9 .6 0 .0 0 0 2 0 7 4 - .0 0 0 1 8 7 0 -  .9 3 5 0 1 .0 2 6 2
9 9 7 .4 6 .0 0 0 0 8 1 8 - .0 0 0 4 2 4 7 -2 .1 2 3 5 .4 0 8 0
1 0 0 5 .3 1 -  .0 0 0 1 9 3 8 - .0 0 0 3 4 7 9 -  1 .7 3 9 5 -  .9 7 4 1
1 0 1 3 .1 6 -  .0 0 0 2 2 9 3 - .0 0 0 1 9 1 8 -  .9 5 9 0 -1 .1 6 1 6
1 0 2 1 . 0 2 -  .0 0 0 2 0 3 1 - .0 0 0 1 1 5 7 -  .5 7 8 5 -1 .0 3 6 8
I 
•sf  
*1> 
..... P 4
Q> O
' (i 
O
 
.
0
8 4 0 .3 8 .0 0 0 0 2 3 6 -  .0 0 0 0 1 5 8 -  .0 7 9 0 .0 9 9 2
8 5 6 .0 8 .0 0 0 0 2 9 7 -  .0 0 0 0 8 1 7 -  .4 0 8 5 .1 2 7 1
8 6 3 .9 4 -  .0 0 0 0 2 6 5 -  . 0 0 0 1 1 1 1 -  .5 5 5 5 -  .1 1 4 5
8 8 7 .5 0 -  .0 0 0 0 8 0 6 -  .0 0 0 0 3 4 1 -  .1 7 0 5 -  .3 5 7 7
9 4 2 .4 8 -  .0 0 0 0 9 1 3 - .0 0 0 0 0 0 8 -  .0 0 4 0 -  .4 3 0 2
9 6 6 .0 4 -  .0 0 0 1 3 0 9 .0 0 0 0 1 9 8 .0 9 9 0 -  .6 3 2 3
9 8 1 .7 5 -  .0 0 0 1 95 5  - .00 0 0 85 2 .4 2 6 -  .9 5 9 7
9 8 9 .6 0 -  . 0 0 0 2 2 2  8 .0 0 0 2 0 0 9 1 .0 0 4 5 -1 .1 0 2 4
9 9 7 .4 6 -  .0 0 0 0 7 1 9 .00 03732 1 .8 6 6 0 - .3 5 8 6
1 0 0 5 .3 1 .0 0 0 1 4 5 0 .0 0 0 2 6 0 4 1 .3 0 2 0 .7 2 8 8
1 0 1 3 .1 6 .0 0 0 1 5 0 2 .0 0 0 1 2 5 7 .6 2  85 .7 6 0 9
1 0 2 1 . 0 2 .0 0 0 1 1 8 8 .0 0 0 0 6 7 7 .3 3 8 5 .6 0 6 5
0 ( 5 ® 5 0 ^ 5 0
8 4 0 .3 8 -  .0 0 0 3 9 1 1 .0 0 0 2 6 2 3 1 .3 1 1 5 -  1 .6 4 3 4
8 5 6 .0 8 -  .0 0 0 2 9 5 7 .0 0 0 8 1 4 3 4 .0 7 1 5 -  1 .2 5 6 7
8 6 3 .9 4 . 0 0 0 2 2 0 0 .0 0 0 9 2 1 1 4 .6 0 5 5 .9 5 0 3
8 8 7 .5 0 .0 0 0 4 41 3 .0 0 0 1 8 6 7 .9 3 3 5 1 .9 5 8 3
9 4 2 .4 8 .0 0 0 2 7 3 8 .0 0 0 0 0 2 3 .0 1 1 5 1 .2 9 0 3
9 6 6 .0 4 .0 0 0 3 26 3 - .0 0 0 0 4 9 5 -  .2 4 7 5 1 .5 7 6 1
9 8 1 .7 5 .0 0 0 4 37 3 - .0 0 0 1 9 0 7 -  .9 5 3 5 2 .1 4 6 6
9 8 9 .6 0 .0 0 0 4 7 3 8 - .0 0 0 4 2  72 -  2 .1 3 6 0 2 .3 4 4 4
9 9 7 .4 6 .0 0 0 1 4 5 6 - .0 0 0 7 5 5 8 -  3 .7 7 9 0 .7 2 6 1
1 0 0 5 .3 1 -  .0 0 0 2 8 0 3 ,- .0 0 0 5 0 3 2 -  2 .5 1 6 0 -  1 .4 0 8 9  ,
1 0 1 3 .1 6 - .0 0 0 2 7 7 6 - .0 0 0 2 3 2 2 -  1 .1 6 1 0 -  1 .4 0 6 3
1 0 2 1 . 0 2 -  .0 0 0 2 10 3 -  .0 0 0 1 1 9 8 -  .5 9 9 0 -  1 .0 7 3 6
TABLE 3 .6 .1
8 th  O rder
Freq u en cy
05
R a d ./S e c .
D IG ITA L  VALUES ANALOGUE I . C .  VOLTAGES
0 1 ® 1 0 © 1 0
8 3 7 .7 6 .0 0 0 2 2 3 9 .0 0 0 0 30 2 .6 0 4 0 3 .7 5 1
8 4 6 .1 4 .0 0 0 2 8 6 6 - .0 0 0 0 1 8 3 -  .3 6 6 0 4 .8 5 0
8 5 4 .5 1 .0 0 0 3 3 2 7 - .0 0 0 1 5 4 4 - 3 .0 8 8 0 5 .6 8 6 0
86 2 . 89 .0 0 0 1 9 8 4 - .0 0 0 3 2 8 5 -  6 .5 7 0 0 3 .4 2 4 0
8 7 1 .2 7 .0 0 0 0 0 3 9 - .00 0 2 82 2 - 5 .6 4 4 0 .0 6 8 0
8 8 8 . 0 2 - .0 0 0 0 5 0 9 - . 0 0 0 1 1 0 1 - 2 . 2 0 2 0 -  .9 0 4 0
9 2 9 .9 1 .0 0 0 0 1 2 4 .0 0 0 0 0 1 8 .0 3 6 0 .2 3 1 0
9 8 0 .1 8 .0 0 0 2 09 3 .0 0 0 0 5 8 6 1 .1 7 2 0 4 .1 0 3 0
9 8 8 .5 5 .0 0 0 3 4 4 4 - .0 0 0 0 0 6 7 -  .1 3 4 0 6 .8 0 9 0
9 9 6 0 93 .0 0 0 3 94 5 - .0 0 0 3 0 6 6 - 6 .1 3 2 0 7 .8 6 6 0
1 0 0 5 .3 1 .00 0 0 71 5 - .0 0 0 4 1 9 1 - 8 .3 8 2 0 1 .4 3 8 0
1 0 1 3 .6 9 - .0 0 0 0 5 9 0 - .0 0 0 2 8 5 9 - 5 .7 1 8 0 -  1 .1 9 6 0
1 0 3 0 .4 4 - .0 0 0 0 7 5 1 - .0 0 0 1 4 9 7 - 2 .9 9 4 0 -  1 .5 4 8 0
Oi2 0  2 ®  2 0 ^ 2 0
8 3 7 .7 6 .00 0 1 63 2 .0 0 0 0 2 6 8 .5 3 6 0 2 .7 3 4 0
8 4 6 .1 4 .0 0 0 2 1 3 0 - . 0 0 0 0 1 1 2 -  .2 2 4 0 3 .6 0 5 0
8 5 4 .5 1 .00 02502 - .0 0 0 1 1 8 9 -  2 .3 7 8 0 . 4 .2 7 6 0
8 6 2 .8 9 .00 0 1 44 5 - .0 0 0 2 5 7 6 - 5 .1 5 2 0 2 .4 9 4 0
8 7 1 .2 7 - .0 0 0 0 0 9 9 - . 0 0 0 2 2 2 2 - 4 .4 4 4 0 -  .1 7 3 0
8 8 8 . 0 2 - .0 0 0 0 5 4 7 - .0 0 0 0 8 6 4 -1 .7 2 8 0 -  .9 7 1 0
9 2 9 .9 1 - .0 0 0 0 0 7 0 .0 0 0 0 0 1 6 .0 3 2 0 -  .1 3 0 0
9 8 0 .1 8 .0 0 0 1 3 5 8 .0 0 0 0 45 7 .9 1 4 0 2 .6 6 2 0
9 8 8 .5 5 ;0 002 3 3 9 - . 0 0 0 0 0 0 1 -  . 0 0 2 0 4 .6 2 4 0  ,
9 6 6 .9 3 .0 0 0 2 7 2 6 - .0 0 0 2 1 5 9 “ 4 .3 1 8 0 5 .4 3 5 0
1 0 0 5 .3 1 .0 0 0 0 4 0 7 - .0 0 0 2 9 9 5 -  5 .9 9 0 0 .8 1 8 0
1 0 1 3 .6 9 - .0 0 0 0 5 4 4 — .0 0 0 2 04 5 -  4 .0 9 0 0 -  1 .1 0 3 0
1 0 3 0 .4 4 - .0 0 0 0 6 7 0 - .0 0 0 1 0 6 2 -  2 .1 2 4 0 -  1 .3 8 1 0
< * 3 3 ©  30
r-.
. ■
I
OCO
IiI!
8 3 7 .7 6 .0 0 0 0 7 8 3 .0 0 0 0 0 5 9 .1 1 8 0 1 .3 1 2 0
8 4 6 .1 4 .0 0 0 1 0 5 0 -  .0 0 0 0 1 3 7 -  .2 7 4 0 1 .7 7 7 0
8 5 4 .5 1 .0 0 0 1 2 6 0 -  .0 0 0 0 70 3 -1 .4 0 6 0 2 .1 5 3 0
862 .8 9 .0 0 0 0 7 1 8 -  .0 0 0 1 45 5 -2 .9 1 0 0 1 .2 3 9 0
8 7 1 .2 7 -.0 0 0 0 1 0 7 -  .0 0 0 1 2 9 2 - 2 .5 8 4 0 -  .1 8 6 0
8 8 8 . 0 2 - .0 0 0 0 3 7 2 -  .0 0 0 0 5 8 5 -1 .1 7 0 0 -  .6 6 1 0
9 2 9 .9 1 _ .0 0 0 0 1 6 5 -  .0 0 0 0 1 3 4 -  .2 6 8 0 -  .3 0 7 0
9 8 0 .1 8 .0 0 0 0 3 3 4 .0 0 0 0 0 8 1 .1 6 2 0 .6 5 5 0
9 8 8 .5 5 .0 0 0 0 67 5 -  .0 0 0 0 0 4 6 -  .0 9 2 0 1 .3 3 5 0
9 6 6 .9 3 .0 0 0 0 8 5 9 -  .0 0 0 0 75 5 -1 .5 1 0 0 1 .7 1 3 0
1 0 0 5 .3 1 .0 0 0 0 1 0 7 -  .0 0 0 1 0 8 8 -2 .1 7 6 0 .2 1 5 0
1 0 1 3 .6 9 -  .0 0 0 0 2 3 1 -  .0 0 0 0 7 9 2 -  1 .5 8 4 0 -  .4 6 8 0
1 0 3 0 .4 4 -  .0 0 0 0 2 9 3 -  .0 0 0 0 4 6 4 -  .9 2 8 0 -  .6 0 4 0
oi 4 /3 4
if 
o
I 
^
|<D
!
© 4 0
8 3 7 .7 6 .0 0 0 0 0 3 9 .0 0 0 0 0 0 3 .0 0 6 0 .0 6 5 0
8 4 6 .1 4 .0 0 0 0 07 7 -  . 0 0 0 0 0 1 0 _ . 0 2 0 0 .1 3 0 0
8 5 4 .5 1 .0 0 0 0 1 2 4 -  .0 0 0 0 0 6 9 -  .1 3 8 0 . 2 1 2 0
8 6 2 .8 9 .0 0 0 0 09 2 -  .0 0 0 0 1 8 5 -  .3 7 0 0 .1 5 9 0
8 7 1 .2 7 -  .0 0 0 0 01 7 -  .0 0 0 0 2 0 8 -  .4 1 6 0 -  .0 3 0 0
8 8 8 . 0 2 -  .0 0 0 0 09 2 -  .0 0 0 0 1 4 5 -  .2 9 0 0 -  .1 6 3 0
9 2 9 .9 1 -  .0 0 0 0 14 3 -  .0 0 0 0 11 5 -  .2 3 0 0 -  .2 6 6 0
9 8 0 .1 8 -  .0 0 0 0 5 0 0 -  . 0 0 0 0 1 2 1 -  .2 4 2 0 -  .9 8 0 0
9 8 8 .5 5 -  .0 0 0 0 7 4 8 .0 0 0 0 0 5 1 . 1 0 2 0 -  1 .4 7 9 0
9 6 6 .9 3 -  .0 0 0 0 7 6 4 .0 0 0 0 6 7 1 1 .3 4 2 0 -  1 .5 2 3 0
1 0 0 5 .3 1 -  .0 0 0 0 0 8 0 .0 0 0 0 8 1 4 1 .6 2  80 -  .1 6 1 0
1 0 1 3 .6 9 .0 0 0 0 1 5 0 .0 0 0 0 5 1 4 1 . 0 2  80 .3 0 4 0
1 0 3 0 .4 4 .0 0 0 0 15 3 .0 0 0 0 2 4 1 .4 8 2 0 .3 1 5 0
0^5 ft 5 © 50 © 5 0
8 3 7 .7 6 t . 0000730 - .0 0 0 0 0 5 5 -  . 1 1 0 0 -  1 .2 2 3 0
8 4 6 .1 4 - . 0 0 0 1 0 2 2 .0 0 0 0 1 3 3 .2 6 6 0 -  1 .7 3 0 0
8 5 4 .5 1 - .0 0 0 1 2 8 8 .0 0 0 0 7 1 9 1 .4 3 8 0 -  2 . 2 0 1 0
8 6 2 .8 9 - .0 0 0 0 7 7 6 .00 0 1 57 2 3 .1 4 4 0 -  i . 3390
8 7 1 .2 7 .0 0 0 0 1 2 4 .0 0 0 1 4 8 8 2 .9 7 6 0 .2 1 6 0
8 8 8 . 0 2 .0 0 0 0 5 0 1 .0 0 0 0 7 8 9 1 .5 7 8 0 . 8900
9 2 9 .9 1 .0 0 0 0 4 7 8 .00 0 0 38 7 .7 7 4 0 .8 8 9 0
9 8 0 .1 8 .0 0 0 1 1 2 9 .0 0 0 0 2 7 4 .5 4 8 0 2 .2 1 3 0
9 8 8 .5 5 .0 0 0 1 6 0 2 - .0 0 0 0 1 0 8 - .2 1 6 0 3 .1 6 7 0
9 6 6 .9 3 .0 0 0 1 55 3 - .0 0 0 1 3 6 3 -2 .7 2 6 0 3 .0 9 6 0
1 0 0 5 .3 1 .00 0 0 15 5 - .0 0 0 1 5 7 4 -3 .1 4 8 0 .3 1 2 0
1 0 1 3 .6 9 - .0 0 0 0 2 7 7 - .0 0 0 0 9 4 8 -1 .8 9 6 0 -  .5 6 2 0
1 0 3 0 .4 4 - .0 0 0 0 2 5 7 - .0 0 0 0 4 0 6 -  .8 1 2 0 -  .5 3 0 0
TABLE 3 . 6 . 2 .
A nalogue Computer R e s u lts
The an a lo g u e  com puter a n a ly s is  o f  t h is  p rob lem  was c a r r ie d  o u t  
in  two s e p a ra te  s ta g e s , t r e a t in g  f i r s t  th e  system  c o n d it io n s  
a r is in g  fro m  th e  lH o rd e r  harm on ic  e x c i t a t io n s  and th e n  
s i m i l a r l y  f o r  th e  m inor 8 th  o r d e r .  In  each case th e  
r e s p e c t iv e  c i r c u i t  was co n n ected  up on th e  p a tc h  p a n e l f o r  th e  
EAL 580  A nalogue C om puter, in  acco rd an ce  w ith  th e  d iag ram s  
shown in  F ig s .  9 3  and ^ 4 - .
The p r a c t i c a l  p ro ce d u re  s t a r t e d  w ith  th e  d i g i t a l  
s e t t in g  o f  a l l  th e  a p p ro p r ia te  c o n s ta n t in t e g r a t o r  and  
a m p l i f i e r  g a in s  and th e  p o te n tio m e te r  m u l t i p l i e r s ,  in  a c c o rd ­
ance w ith  th e  p re d e te rm in e d  v a lu e s  r e p r e s e n t in g  th e  c o n s ta n ts
of the dynamic system.
Com puter runs  w ere p e rfo rm e d  a t  th e  s e le c te d  
e x c i t in g  f re q u e n c ie s  c o rre s p o n d in g  to  en g in e  speeds w i t h in  
a ra n g e  em bracing  th e  two c r i t i c a l  speeds a s s o c ia te d  w i th  
th e  p a r t i c u la r  harm o n ic  o r d e r .  Each ru n  r e q u ir e d  th e  
r e s e t t in g  o f  th o s e  p o te n tio m e te rs  w h ich  d e te rm in e d  th e  
e x c i t in g  fre q u e n c y  and th e  datum  i n i t i a l  c o n d it io n s  o f  
m otio n  f o r  th e  s e v e r a l  i n e r t i a s .  These v a r ia b le  s e t t in g s  
a re  l i s t e d  in  T a b le s  3 . 6 . 3  and 3 . 6 . 4  r e s p e c t iv e ly  f o r
th e  lh and 8 th  o rd e r  e x c i t a t io n s .
The p ro g re s s  o f  th e  ana log ue s o lu t io n  was m o n ito re d
each tim e  by  d is p la y in g  th e  o u tp u t  v o lta g e s  o f  th e  
r e le v a n t  in te g r a to r s  and a m p l i f ie r s  in  tu r n  on th e  
o s c il lo s c o p e  and , in  e v e ry  c a s e , th e  o b served  system  
resp o n se  waveform s c o n firm e d  th e  im m ed ia te  s e t t in g  up 
o f  s te a d y -s ta te  v ib r a t io n  th ro u g h o u t th e  system  as a 
r e s u l t  o f  th e  p r e s e t t in g  o f  th e  p re s c r ib e d  i n i t i a l  datum  
c o n d it io n s .  W ith  th e  o s c il lo s c o p e  v e r t i c a l  g a in  
c a l ib r a t e d  f o r  -  1 0  v o l t s ,  measurem ents w ere  ta k e n  o f  th e  
s e v e r a l  o u tp u t  w aveform  d o u b le  a m p litu d e s . The c o m p le te  
sequence o f  m easured re a d in g s , th u s  o b ta in e d , a re  l i s t e d  
in  T a b les  3 . 6 . 5  and 3 . 6 . 6  f o r  th e  lh and 8 th  o rd e r  s e ts  
o f  ru n s , r e s p e c t iv e ly .
These re a d in g s  w ere  c o n v e rte d  to  v o lta g e s  and 
th en c e  to  e q u iv a le n t  a m p litu d e s  and to rq u e s  f o r  th e  
dynam ic system  in  th e  manner d e s c r ib e d  in  p re c e d in g  e x am p le s . 
The co m p le te  r e s u l t s  a re  p re s e n te d  in  T a b le s  3 . 6 . 7 ( a )  
and 3 . 6 . 8 ( a )  r e s p e c t iv e ly  f o r  th e  7% and 8 th  o r d e r s .
The c o rre s p o n d in g  p r e v io u s ly  c a lc u la te d  r e s u l t s  fro m  th e  
d i g i t a l  com puter a re  s i m i l a r l y  p re s e n te d  in  T a b le s  
3 . 6 . 7 ( b )  and 3 . 6 . 8 ( b ) .  F u r th e r  com parisons betw een  th e
an a lo g u e  and d i g i t a l  com puter r e s u l t s  a re  made in  th e  
g r a p h ic a l  p re s e n ta t io n  o f  F ig s .  9 5  to  102* f o r  s e le c te d  
responses in  th e  system .
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CONCLUDING REMARKS
1. The Collaborative Research Project which forms
the subject of this paper was modest in its conception; the 
breadth of scope with which it is now endowed was not 
consciously intended, although, on reflection, it could 
have been predicted at the outset as an inevitable 
accompaniment to successful gestative development. Any 
research project is initiated as a response to pressing 
demands for an answer to a particular problem in a 
limited area of specialised interest. The immediate aim 
is always the basic solution, but its achievement should 
be viewed merely as the first stage in the sequential 
process of practical development; lacking further 
exploitation it remains a sterile thing of specialist 
curiosity. To be of maximum benefit it must be constantly 
reviewed for expression in the simplest and most 
comprehensible terms, its place in the wider generality 
of things must be clearly established and, ultimately, its 
true value must be critically appraised against the 
background of existing knowledge. Failure in these 
respects breeds specialisation and specialisation provides 
the easy refuge from the ever-increasing demands of modern 
scientific progress; a trend to be resisted by constant 
and positive vigilance. It is to be hoped that an 
appreciation of this situation has become apparent in the 
present work, the underlying philosophy having been 
purposely chosen to emphasise simplicity and generality 
at every opportunity.
2. The pressures which provided the primary stimulus
to embark on the present project arose from the rapid 
advances of recent years in marine engineering technology, 
creating a corresponding demand for more sophisticated 
facilities for analysis of the associated torsional 
vibration problems. In particular there was a need to 
analyse more complex problems in greater detail and also 
to cater for the investigation of the vibration 
characteristics of the increasingly popular type of 
machinery installation having a branched configuration of 
the dynamic system.
The development of such a method and the 
associated digital computing capability is described in 
Part II, providing for analysis in depth with discretely 
applied sources of excitation and damping, and suitable 
for the treatment of a comprehensive variety of system 
configurations. The practical use and effectiveness of 
this capability are demonstrated by the examples dealt 
with in Section 2 of Part IV.
However, although satisfying the basic 
requirements, this analytical tool has been created by 
following but one of several equally valid avenues of 
approach. Its particular value is considered to derive 
from the prior assessment of the routine needs of the 
potential user, the practising vibration engineer. To 
a great extent the development of the method has relied 
on conventions established by advances achieved in the 
past, but such foundations have, of necessity, been 
built up piecemeal and, in this respect, the present 
work has benefitted from a critical and selective review 
of previous relevant approaches. The end product, 
therefore, is a viable method, the full derivation from
basic causal effects being set out in Part II, and 
satisfying the additional requirements of continuity, 
consistency, coherence and simplicity in use, specified 
in the Introduction. Attention to consistency is 
particularly relevant to the treatment of relative phase 
relationships in the method, where a clearly defined 
convention has been adopted, which should resolve 
previous ambiguities.
The associated computer program, LR 269, is 
considered to be sufficiently comprehensive to meet the 
needs of the present day user for detailed torsional 
vibration analysis. However, the organisation of the 
program is such that additional facilities and refinements 
may be readily incorporated. Thus, at present, system 
responses are calculated for excitations on an individual 
harmonic basis. To obtain the total responses for 
generalised periodic excitation the synthesis of the 
results for many orders of harmonic excitation in 
correct relative phase relationship would be required.
This facility has already been developed by the Writer 
for other programs and LR 269 could easily be extended 
to incoporate it; its omission here has been dictated 
largely by its relative irrelevance to the main theme of 
the present work. Similarly such features as computed 
mean-torque dependent shaft stiffnesses could easily be 
embodied, but it is considered prudent to delay their 
introduction until their characteristics have established 
on a more predictable basis as a result of deeper 
practical investigation and research.
3. A consideration which has become an important
contributory factor in the general tendency to broaden 
the scope of the present work, as originally conceived,
is the need to provide adequate supporting means for 
torsional undamped natural frequency and normal modal 
analysis. It has been emphasised earlier that this sphere 
of vibration analysis has, by no means, been superseded 
by the detailed forced-damped system response approach 
and is viewed as an essential complement to the more 
advanced latter method of analysis. In fact, virtually 
all the examples treated in Sections 2 and 3 of Part IV, 
to illustrate the practical use of the forced-damped 
method and also the analogue computer techniques for 
analysis, were subjected to prior natural frequency 
analysis in order to establish the distribution of 
resonant conditions over the frequency range.
Once again, a critical review of existing methods 
of natural frequency analysis was made, and is discussed 
in Section 1 of Part I. It was concluded from this study 
that no one published method was entirely satisfactory in 
its capability to analyse a sufficiently wide range of 
torsional systems, particularly of branched configuration, 
and at the same time fully exploit the power of the 
modern fast digital computer and present the results in 
a form convenient to the vibration engineer. On the 
other hand, it is submitted that the method and the 
associated computer program, LR 66, developed by the Writer 
provide an analytical capability much more closely 
satisfying these requirements. The method, which was 
particularly aimed at the treatment of branched torsional 
systems, was developed by exploiting the unpublished 
earlier work of Wilson which, in turn, was based on the 
conservative equation of energies and utilisation of the 
Rayleigh Principle. since this method, in itself, is 
somewhat novel, it was considered for the sake of
completion that an account of it should be included as 
a major contribution to the present work. Accordingly 
Sections 2 and 3 of Part I, together with Appendix 2, 
present the detailed derivation of the method and a 
description of its implementation as a computer program.
In addition, Section 1 of Part IV is devoted to the 
application of the program to the analysis of some 
interesting systems, which indicate its power and 
versatility as a modern computing tool.
4. An explanation has been given earlier of the
grounds on which it was considered highly desirable that 
completely independent means of solution should be sought, 
in order to confirm the validity of the proposed 
forced-damped method of analysis described in Part II, 
and also the apparently unlikely choice of the analogue 
computer to provide such.means. The characteristic
shortcomings of analogue computing as applied to the 
solution of steady-state vibration problems, together 
with the disadvantage of unfamiliarity with the 
associated operational techniques were fully considered 
beforehand and judged to be outweighed by the advantage 
of its unique independence of approach. The account of 
the practical application of analogue computing to this 
type of analysis, detailed in Section 3 of Part IV, 
ultimately proved this judgement to be correct, in spite 
of encountering the anticipated difficulties in the 
earlier stages.
However, once the means had been discovered 
for by-passing the transient phase in the solution and 
driving the analogue computing into direct steady-state 
vibration conditions of solution by use of the prescribed 
initial-conditions technique, the practical application
of the analogue computer to torsional vibration analysis 
became a matter of. routine success. The adoption of the 
initia1-condition technique in no way detracted from the . 
.independence of approach of analogue computing, even 
though it depended on the digital computer based method 
for its prescription of initial condition values. Instead 
of being used as a completely independent comparative 
method of solution in relation to digital computing, as 
originally envisaged, the analogue computer method was 
subtly changed into a means of independent confirmation 
of the validity of the results of the digital computer 
method by practical demonstration. In this role, the 
whole programme of practical work carried out with 
analogue computing equipment proved the validity of the 
proposed forced-damped method in all essential respects.
However, it is possibly of greater general 
importance that, in resorting to analogue computing, 
certain relatively neglected areas of vibration dynamics 
have been spot-lighted and, indirectly, new fields of 
future research have been indicated. In the first place, 
the initially troublesome characteristics of the 
analogue computer forcefully directed attention to 
conditions of shock and transient mechanical vibrations, 
which present very real problems in the operation of 
machinery installations during start-up or change in 
running conditions? aspects which tend to be overlooked 
in the routine analysis of steady-state vibration. The 
analogue computer is obviously an ideal analytical tool 
for investigation in these areas.
The second, and perhaps more valuable, unexpected 
bonus arising from resort to analogue computing was the 
discovery of the prescribed initial-condition procedure.
This process, at the time, was vital only to the successful 
obtaining of satisfactory steady-state vibration solutions 
by analogue computing, but logical extension of the under­
lying principles involved have far wider and more 
significant implications. In recent times the Writer, 
amongst others, has sought for means to implement a method 
of torsional vibration analysis, employing direct 
integration, in the form of a viable practical computing 
technique. The great advantage of such an approach would 
be its complete generality and dispensation with 
considerations of harmonic analysis and classical solutions 
for the equations of motion. The obstacle to practical 
development of this method, particularly with digital 
computing, utilising numerical integration and iterative 
processes, has been the necessity to pass through the 
initial transient phase, just as was experienced at the 
outset of the current analogue treatment. As explained 
in para.8 of Part III, Section 2, the prescribed 
initial-condition technique provides the basic key to 
the practical development of a direct integration method 
and could well be assisted by employing analogue 
computing facilities.
5. PROPOSALS
Any project of limited scope, such as the present 
work, in spite of achieving its aim, rarely provides the 
last word? the past may be advanced, but inevitably 
glimpses of the future are revealed. Accordingly, at 
the conclusion of this work, it is already possible to 
propose the directions in which this field of study 
could be profitably extended, as indicated in the following 
suggestions.
(i) The proposed forced-damped method and the
associated computer program, LR 269, for analysis
(ii)
(iii)
of branched systems may be immediately and easily 
extended to incorporate synthesis of the harmonic 
responses and thereby provide "total" vibration 
characteristics. Similarly it would be possible 
to incorporate more refined treatment by automatic 
computation of damping coefficients, flexible 
coupling stiffnesses, etc., where these are 
variables. However, at the present time such 
advances would be based largely on theoretical 
considerations and their provision could be 
ill-advised and the results of their use misleading. 
It is suggested in this respect that the immediate 
emphasis should be on supporting practical research 
to establish the true form and the quantification 
of such variables, before computing facilities are 
provided for their more detailed evaluation.
Steady-state vibration analysis has understand 
ably preoccupied vibration engineers for many years 
with its various problems. However, the use of 
analogue computing in the present work has drawn 
attention to the equally important considerations 
of transient and shock conditions in machinery, 
and it is considered that more effort should be 
concentrated on investigating these phenomena in 
the future.
The solution of the characteristic equations 
of motion by direct integration has been indicated 
as the basis of a powerful and versatile method 
of vibration analysis which potentially could 
supersede existing conventional methods. The
prescribed initial-condition procedure has also been 
shown to provide the key to practical implementation 
of such a method. It is strongly recommended that 
this line of approach should be actively pursued, 
taking full advantage of the increasing capabilities 
of electronic computers, both analogue and digital, 
in their most effective roles.
(iv) Having regard to (ii) and (iii) above, and
the experience gained in the present work, it is 
suggested that greater general attention should 
be paid to the potential of analogue computing in 
relation to mechanical vibration analyses. In 
its present state of development it may not match 
the precision or scope of solution achieved by 
digital computing, but it provides an extremely 
useful tool for initial trial of ideas and a general 
practical aid to thought. The hybrid computer 
could be the ideal compromise.
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APPENDIX 2
ON RAYLEIGH'S PRINCIPLE AND APPLICATIONS WITH 
PARTICULAR REFERENCE TO,THE LEWIS METHOD FOR 
TORSIONAL FREQUENCIES '/
Introduction
If one of the normal modes of a vibrating system of many 
degrees of freedom be known, the corresponding frequency 
may be calculated immediately from the fact that the 
maximum potential energy of the system in that mode is 
equal to the maximum kinetic energy of the system in the 
same mode. It is, of course, impossible in general to 
know a normal mode a priori, and so it would appear, 
therefore, that all the energy law can do is to provide 
useful checks.
There is, however, an important principle, 
first enunciated by Lord Rayleigh, which reveals a 
greater usefulness of the energy law in this connection. 
Rayleigh's principle states that if, in the energy law, 
an assumed mode differing by small quantities of the 
first order from a true mode be used, the error in the 
deduced frequency will be of the second order; further, 
any assumed mode whatever, when made use of in this 
way, can never result in an under-estimation of the
An abstract from a manuscript draft for an internal 
report, AK.V.m.51, of D. Napier & Son Ltd., prepared 
by T.S. Wilson, previously unpublished and presented 
here with consent. (Draft Report dated 26.10.1946.)
fundamental frequency or an over-estimation of the highest 
frequency. These results will be shown later to be a 
part of more general results.
We are to be concerned here with a systematic use 
of Rayleigh's principle whereby better and better 
approximations to a mode and its frequency can be obtained 
The method can be recommended for all systems whose 
equations are such that, given any frequency LO /2tc , 
it is possible readily to deduce a mode which leaves 
only one of the equations unbalanced. The method is 
not recommended for equations for which this deduction 
would involve many rounds of iteration, and such equations 
will yield more easily to treatment by the methods 
attributable to Duncan and Collar.
Notations and Summary of Classical Results
The inertia matrix will be denoted by J, the stiffness
matrix by C, and the flexibility matrix, C \  when it
exists, by F. The natural frequencies of the system
are <-0^ /2tC ,........ .......^ n/2lt and the corresponding
modal columns are a_, a*,   a . When it becomes1 2  n
necessary to refer to some particular relative
deflection, an additional suffix, placed first, will be
used to indicate the particular co-ordinate: thus a ^
will mean the relative deflection of the third co-ordinate
in the fourth normal mode. A dash over a matrix
indicates that its transpose has been taken, i.e. that
rows have become corresponding columns throughout the
matrix: thus a/ = V a.., a0_, ....  a _ *1 .1 L ii 21 nl J
The unit matrix of order n will be denoted by I.
The square matrices J and C are symmetrical, and 
J is positive definite. C is non-negative definite:
to assume that c is positive definite would be to avoid 
complete discussion of a system which possesses a 
strictly neutral displacement from the steady state, as 
for instance a system consisting of a chain of flywheels 
separated by torsional stiffnesses.
The relationships among the frequencies t&r/2it 
and the modes ar are
The classical results in connection with the equations
(2.1) are
negative and the frequencies and modes are 
therefore all real.
(ii) The n modal columns a]_, * •••• an a^e
linearly independent and hence any given 
arbitrary column of n numbers, not all 
zero, may be built up by a unique linear 
combination of these n modal columns.
(iii) The modal columns satisfy the orthogonality 
relationships
Car = w r2Jar / (r = 1, 2, ..n) (2.1)
(i) The roots ^ n ^  are no*-
and as
as  ^. Car = 0 ,  (s gt r ),
*, Jar = 0 ,  (s ^  r),
(2.2)
(2.3)
(iv) A single relationship between the frequency 
^r/2Tf and the mode ar is
which has been referred to in (1) as the energy 
law and which holds for the n values of r.
(v) These results are not invalidated should multiple
one below the other in that order, then placing the 
columns:-
side by side in that order, yields two square matrices 
of order n. "When the first of these is postmultiplied 
by the second, applications of (2.3) show that the 
resulting matrix is I. In other words, each of the two 
built-up matrices is the reciprocal of the other, and 
therefore their multiplication is commutative. carrying 
out the multiplication with the two matrices interchanged 
shows, therefore, that
roots occur, but the independent modes satisfying 
the orthogonality relationships and corresponding 
to a frequency of multiplicity two or more may be 
chosen in a variety of ways.
. Additional Results
Placing the rows:
>
Premultiplying throughout (3.1) by C and J in 
turn show that
C  -
VIy
L. i
V- = V
2 - ' -rCJ r 0 CX^ J
(Ail CT
... (3.2)
n
and J = ... (3.3)
Hence -  (J-j ) -
\r
( o * ~ t 0  ) J
K J a h )
.. (3.4)
and it may easily be verified by multiplication that
-I
jc - o2j ]  -
r - \
(to* - u*Xa.,. J
... (3.5)
Modal Components
It follows from 2 (ii) that any given arbitrary column Q of 
n numbers, not all zero, can be written
© = Kx . ajL + K2.a2 + ... + Kn .an ... (4.1)
in which the K ‘s are unique numbers. Let (4.1) be
premultiplied by the rows a^ \ J, a2 ^  J, ... an ( J in turn;'
then, making use of (2.3) we have
We refer to Kj, ar in (4.1) as the "rth modal component" 
of 6 , and (4.2) shows how the constant K^ . may be
calculated if ar is known.
any normal mode, say a^, the column ( S' - a^ ), which 
may be determined, is clearly void of the first modal 
component. In this way we can, given any arbitrary 
column, clearly remove from it any of the modal 
components which are known.
5. Rayleigh's Principle in Generalised Form 
Let the critical roots be so ordered that
form (4.1). Let us consider the two quadratic forms
If we are given any column © , and we know
and let a given 
column © of n numbers not all zero, be expressed in the
S J ©  and © /C 0  .
n
© C ©/ . (5.1)
V* ~ \
and ... (5.2)
I
Multiplying (5.2) by and subtracting from (5.1)
gives
try ~~ \
e'ce-u^ Ce'je)* ^7 [<0^- ^ > K  Ja^ ]
\
n
+ 2  kJICo'- uj(a' Ja^J
t"ssm+l
... (5.3)
The following observations may be made from equations
(5.2) and (5.3) after noting that the first group of 
terms on the R.H.S. is ~  0, and that the second group
of terms is ~  0:-
(i) If © consists mainly of the mth mode and to such 
a degree that Kr / ^  for r ^  m is small, © J© will 
be of the order ^ , and therefore
Rece) 1
L (e ' je ' )  m J
will, as may be seen from (5.3), be of the second 
order of smallness.
(ii) If m = 1, the whole R.H.S. of (5.3) is ~  0, 
whatever © may be, so that
(e'co) ^ tS2"
ie'se) 1 (5-4)
(iii) If m = n, the whole R.H.S. of (5.3) is O , 
whatever S may be, so that
(e'c.6) ^ o2“— :------- r  in
(e'je) .. (5.5)
(iv) combining the inequalities (5.4) and (5.5)
cy ^ (_©c_6) ^ (j-
i e ' j e )  ••• (5-6)
(v) A more general result corresponding to (5.6) 
may be deduced if we take a © whigh is void 
of modal components from the first to the
tTi
(m^ - l)th inclusive, and from the (tt\2 "'“ 1 ) 
to the n ^  inclusive. By putting m = m^ and 
m2 in turn in (5.3) we deduce that,
C.A2* C © C © ) ^  CO*
m i —  — — ~  —  rr\2.(©J©) ... (5.7)
6. Normal Components of the Energy
If the column consisting of the generalised co-ordinates 
ql, q2, ... qn, which completely specify the vibratory
motion, be denoted by q, the kinetic energy and internal
t .  •  y  •are respectively %(q Jq)
and ^(q^q). The system may be made to have the
motion q = ©coscot by the continuous application to it
of suitable exciting forces proportional to cos Wt.
In this motion the kinetic and internal potential
energies are seen to be % lo ^  ( <9^ J © ) sin^cot and 
/ 2
% ( © C © ) cos oit respectively, their maximum values 
being T and V where
2t = c j2 . ( e'ye )..........  (6.x)
and 2v = ( © C ©  )   (6.2)
If in place of 6 we substitute K^ . ar, the rth modal 
component of 0 , the corresponding maximum kinetic
energy Tr and maximum internal potential energy Vr are 
given by
From equations (5.1), (5.2), (6.1), (6.2), (6.3), and
(6.4), it follows that
forced mode is a sum of the corresponding maximum 
energies of the modal component motions present in the 
forced mode.
From these results it is now evident that an 
alternative statement of the results of ( 5)is that 
from 2T and 2v for a forced mode at frequency U>/2TC and 
differing only slightly from am , (2V/2T)C02 will be a 
higher order approximation to ^ m2. Further, for any 
forced mode whatever at frequency tO/2Tf ,
(6.3)
and
2T = 2Ti + 2T2 + + 2T.n (6.5)
2V = 2V1 + 2V2 + + 2V,n (6.6)
showing that each of the two maximum energies in the
(6.7)
and, more generally, corresponding to (5.7),
O J
tt\2.
2.T— (2T|”V2 T 2*V * -x 1  -v-"2.Tt
... (6.8)
7. Geometrical Illustration of the Theory
Let us take the problem of determining the principal axes 
of the central quadric.
a^C2 4- by2+ c*2 + 2 f yz + 2gzX + 2 H x y  = 1  * * * (7.1)
The distance r from the centre (the origin) to any point 
on the quadric in the direction (l,m,n) may be found by 
substituting x ~ lr, y - mr, z = nr, and is given by
al 2+ bm2 +' cn2 + 2 £ mn + 2 gnl + 2 h i  m = • • (7.2-)
We shall find the principal axes by searching for those 
directions for which r is stationary. Letting <Tl, <£m,
£  n denote small variations in 1, m, n respectively, r 
becomes stationary when (al + hm + qn).S 1 + (hi + bm + 
fn).cT m + (gl + fm + cn).£  n = 0, ... (7.3)
and since 1^ + m2 + n2 = 1, the variations <T 1, <? m, S  n 
are subject to the restriction
l.tf 1 + m.<? m + n.cf n = 0 (7.4)
Multiplying (7.4) by CO and subtracting from (7.3)
gives (al + hm + qn -O^lJ.cJ’l + (hi + bm+ fn -cd2m).<?m
+ (gl + fm + cn -O^n). cT n = 0 .... (7.5)
2
Given values for 1, m, n, we may choose cO so that 
gl + fm + cn -cO^n = o, and the conditions then that
(7.5) be satisfied are al + hn + gn -co^l = 0, and
2hi + bm + fn - m = 0, since just the two variations 
Si and £ m may be regarded as independent. Hence the 
conditions for stationary r are
and
al + hm + gn 
hi + bm + fn
= 1, )
2 >
2 'gl + fm + cn = n, )
(7.6)
which are the same as for a vibration problem in which
the stiffness matrix is a, h, g 
h, b, f 
g, f, c
and the inertia matrix is 1, 0, 0 
0, 1, 0 
tO, 0, 1
To make the analogy complete we must stipulate that the 
equivalent stiffness matrix is non-negative definite 
which means that the quadric (7.1) is an ellipsoid or 
degenerate case of such. The three modes (1^, m^, n-j.), 
(12, m2, n2 ) and (13, m3, n3) are the direction cosines 
of the principal axes, and the corresponding critical 
roots 2  ^ U>22/^32 are the respective squares of the
reciprocals of the lengths of the principal axes; the 
last result may be seen from (7.6) by multiplying the
three equations by 1, m, n in that order, adding, and 
comparing the result with (7.2).
In terms of this analogy the classical results of
(2) are illustrated as follows:
(i) The lengths of the principal axes and their 
directions are all real.
(ii) No two or more principal axes are coincident, 
neither are the three axes coplanar. In fact:-
(iii) Equations (2.3) reveal relationships of the type
12 I3 + m2 m3 + n2 n3 = 0, etc. showing that 
the principal axes are mutually orthogonal. The 
equations (2.2 ) show that relationships of the 
type al-2^3 + km2<ni3 + cn^.n^ + 2fm2 .n3 + 2gn2 .
13 + 2hl2m3 = O^hold good.
(iv) The equations (2.4) merely show that, for example, 
al^2 + km^2 + cn^ + 2fm^n^ + 2gn^l^ + 2hl^m^ =
Cu*!2 .
(v) If the ellipsoid were a spheroid, one principal 
axis is quite definite in direction, but the two 
of equal length may be any two mutually 
perpendicular lines in the plane through the 
centrefwhich is normal to the axis which , is 
distinct.
The results of ( 5)relating to Rayleigh's 
principle may be illustrated after we have numbered the 
principal axes in order of decreasing lengths so as to 
have ^  ~  ^  an(3 therefore —  LO^ ~  to3 .
(i) The distance from the centre to the quadric
along a line which differs only slightly in
direction from that of one of the principal 
axes, differs to the second order of smallness 
from the length of that axis.
(ii), (iii), and (iv):- The distance from the centre
to the quadric along any line whatever, is 
greater than the length of the smallest 
principal axis and less than the length of
the largest.
(v) If, from the centre and up to the quadric, we 
take a line lying in the plane of the second 
and third axes, the length of this line is 
less than the length of the second axis and 
greater than the length of the third.
! 8* Use of Rayleigh^ Principle using a Mode produced by 
Static Loads
Suppose that static loads P^. P2 . -. Pn/ written as a 
column matrix p, be applied to the system defined in 
(2^ . The consequent deflections © will be given by
Hence the ratio ( S C 0 ) / ( © ^ 0 )  may be written
( 6  j p ) / ( © J ’S )  , and therefore (5.6) gives the
result
'2
ri
(8.2)
As an example of (8.2) let us consider the transverse 
vibrations of a system of n concentrated masses m^ ^m^ ,
........mn on a shaft supported by bearings;
letting the generalised co-ordinates be the transverse 
deflections of the masses from the line of bearing 
centres. The inertia matrix is thus a diagonal matrix^ 
having m^, m^......m^ in that order in the leading
diagonal. If now the transverse static loads P^, P^,
Pr applied to m^, m ^    ..m^ produce
static deflections S ., ....... S  , the equationl 2 n
(8.2) sho^s that
co2 ^  p ,<T. +  p^  +  - .....+
1 *n m 2c?2 + ..... +  rt'hc^ h -...(8.3)
The expression with P ^  = m ^  . g,
the weight of the rth mass, is often made use of to
deduce an approximation to Li 2* This is usually
satisfactory when the masses are all contained between
two bearings, but may yield a serious over-estimation 
2of toj in other applications. Consider, for example, 
the system consisting of a uniform shaft running in 
three equally spaced bearings and carrying two equal 
masses each at a mid-point of adjacent bearings.
' /Fig. 1. Shaft carrying concentrated 
masses showing fundamental 
mode (-.-) and overtone 
mode (---).
The two whirling modes are clearly of the type shown, 
Figz'l^ and it is also apparent that the shape of the 
shaft when at rest under gravity is the same as the 
overtone mode. Hence the use of the approximation in 
this case would yield accurately the Cfi for the overtone.
Theory concerning a particular type of Forced Mode 
and the systematic use of Rayleigh1s principle
If, in the linear expressions (C-O^J) 0 we take one 
of the elements of 0 , say 6 | , to the unity, we can 
choose (n-1) of the expressions and, treating these as 
simultaneous equations in the unknowns © 2' ® 3* ■
deduce the column ©  which makes these (n-1 ) 
expressions all vanish. The omitted expression, 
assumed to be the jth, with these calculated values 
for ©i# ©2' •••®n w i-ll then take some value Fj.
In other words, we have chosen a column ©  such that
( C - u? sT) 8
with ©  i~ 1.
Using the form for (C-U)2j)-1 given by (3.5) it follows 
from (9.1) that
... (9.1)
Fj.CXj^
in which Kj- = ;— ~--- t— —  ------   ...(9.4)
(co^.-coa )CctV J o . ^
The last expression shows how any particular modal 
component of 0  can he removed without using the form
(4.2). The corresponding rth modal energy components 
present in T- %tJ2 (©/7T0) and V = h. ( 0 C 0 )  are 
easily shown to be given by
2 Tr =
T cO  ...(9.5)
and 2 Vr = / w ) .  2.T V  . . ...(9.6)
These being equivalent to the expressions (6.3) and (6.4). 
Substituting for Fj from (9.3) in (9.4) we have
a»
Kr
- « 9-”
We notice from (9.3) and (9.7) that Fj — 0, ^1/a^ m
and Kr 0 (r ^  m) as
The systematic use of Rayleigh's principle in its 
simplest form consists of applying the principle 
directly to the © emerging from the solution of (9.1) 
in which CO2 is arbitrarily chosen, thus deducing a 
new value of CO * which may be adopted in (9.1) to 
determine a new 0 , and so on. It is obviously 
important to examine the convergence of such procedure, 
which will be referred to in the remainder of §  9 as 
"the method".
/ I
Forming the quadratic forms ( G C 0 )  and (©OT0) 
and taking their ratio, we have
n
(e'ce) _
( © ' J © ) _________________
(oip -u^jXaVo- Q-v^
The conditions for ££ (®C8)/{© J©) are
... (9.8)
\r = \
o\r* O
...(9.9)
Similarly, the conditions for to or (ec©')/(e j©') are
1—
a
( t o ^ - ^ C a - V  J a V)
or O
... (9.10)
 n
The graphs of the two functions S *
‘r  ___  %
and
nz 2 / 2 2 \ a ^ C w i .  - u s m )
r=i c  **
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purposes of giving a definite drawing, the second
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For 0^ < CO it is clear from Fig. 2 and
(9.9) and (9.10) that the method will converge. 0-^ 
is a neutral point, corresponding to ©  j = 0, and
no progress would be possible starting there? in fact,
0-^ is a natural frequency of the system when the jth
2co-ordinate is locked. O3 is that value of CO
for which the method yields ^ m 2 immediately and O2 is
2 2 the neutral point between ^ m  and ^nri-1 . For
°3 << CO2 <  02 we can only state at the moment that the
first application of the method takes us down to
2 2 2 2 an CO > ^ m  , and as this CO may fall between ^ m  and
O3 the progress of the subsequent applications is not
immediately clear. But we do know that for
2 2 2 
^ m  < Co ^ °3 we shall pass next to a value of Co ^ ^ m  ,
2 o
and actually to ^ m2 if the initial Co is either ^ m
or O3. Appealing to the idea of continuity, there
2 2must be, therefore, some value of co between ^ m
2and O3 from which we shall pass to a minimum CO . if 
this minimum lies within the range 0^ to ^ m 2 we 
know then that the method must converge for 0^< cd <
But we shall show later by an example in § 11 that this 
minimum may fall below 0^. In such a case, suppose 
that there are just two points O4 and 0  ^from which we 
shall pass to 0-,. Then it is clear that the method 
will converge if co m —  co ^  , or if O ^ C b  — ^3 .
If O5 <  w  —  °B , we pass them to regions
surrounding ^ m - 1  ^or a lower root, and we shall not
investigate the possibilities of its subsequent travel
\ /
past there. We have shown shaded m  Figs 2 the 
regions where convergence has been definitely
established under the conditions stated. That the
<2^
region of convergence 0 4 ^ ^  —  extends
up to CO1 <  Og  ^ where Og is a point from which 
we pass to O5, is clear. Obviously there are further 
regions O y r Og, Og^O^Q, etc., similar to the region 
O4 — Og and within which convergence ensues.
There will be regions 0 - 0  , 0 -0 etc. from which web 7 b y
eventually pass to values of co2 ~C>t. If the method
is modified by taking out from each <9 the effect of
all normal modes whose frequencies are less than
2
^ m / 2T< , the determination of CO m is then similar
to the extraction of the lowest,or to 2. The graphs 
similar to those of Fig:2 for this case are shown
\ /
in Fig: 3 and it is at once apparent that, for 
 *•region C0 4 — co <  Q 2 convergence ensues, ^ 2
being the neutral point between CO ^ 2 andC^2.
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Fig: 3. The two functions
h •a.
r~\ *—
shown and z
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Q-iv* — Ui j )
shown (• ) plotted against CO
2 2We know from § 5 that for a value of co <to We must
2pass next to an co and that therefore there
will be a certain region of convergence immediately
below ^£2. We cannot say definitely that this must 
2extend to O  = 0  and we may find^in this caset 
restricted regions of convergence similar to those
s ' J S 2shown m  Fig; 2 between w m and 02.
This examination, though incomplete, is 
intended to illustrate the fact that there may be 
considerable scope for the use of Rayleigh's principle 
in the determination of higher frequencies and modes 
than the fundamental/even when recourse is not made 
to the artifice of removing the effects of the lower 
modes. The cardinal principle to observe during 
numerical work on these lines is that the effect of 
lower modes tends to depress the calculated from 
Rayleigh's expression and the effect of higher modes 
to elevate it. Continual attention to this principle 
enables one to judge of the necessity for "taking 
out" the effect of known modes from the impure mode.
Another point to observe is in connection with 
the choice of j, that is the choice of. the equation 
of the system (9.1) which is to be left unbalanced.
No general rules can be given except the negative one 
that the unbalanced equation should not correspond 
to a co-ordinate whose relative deflection in the 
mode under consideration is small. This point is 
illustrated by equation (9o10) which shows that the 
larger the coefficient ajm2/ ( ma(3e ky 
varying the choice of j, the wider will be the range
The method is of general application since the 
choice of the column B for a given CO ^  depends only on 
the solution of simultaneous equations. For large 
numbers of degrees of freedom, however, and no 
simple type of matrix (C- O  J), iterative methods of 
solution of the simultaneous equations would generally 
have to be resorted to, and the labour involved would 
render the whole method inferior to that method of 
frequency calculations, due to Duncan and Collar and 
described in A.K.V.m. 52, which depends upon the 
properties of the limiting form of integral powers of 
the dynamic matrix. When, however, iteration upon 
the simultaneous equations can be easily avoided, the 
writer is of the opinion that the method described 
in this section is the one to be followed. An 
example of its utility is provided by the problem 
of determination pf the natural frequencies and modes 
of a chain of flywheels separated by torsionaT 
stiffnesses, and is dealt with in the next two 
sections.
Cases of systems having repeated frequencies 
do not often occur in practice, but they are certainly 
possible theoretically. The theory given above 
covers such cases, but this is not immediately 
apparent until it is pointed out that, given a set of 
p linearly independent modes corresponding to a 
frequency of multiplicity p, it is theoretically 
possible to combine these modes linearly in p 
distinct ways such that an alternative set of p 
linearly independent modes is obtained, each, containing 
p - 1 zeros.
The procedure therefore with a frequency known
to be of multiplicity p is to lock p - 1 of the
co-ordinates (i.e. keep them undeflected) and then the
constrained system must necessarily have only one mode^
corresponding to the frequency which is multiply
repeated in the unconstrained system. The general
method of this Section may be employed to deal with
the constrained system. By locking different sets
of p - 1 co-ordinates it will be possible eventually
to find p linearly independent modes for the free
system and corresponding to the frequency of ^
multiplicity p. Suppose that we have found by these
means three linearly independent modes bi,b2 , b3
corresponding to ^m^ = ^mfl^ « ^mf2^. These
modes will not in general satisfy among themselves
the orthogonality relationships (2.3) though, with
modes belonging to other critical roots each of
^1' ^2' ^3 must necessarily satisfy (2.3). It is
desirable to choose modes which are orthogonal among
themselves if we wish at a later stage to take out
their effects during the extraction of other modes.
This can be done quite simply by making use of the
theory of § 4. Suppose that in reality
o o o
^ m  - °^mfl = ^  mf2 , and that orthogonal modes
are am , and £ ^ 2  These modes may be
constructed from b-j_, b2, b3 in the following manner:-
We may take
am " ^ 1* an<3 then )
(f^ rrvM J j
and a,
This method of constructing orthogonal modes is clearly 
quite general.
The general method described in this Section may 
be used in whole or in part for the determination of 
the frequencies and modes of a system regarded as one 
or more systems coupled together. The theory of this 
coupling of systems will be given in "A general 
theory of admittance, impedance and equivalent inertia? 
and applications to various problems concerning the 
coupling of vibrating systems". Calculations Office 
Report No. A.K.V.m.53, D. Napier & Son Ltd. 1946. A 
very simple example of the application of this method 
to the coupling together of the two free ends of a 
chain of inertias and torsional stiffnesses will, 
however, be given in § 11, Ex.(V).
Theory of Determination of the Normal Modes of Systems 
of Flywheels Separated by Torsional Stiffnesses
The trial-and-error method of torsional frequency 
calculation to be described, originated in the work 
of Lewis and of Holzer and;in its improved form 
presented here, is a particular case of the general 
method dealt with in § 9. The account will be divided 
into five parts:- (a) simple chain systems, (b) chain 
systems which include gearing, (c) systems with branches, 
(d) ring systems, (e) coupled systems comprising 
series and ring systems.
(a) Simple Chain Systems
The basic type of engine system consisting of inertias 
J^, J2 ....  Jn separated by shafts of stiffnesses
\ t
C^ C2  cn-l depicted in Fig: 4. This
choice of generalised co-ordinates being the
angular deflections of the constituent flywheels,
*n-i n
\ /
Fig.4. Basic type of engine system.
J l' J 2 - 
will be
Jn respectively, the inertia matrix
and the stiffness matrix
o o o
o o
o o J3 ... (10.1)
o
C, -Cl o o
00 o
-C* -Cz o o o o
o -c2 00 o
o o o o
- Ch-1. 
-Mt-2 +Ctv-\ -Cn-i
o o o o O — Cn-i
. (10.2)
Letting the nth equation of the system (9.1) in this 
case be the one to remain unbalanced, these equations 
are
-C.Si + < c l-Jlui1)6l = o
- C^-i © i- i + C ci-i -VCi -J ic J O Q i —CC Qt-H = O , C i -  2 , . . *  W” 0
/ ...(10.3)
- C n_ j + C ^ n - t  " )©i\ = .
It may easily be verified that ® i= 1/ ®2 = etc.,
0 ^ = 1  is a normal mode corresponding to = q,
this being referred to as the "rolling mode".
If denote the amplitude of twist in the 
shaft of stiffness , then
A;.= ©£.-©!+»   ...(10.4)
and it may easily be shown that a system of equations 
alternative to (10.3) is
A t = [ Z ( T s« ? e s ' > } / c ;. , (C= 1,2.,.--tv-0
“ frn =  ...C10.5)
the jth equation of (10.5) being obtained by adding
up the first j equations of (10.3). Alternatively,
the equations (10.5) may be obtained independently
i~\
of (10.3) by observing that 1 C J ^
is the amplitude of torque exerted upon the portion 
of the system to the left of, and including, the 
inertia J £ by the remainder of the system to 
the right of J *L . In particular -Fn is the 
"residual torque" at the inertia Jn, which is 
equivalent to saying that Fn is the amplitude of 
the torque applied externally to Jn.
It is clear now that a tabular scheme of
computations is possible by arranging columns for
(1) Ji f (2) Ji U   ^ | (3) ©  i , (4) Ji ^ > 2 © i ,
(5) Z ^ C ^ s  <^ © s ' )  , (6) 1/C : (7) .
5- 1 *
Columns (1) and (6) are known from the formulation
of the problem and column (2 ) may be completed after
the adoption of a value for to # For the purpose of
indicating the entry in the sth row of the rth column,
we shall use the symbol (r) . The computation iss
started by taking = (3)^=1, and is then 
continued according to the following prescriptions:-
(4),=
(2)1
x (3)1#
(5)1 =‘ (4)1, (7)i = (5)1 x (6)1#
(3)2 = (3)1 - <?>! ' {4)2 - <2>2 X (3)2 , (5)2 = (5)1 +
(4)2 , (?)2 -' (5)2 x (s)2 . and so on, the general laws
being (3)s= (3)S-1 “ (7)s-1' ; - (2 )s x (3)s ,
(5)s - (5)s-•!+ <4 >S , (7) s" s X  (6),s *
The final row of the Table will be filled in thus:-
“ (7)„ 1' (4)n “ <2 K  * <3> 'n n-1 n-  n n
(5) = (5) •< + (4)n n-1 n The layout of the work showing 
suitable units may be as follows:-
1 ^ 2 ......10^ (rad/sec)2
j (1 )
1 ^
(2 ) (3)
©L
feud.
(4)
-----  "
(5)
3=1
jo6
. .. .
(6 )
ro4
(7) |
t
A; 1 c (
, |
1 | J. 3 7 ^
" — - J • -‘•J* 
1 * 0 0 0 J.oi1 T X yc,
2 r - z C5)2=(4)24C5)t (7 )2=(s)2x(6\|
3 * T-,J 1 J3....1...
z
0 5 <-£ 1, , i I
f - , , . j . , — . 
VcJi(7) *(&) 'h-i n-i n-U
n
i 
 ^
i 
i—
i
j 
c ■T^ oo 6 > g) -<7),n n-i n-1 (5) =(4Uf5)n i\ n-1 ! ] i !
2 T Z ! ^ 3 ) s x (4)s] 2v  = 2 [ ( 5 ) s , ( 7 ) J
s ~ \
We notice at once that (5)n = -Fn, that 2T may he 
obtained by a summation of the products of 
corresponding entries in columns (3) and (4), and 
that 2V may be obtained similarly*from columns (5) 
and (7). Summarising, we thus have
The simplest application of Rayleigh's principle is 
undertaken by calculating
Tables^interspersed by applications of (10.7) will
am (with a j m = 1) in column 3, and a vanishingly 
small value for ~Fn. The summations 2T and 2V 
according to (10.6) should then be, to the accuracy 
decided upon, equal, their common value being
Fn
2T (10.6)
S=\
n~\
2V
(2V/2T) U> 2 (10.7)
2 2 and adopting as the next value for ^  in the
scheme (10.5).
. . .  ,If the initial was m  a region of convergence
2
relative to some particular ^ m  , a succession of
2
eventually yield ^  m to any desired accuracy, and a
2 2
completed Table for = ^ m  will show the mode
.  ft 2 .
enabling y to be calculated. It
i - \ n
is to be noticed from (10.1) that
C — I
is the quantity corresponding to (a^. Jam ) in the 
general theory.
If it be considered advisable to take out from 
the 2T and 2V for any completed Table the effects 
of a known mode, say the rth, the respective 
quantities to remove are given by (9.5) and (9.6).
The technique to be followed, should it be 
desired to have the F j  otherwise than with j = n, 
will be a special case of that used for branched 
systems dealt with under the heading (c)0
If the deflection corresponding to is 
constrained so as to be always zero, this being 
the case = oo, the modifications to the 
procedure would be as follows:
We would put (3)^ = 0, (3)2 B 1# (7)^ = -1,
(5)^ = C^? the computation then begins (4)2 - (2)2 x 
(3)2/ (5)2 - (4)2 + (5)^/ and continues as before.
In performing the summations afterwards, there 
will, of course be no contribution to 2T from the 
first line.
Chain Systemsi which include Gearing
The modifications to the procedure when shafts
are geared together will be best described by letting
\ /
the inertia Jn of the system shown in Fig: 4 be a 
gear wheel having pn teeth, and assuming this to be 
mating with a gear wheel of inertia having
Pn+1 teeth. A shaft of stiffness Cn+^ joins
Jn+-^ to the inertia Jn+2 a father chain of
% /
inertias and stiffnesses as shown in Fig: 5.
n
pn teeth
n-1
cn-l 'n-2
n-2
'n+2 'n+1
h+3 ’n+2
pn+l teeth
n+1
\ /
Fig* 5. Introduction of Gears.
The columns of the Table are headed in the same
way as before, but in filling in columns (1) and (6),
a space is left blank between J and J , , in column (1) 
* n n+ 1
•n-1 and Cn+1 inthus giving two blank spaces between Cj 
column (6). The spacing line after line n we shall 
indicate by n*, and the lines following by n+1, n+2, etc.
The computation proceeds as before up to and
including the entry (5)n
one entry, vi2. (5)n/= (5)n x (pn+l/pn).
On the next line is only
On the
(n+l)th. line we enter (3)n+1 = (3)n-1 x (pn/pn+1),
and thereafter the calculations proceed in the usual 
manner. The appearance of this portion of a complete 
Table would be as follows:-
I I
The summations for a Table of this kind are
performed as before, viz. 2T from columns (3) and (4), 
and 2V from columns (5) and (7). There will be, of 
course, no contribution to 2T from line n* nor any 
contributions to 2V from lines n and n '.
When convergence ensues, column (3) will, as 
before, be the normal mode.
The method is obviously applicable however many 
gears of the kind considered occur in the chain. .
The formulae (9.5) and (9.6) should be made use 
of whenever it is desirable to remove from 2T and 
2V the contributions from known modes. In this 
connection, it should be noted that the rolling mode 
obviously depends upon the several gear ratios.
For example, for the system depicted in part in 
\ /
Fig: 5, the rolling mode would be a^^ = 1, a.21 = *-• ••• 
ani = 1# an+ lrl = Pn/Pn+1 • a n+2,l = pn/pn+1---
As in (a) we have not explained how to introduce 
Fj at any inertia other than a terminating one, but 
a method of doing this will be apparent after the 
treatment of our next topic.
Systems with Branches
Consider in the first place a system, depicted in
V /
Fig: 6 which has m series systems S^ S2 Sm , each
of the general type considered under (b), meeting 
at a common inertia JQ.
If Tables are constructed for a frequency 
^ / 2x\ for each of the branches, beginning each 
Table at a free end with relative deflection unity, 
the processes will terminate when m separate 
relative deflections ^ 2**^m ^ave been obtained
at the common inertia, JQ . There will also be 
obtained m separate values G-^ , G2#' •••• Gm for the 
torques acting on JQ, any Gr being found as the 
last entry in column (5) of the rth Table. Since 
all the relative deflections must be identical 
at JQ , it follows that if relative deflections in 
are taken as standard the torques acting on JQ 
will be G^, G2 . (^/ $  2 ) • G3 ( ^  1/ $  3 ) * • • • • Gm .
( $ 3./ $ m )» Fo t i^e amplitude of external
torque needed at JQ to force the system into this 
state, and GQ the corresponding "residual torque" 
at JQ, it follows from the equations of motion for
the inertia JQ that
G0 = - Fq = GL + JQ W  2 + G2 . (0j/.02 ) + ...+ Gm
... (10.8)
We notice from (9.2) that
ft
®i =
p. t
7,
a
(lO^-U^Xo/y, J* CLyO ...(10.9)
2
indicating that, provided 9= ° , F^/0 * is
♦ 2 2 opositive for 10^  - ^ m  - O and negative for to s= ^ m  + 0.
Hence, provided the inertia JQ is not the position 
of a node in the mth, mode under investigation it 
follows that
Go G1 g2 Gm .^ 2
K  " h  + ih * .... * Jk * <10-1C”
2 i 2 2is negative for CO = 03^- o positive for to = COm + o,
2 2  ^and zero for CO = ^ m  . It is found most convenient
to deal with Go/0]_ rather than with G0 itself.
The recommended procedure is as follows:- After 
one set of Tables has been completed, determine the
ratios ( 0j_ / 02 ), ( &i / I&3 ),    ( / 0m ).
and also ( 0j/ 02)2' ( 01 / 0 3 ^   ( 01 / 0m )2
From the tables as they stand determine
J,o
\ t
Fig.6. Symbolic representation of series
systems meeting at a common inertia.
by the usual summations S S  J  / 2  J
......  ( 2 J  U 4© 1} *  and also ( S C & ^ . ^ C  A \  ,
......  £ 21, C A , the suffixes indicating the
branches. The values of 2 T and 2v for application 
of (10.7) ar.€i then
2T =  £s JwV}, + ( M z{2 orusV} + 3-w*©4}
\02/ ^0 m/
( E c A ^  + ( A ) { S C A % + .....(0 , y E C A X  ,
... (10.11)
appropriate to a relative deflection of unity at the 
free end of S^. In (10.11) it is assumed that the 
contribution from J0 has been included in X o  ®  *
If it is considered necessary to remove from 2T 
and 2V the effects of any known modes, this can be 
done by using (9.5) and (9.6) in which Fj is taken 
as -G0 and the quadratic form ( CL^Xdj.) refers
to the whole system, of course.
When the process has converged, the Table may 
be presented in its final form by choosing to be 
standard relative deflections those appearing in 
column (3) of the Table for S^, modifying the
columns for the systems S2, S3,  Sm by the
appropriate multiplying factors so as to exhibit the 
common relative deflection at JQ.
It is clear now that by treating a simple series 
system of type (a) or (b) as a two-branch system, the 
forcing torque may be applied to any inertia of the 
chain.
Systems with more than one branch point, and 
not having any closed circuits, are also capable 
of treatment without much modification of the above 
procedure. It will clearly suffice if we show how 
to pass through a branch point. Suppose, for 
instance, that the system shown m  Fig: 6 had a 
further branch issuing from JQ. We may compute
the Tables for S p  S2, Sm as before, and then
GQ, calculated from (10.8) will be the figure to adopt 
for the first entry in column (5) of the branch 
Sirrt*l' w^ c-k thought of as beginning at JQ. As 
JQ has already been included in one of the other 
branches, the first entries in columns (1), (2), (3)
and (4) of the Table for will be 0, 0, 0^, 0,
respectively5 the computation for can then
proceed.
(d) Ring Systems .
. We will show first of all how to deal with a system
consisting of inertias J-^ , J2, J3 ... Jn anc^
stiffnesses C^, C2, ..... Cn forming the chain depicted 
\ /
m  Fig? 7. In practice there would be two or more 
pairs of gears included in the ring of course.
/
Fig* 7. Ring Systems.
The columns (1) to (7) are arranged as in (a) or
(b), except that column (6) must contain the entry 
1/Cn in the position (6)n and an extra line, numbered
n+1, is employed and in which we make the entry
(1) N+1 = 0. It will be noticed that, in order to 
start the computation at J^, some account must be 
taken of the torque entering J-j_ from the left. 
Accordingly, we add to (5.)^  the unknown torque'x*and 
then continue the tabular process in the usual way, 
leading eventually to entries (3) and (5)n+^
each of which will be a linear expression in'xl Now
(3)n+i is the deflection at which we have already
taken to be (3)]_ = 1. Hence we can, in general,
% /
determine x from the equation
(3)x = (3)n+1 ,    (10.12)
and then (5) .,_ should, if we have chosen a critical n+l
2 ' ' value for CO , be equal to x. .. The external torque
F-j_ which has to be supplied to to maintain this
state will be given by
F1 =V- (5)n+1 , ............. (10.13),
this F-j_ corresponding to the Fj of §9. Knowing the 
value of x from (10.12) we may calculate F-^ , and also 
the various entries in the columns which depend upon 
vxV A better procedure at this stage is to repeat 
the tabular process with the calculated value of x’ 
substituted in the position (5)-^ , this providing a 
check upon the previous work. From this completed 
Table, the summations for 2T and 2V may be performed 
in the usual manner, and any contributions from 
known modes may be removed by using the formulae (9.5) 
and (9.6).
With ring systems it is possible for roots of 
multiplicity two to occur, and the alteration of 
procedure in such a case will best be described by 
taking a ring consisting of three inertias with 
“  1,  J*2 ~  1,  "  1 ,  22 1,  ^ 2  C 3 -  1 .
For this system, shown in Fig;8 = 0,
0  2 = O  2 = 3
2 3
J 1 = 1
1
1
1
\ /
Fig: 8. Particular Ring System.
The tabular process applied to this system for
CO = 3  would give the result?-
0 = 3
(i) (2) (3) (4) (5) (6) (7)
L
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Since, whatever x may be, (3). = (3) and F. = O,4 1 1
we deduce from column (3) that (1, -2, 1) + V  (0, -1, 1),
i / 2 j \ o
where x is arbitrary, is a valid mode for 0  2 = ^ 3 - 3,
and therefore (1, -2, 1) and (0, -1, 1), which are clearly
linearly independent, are two linearly independent 
modes corresponding to ^ 22 ~ ~ 3.
The inertia matrix here is 1 0  0 
0 1 0  
0 0 1
and we
may verify that the rolling mode (1, 1, 1) = a -j_ 
corresponding to = 0, is orthogonal to each
of (1, -2, 1) and (0, -1, 1). From the last two 
modes we may, according to (9.11) find a2 and a3 
which are themselves orthogonal. These are
1 ‘ " 0” \ ~
a2s -2
*
cu ^ — I 
i -0
— 2 
1 1
or, equally well,
%
— 2. ) a 3 = 0
1L. _ _ i
This example also provides an illustration of the
general method suggested in §>9 for calculating the
modes corresponding to equal critical roots.
2
Locking ©3 and putting CO = 3, we deduce the mode
(1, -1, 0) and notice that no F3 at J3 is required.
2Similarly, by locking ©2 and putting = 3, we 
can show that (1, 0,-1) is also a mode requiring 
no F2 and J2- Hence these, which are clearly 
linearly independent, are modes corresponding to 
a double root ^  = 3 for the free system. We may
verify each of (1, -1, 0) and (1, 0, -1) is a 
linear combination of the a2 and a3 chosen above, 
in fact,
The ring problem may also be treated by the 
admittance methods- of AK.V.m 53. Although we do 
not wish to deal with the admittance theory in this 
Report, its application to the ring problem may 
be undertaken without appeal to any general 
theorems, and provides a better numerical technique 
than the "x" method just described. The 
application will be, found in §  11, Ex: (v).
Coupled Systems Comprising Series Systems and
We shall not attempt to deal here with problems of 
this type except to indicate that we can, by the 
methods developed in (a), (b), (c) and (d),
utilise the admittance theory of AK.V.m 53.
The admittance method of determining the frequencies 
and modes of composite systems assumes that it is 
possible, for each subsidiary system to determine 
amplitudes of movement of particular co-ordinates 
for given locations of an exciting force of 
prescribed frequency. This requirement is assured, 
as we have shown, for the torsional systems 
considered in (a), (b), (c) and (d).
APPENDIX 3
NOTES ON THE ANALOGUE COMPUTING COMPONENTS# 
OPERATIONAL CONSIDERATIONS AND EQUIPMENT USED
Basic Computing Elements
1.1. The modern Electronic Analogue Computer, apart 
from the basic analogue computing elements, 
incorporates a wide range of additional facilities 
such as multipliers, which can be connected 
(or "patched") for multiplication, division, 
square-rooting, etc.? function generators 
giving sine/cosine, log and segmented curve 
functions, and so on. Some types of analogue 
can be hybridised with the digital computer by 
the provision of logic circuitry and digitising 
equipment. Such machines, therefore, have 
evolved into extremely sophisticated and 
versatile computing devices.
Unfortunately, these advanced facilities 
are, to a large extent, wasted when the analogue 
is used for the analysis of torsional vibration 
problems, particularly within the scope of the 
present work, since only the fundamental analogue 
computing elements are required. It is equally 
unfortunate in the present context that larger 
numbers of these basic elements are not 
incorporated in the analogue computer, so that 
torsional systems could be analysed on the same
scale of multi-mass detail which can be accommo­
dated by the digital computer.
1.2. The High-Gain Reversing Amplifier
i A / W W V W V
v, R,
— ' V v w w     »>
RESISTOR. A B
Vo
A m p l i f i e r
FIO . 103
The sign-reversing amplifier is simply a high- 
gain d.c. amplifier with an input resistor, 
and a "feed-back" resistor, Rp.
Since the input impedence of the amplifier 
is ideally infinite, the net current, by Kirchoff*s 
Law, at terminal A, is zero, so that the 
currents in R]_ and Rp are equal.
Thus, if the voltage at A is , then
vi - va o
Up
Also, VQ M.vA
Eliminating VA
%  (Vx - Xa ) = - R 1 (v0 + vc )
M iT
and with M very large, VQ _ rf
Vl
Thus, practically, if Rp = R^ the output voltage 
VQ is equal to the input voltage but of 
reversed sign. Additionally, this element can 
multiply by a constant other than -1 if Rp 
and Rjl are made unequal. In practical operation 
the element is subject to minute errors since 
the "infinite" gain M is typically of the 
order 108 - 109 for d.c. inputsfand falls 
somewhat with frequency.
Rp
AVvWWvVNA
- M
FIC , 104
This element is similar to the sign-reversing 
amplifier, except that there are several input 
terminals and resistors.
The net current at A is again zero, so that
Vl - VA + V2 " VA + V3 - Ya + VQ - VA = 0,
R- R2 *3 Rp
and Va = - Vo 
M7
Hence,
V1 V2 v3 = V,
R1 R* R‘ Rp M C R*^  R2 R3 Rp/
If M is very large, then
*
Vq — ~ Rp It + Y2 + Zl
Rl R2 R3 
and if R-^  . = R2 - R3 = Rp then
VQ = - (Vj. + V2 + V3 )
Alternatively, with differing values for the 
resistors, the input voltages may be factored before 
summing and sign-changing. The ratios of the input 
resistors to the feed-back resistors are usually 
arranged to give multipliers in powers of 10.
The Integrating Amplifier
The integrating circuit is similar in arrange­
ment to the summing amplifier, except that the 
feed-back resistor is replaced by a capacitor, c, as 
indicated in the simplified diagram above.
As before, the current at A is zero, and the 
current reaching that point via the capacitor is
C* 'ft (V° “ VA > ' so
Vi - va + e.a ( vQ - va ) O
dt
Again, VA = - Y£. hence
M 1
and if M is very larget
Integrating
V,o
where VQO is the value of VQ at t « o
Assuming VQQ is zero,
t
where T^ = R^.C, which is called the "time constant" 
of the integrator.
The time constant is of considerable interest 
since it may be interpreted in different ways 
and, by judicious manipulation, may add greatly to 
the versatility of the computer in its solution of 
various problems.
■If :T « 1, then the integrations involved in 
the time-dependent solution of a particular problem 
may be considered as proceeding in "real time". 
However, practical integrators are usually arranged 
to have a variety of input resistor and feed-back 
capacitor values, so that, by appropriate 
combinations, the time constant may be altered 
and the problem solution speeded-up or slowed down 
as desired. This involves altering the time 
constants of all the integrators consistently through 
out the circuit.
On the other hand, alteration of individual 
integrator R and C values need not be viewed as a 
change in time constant, but rather as a multiplying 
coefficient of integration, or integrator "gain", 
whereby the input voltage may be effectively sealed 
up or down to suit the problem. An additional 
feature of practical integrators is the provision 
of several input resistors to which several input 
voltages may be applied. By such means summation 
is achieved, giving the sum of integrals or the 
integral of summed voltages as the output.
Provision is also made to apply a desired 
voltage across the capacitor prior to commencement 
of integration. Thus the integrator output voltage, 
VQ may be given a value VOQ at time, t = o, so 
setting up an "initial condition" or constant of 
integration.
As with the previous elements incorporating 
amplifiers, accuracy is dependent on maintaining 
an effectively high value of amplifier gain, M, 
this being sensitive to frequency and hence to 
low time constants, or otherwise, high integrator 
gains.
1.5. The Potentiometer
IN P U T
OUTPUT
The potentiometer is used as a constant 
coefficient multiplier. The basic circuit above 
may be considered as divided into two resistors 
with a junction at A, the position of which may 
be varied to alter the relative values of and R2-
With an input voltage applied to the 
high end and assuming no current is tahen from the 
output, the current in equals the current in R2.
Hence
V i- V q
R i
or the output voltage V c
As a multiplier, the potentiometer value 
obviously cannot exceed unity.
Its value is set initially by applying the 
standard reference machine d.c. voltage, known 
as the "Machine Unit", (MU), to the input and 
adjusting the position of the wiper point A. The 
actual value is obtained by monitoring the output 
voltage, VQ , on the digital voltmeter, the reading 
showing the fractional value of the MU, and hence 
the multiplying factor }
potentiometer in use will be connected to the input 
resistor of an amplifier. Since the amplifier 
will draw a minute current, increasing the current 
through R^, the correct potentiometer value must 
be set with its output already connected to the 
amplifier input.
to set the "initial condition" on an integrator, 
since the latter will slightly alter the setting, 
the desired value must be adjusted with the 
potentiometer connected and by monitoring the output 
voltage of the integrator.
Regarding accuracy of setting, the
Similarly, when the potentiometer is used
Peripheral Equipment and Controls
2•1• The Patch Panel
Input and output connections for all the basic 
computing elements are led to terminals 
connected to corresponding sockets of the 
"patch panel". The desired circuit connections 
are made by use of external flexible leads 
plugged into these sockets.
The patch panel has all the coded 
connection points printed on it and is usually 
removable.so that the problem circuit can 
be wired, or "patched", in advance away from 
the computer. Typical patch panels are 
illustrated in Figs. 110 and 111 .
2.2. The Digital Voltmeter
The analogue computer is provided with a 
digital voltmeter, (D.V.M.), usually displaying 
four or five digits, a decimal point and 
positive/negative signs. Its reading is 
arranged to show voltages in decimal fractions 
of the MU, the standard operating reference 
d.c. voltage of the computer, which may be 10 
or 100 volts.
The purpose of the DVM is to display the 
setting of a potentiometer or to monitor the 
output of an integrator? either as a static 
initial condition or dynamically during a 
computing operation.
2.3. The Address System
External push-button selectors are provided in 
order to connect the DVM to the output of any 
chosen potentiometer or amplifier, and so to 
display individually, as desired, the 
quantities mentioned in 2.2.
2.4. Setting Controls
External groups of knobs, or a set of digital 
push-buttons are provided for setting each 
potentiometer, using the DVM, when selected 
in turn via the address system selectors.
Similarly, setting knobs are usually 
fitted to change the gains or time constants 
or time constants of summers and integrators, 
individually or collectively, by*connecting 
particular resistors or capacitors, commonly 
differing in powers of 10.
The length of a computing run, either as 
a single time period, or as a sequence of 
repeated runs, separated by chosen time 
intervals, may be altered at will by use of 
time-setting control dials.
2.5. Display and Recording Peripherals
The analogue computer is equipped with means 
for statically or dynamically measuring, 
displaying and recording the problem variables 
represented by the output voltages of the 
summing and integrating amplifiers.
The digital voltmeter is one such device, 
and is usually an integral component of the 
computer, the necessary connections with amplifier 
or potentiometer outputs being arranged internally 
through the address system.
Connections may also be made from output 
channel terminals to external devices, such as 
oscilloscopes, flat-bed pen-recorders and paper 
print-out recorders. It is also possible to 
use multi-channel trace recorders of the U.V. 
type, if necessary. The internal connections 
from particular components to these external 
device terminals are normally effected by 
appropriate wiring on the patch panel, rather 
than through the address system.
Oscilloscopes and trace recorders may 
utilise their own time base arrangements, or the 
time base may be generated from an integrating 
circuit within the computer, to synchronise 
with the computing of the problem.
Operational Modes
The analogue computer has push-button selectors for the 
four basic modes of operation, or machine states, the 
patch panel being in position with its wired-up problem.
3.1. Pot Set Mode
As implied, all the potentiometers are selected 
in turn and adjusted to their appropriate problem
values in this mode. The machine is passive in 
this state except for the application of the 
standard reference voltage in turn to the "high" 
ends of the potentiometers during their adjustment.
All input resistors have their amplifier ends 
disconnected from the amplifiers and taken to 
earth, thus presenting a true load to the preceding 
potentiometer, and avoiding voltage overloads 
during setting.
Problem Check or Initial Condition Mode
In this mode sufficient internal connections are 
made so that all the summers are slimming and all 
the integrator outputs are fixed at their values 
at t s= o. This is still a passive state, however, 
and the integrators do not integrate their inputs.
This mode is used to set the initial 
condition potentiometers by statically monitoring 
integrator outputs, and allows pre-computing checks 
to be made on voltages at various points in the 
system.
Compute Mode
The Compute Mode is initiated by pressing the 
Compute button. From this instant the computer 
proceeds to evaluate the time dependent solution 
of the problem set up, starting from the datum 
time, t = o.
All the elements of the computer are 
operational and interactive in accordance with 
the connections made in their circuit wiring on
the patch panel? i.e. all summers are summing and 
all integrators are integrating the sums of their 
input variables with respect to time. The problem 
solution continues until it is terminated either 
by intervention of the operator switching to 
another mode or, automatically, by the action of 
the preset timing control. During computation 
all the problems variables may be monitored 
selectively by the output devices available.
3.4. Hold Mode
In the Hold Mode the problem solution is frozen 
at the instant of switching from the Compute mode. 
Thus all summers remain summing their inputs, but 
integration processes cease and all integrator 
outputs are held static.
The Hold mode may be activated by operator 
intervention or by automatic switching'.by the 
preset timing control, the latter case usually 
being an event in a prescribed "repeat-operation" 
sequence.
Problem Processing for Analogue Computing
4.1. A physical problem is defined in terms of a set 
of idealised general mathematical equations. 
Normally these basic equations will not be in a 
form immediately applicable to analogue computer 
solution. A degree of re-organisation is 
essential, together with some breaking down into 
simple steps related to the arrangement of the 
operational components of the computer. Scaling 
processes are also necessary to bring the
numerical values of the problem variables within the 
range of limitations of the computer and its 
ancillary equipment.
The basic methodical steps in the process of 
problem preparation are indicated in the following 
notes, although in practical cases steps may be 
combined or dispensed with, depending on the 
complexity of the problem and the skill of the 
user.
A simple practical example will be referred 
to in the notes, to provide practical illustration 
of the methodical steps.
Free vibration of a Single-Mass Torsional System
n
G
K
U  c 1Q7
Flywheel intertia, J = .0625 lb,ft.sec^, 2 Ib.ft^)
Shaft stiffness, K = 400 lb.ft/radian,
Viscous damping constant, c = 2.0 lb.ft/rad/sec.
Initial deflection, 8 o ~ 4* 0.25 rad. (at t = o).
Problem Equation Decomposition and Flow Diagram
The problem equations are re-arranged and broken 
down into a group of simple first-order differential 
and algebraic equations. This is relative to the 
operations of the computer components, indicating
the number and types required and their arrangement 
in the circuit. It also facilitates step-by-step 
checking and fault finding during solution.
The equation of motion for the example is:-
or with re-arrangement in terms of the highest 
derivative and by substitution.
© = - 32 ©  - 6400 © •
This equation indicates that two integrators 
and a summer will be required as the essential 
components. Taking account also of the likely 
needs for coefficient multiplying potentiometers, 
initial condition setting and sign changes, the 
basic unsealed flow diagram becomes:-
Si
INT. INT.
6
Po t . p o t .
The corresponding decomposed equations are:
Integrator 1,
Integrator 2,
•  • *
Summer 3, - Q - 32 0  4- 6400 6
4.3. Ampli tude Sc aling
The problem, when correctly set up on the computer, 
is an analogue of the mathematical system requiring 
solution. The Computer variables (voltages), will 
behave in the same manner as the variables of the 
mathematical system. The object of the amplitude 
scaling is to establish a direct quantitative 
relationship between the observed behaviour of the 
computer voltages and the analogous variables of 
the problem.
The normal operating voltage range of a computer
is t 1 MU, say 100 volts for the particular machine.
For optimum solution, therefore, the maximum values
of the voltage variables during computing should,
4-in this case, be kept as close as possible to - 100 
volts. Voltages above this value will cause 
overloading of the amplifiers, while low values 
will reduce accuracy in solution, due to reduced 
sensitivity in measurement and increased effect of 
stray "noise1* in the circuits.
The amplitude scaling should also provide a 
simple and rational numerical relationship between 
measured computer voltages and the true problem 
variables.
Obviously, in general, the solution of the 
problem, and hence the maximum variables values 
will not be known, and amplitude scaling will 
depend on basic deductions or inspired trial-and- 
error estimation.
Considering the present example, it can be 
deduced that the solution will be a damped sinuoid, 
with the angular displacement, 0 varying between 
- 0.25 radian. This range should correspond 
closely with an output voltage from Integrator 1 
in the range, i 100 volts. The scale factor, afi
for the output voltage of integrator 1 should 
therefore be found from
al “ 85 100 ~ 400 volts/radian.
© max .25
The other scale factors may be obtained from 
consideration of the undamped natural frequency of 
the system i.e.
CO = /ii. = I^k9..9 zz 8o Rfrp./sEc.
J
Assuming © = © max. sin Wt, then
6 = C0.©^x.cos CO t  ^ 0 s - CO2 sirs CO t .
From which
© m a x  = ©  max.^ = .25 x 80 = 20 rad/sec,
and * * 0
©  max = ©  max.^ = .25 x(80)^ = 1600 rad/sec^
Thus the scale factor a2 for the output of integrator 
2 is
__ 2.00 s= 5 volts/rad/sec<
© 20
and scale factor a3 for output of summer 3 is
= loo = 1/16 volt/rad/sec^. 
© iaAx 1600
Having applied appropriate different scale factors, 
a-j_, an<^  a3' to t i^e computer variables, these must 
be made consistent with the actual variables of the 
problem.
Consider integrator 1 where the input © is 
integrated to give 6 as output. Since different 
scale factors have been applied to the input and 
output variables, the latter can only be made 
consistent by "scaling up" the integrating process, 
otherwise known as arranging an integrator "gain".
Required gain ~ / a2 = 400/5 = 80.
Similarly, for integrator 2,
Required gain = a2 / a3 =  5/.0625 = 80.
These gains are obtained by setting potentiometers 
4 and 5 at a value of 0.8 and the two integrators 
at a gain of .100 each.
Considering the summer, 3 the inputs and 
output must likewise be made consistent with the 
problem, i.e.
•  V •
~ 6 = 32 ©  + 6400 0  .
For the © loop, the multiplier is
32 x a3 / a2 = 0.4;
which will be setting for potentiometer 6. For 
the 0 loop, the multiplier is
6400 x a3 / a^ = 1.0,
and potentiometer 7 is set at 1.0, or may be 
eliminated. Finally, the initial condition is 
required to be .25 rad.
Required input for I.e. as a computer value is
- .25 x a-j_ = - 100
so that -100 volts is applied through potentiometer 
8, which is set at 1.0.
The foregoing computer settings give the 
required amplitude scaling and are consistent with 
the original problem, except for any further 
alteration demanded by time scaling.
4.4. Time Scaling
The Analogue Computer produces a time-dependent 
solution to the particular problem under investigation. 
The length of a computer run, during which it is 
desired, to examine or achieve a solution to the 
problem could be in order of 20-30 seconds, whereas 
the actual physical problem represented by this 
computer run could be a sequence of events.lasting, 
in real time, from a few micro-secondsy at one end 
of the scale, to days or months in another case.
The purpose of time scaling, therefore, is 
to introduce into the problem a time scale factor 
relating "computer time" to "real" or problem time so 
that, irrespective of the actual length of the latter, 
the former may be made suitable for the computer 
and convenient for the user.
Several conflicting characteristic factors 
influence the choice of the time scale, and this must 
inevitably result in a compromise, On the one hand, 
computer runs should be kept reasonably short, 
otherwise the limited accuracy of setting up 
constants of the problem, together with minute 
tendencies of the individual computer components to 
drift, will result in cumulative errors in the 
solution, which increase with elapsed time.
Conversely, there are several factors dictating that 
the computer solution should not be achieved to o 
rapidly.
Considering the basic high-gain amplifier, as 
used in both summing and integrating, the ideal 
infinite gain assumed for such components is not 
only practically a finite large quantity, but also 
is frequency dependent. A rapidly run problem 
implies the use of high "problem" gains which, 
in relation to the characteristics of the components, 
may introduce errors arising from running them 
outside their accurate "dynamic ranges". This 
type of error increases also with the number of 
amplifiers used in the problem circuit and therefore 
becomes more important as the complexity of the 
problem itself increases. Furthermore, the response 
of the monitoring and recording equipment (and the 
user), must be considered. Oscilloscopes may 
operate effectively up to frequencies of 1000 rad/sec, 
but this may be too fast for visual appreciation.
For recording purposes, the capabilities of the 
equipment also vary, so that a strip-recorder may
be adequate up to 100 rad/sec., whereas an X - Y pen 
plotter would be limited to a maximum of 10 rad/sec.
To obviate these various difficulties, it is 
customary to introduce a time scale factor, b, 
which alters the scale of time on the computer in 
relation to real problem time.
Thus, 1 problem second ~ b computing seconds. 
Fortunately, since this is an alteration in the 
scale of time-dependence, only the integrating 
components are affected, and the settings of all 
other components involved in the problem solution 
may remain unchanged.
Considering the example discussed earlier, 
the amplitude scaling resulted in a suitable choice 
of integrating gain of 80 for both stages, made of 
potentiometer settings of 0.8 and "integrator gains" 
of 100. This implies a computing frequency of 
80 rad/sec, which is rather fast for visual 
observation and is certainly too high for the 
plotter recording. In the latter respect, a more
reasonable value would be 8 rad/sec. Thus a
slowing down on the computer by a factor of 10 is
desirable, i.e. b = 10.
This is achieved by a corresponding increase 
in the time constants of both integrators in the 
circuit, which is the same as reducing the original 
integrator gains from 100 to 10. No other 
alterations of setting in the circuit are required 
and the problem remains unchanged; it merely 
runs at a lower speed on the computer.
It is interesting to note that the resultant 
reduction in integrator gains, from 100 to 10, 
tends to increase the accuracy of operation of 
these components having regard to their frequency 
dependent characteristics. It also demonstrates 
the interchangeability of concept regarding 
"integrator gain" which may be viewed as either a 
"constant-multiplier" in amplitude scaling or as 
a "time factor" in time scaling.
Analogue Generation of Sinusoid Functions
5.1. It is convenient here to consider the manner in 
which a sinusoid function is generated, on the 
analogue computer. This process is featured 
in the treatment of most of the examples 
analysed in this work, and also, in itself, is 
an example of the combined application of the 
principles of problem preparation described in 
the previous section. Furthermore, studied on 
a comparative basis, it raises interesting points 
in relation to other methods of computation.
Assume it is required to generate or 
evaluate y, where y = sin x.
Let x - 00 t, then
y = sin o  t (i)
*
y = CO COS 0x3 t (ii)
and y = - U3 2 sin uj t = - to ^ y (iii)
The solution requires two stages of integration, 
for which the decomposed equations are:-
Integrator 1, 
Integrator 2,
- £L y = + CO 
dt
- d (-y) = + y
dt
From equations (i), (ii) and (iii) above it can be 
seen that, since
- 1 — sin co t — 1
y max « 1
y max = CO { and y = co f at t = o.
y max - to
The equations, amplitude scaled for voltages of 
i 1 MU, are therefore
and -
d / Y 
dt  ^CO ;
a (~ I') - u ( £ \
dt n 1 ' cCO /
The appropriate scaled flow diagram is
1-0
INT. \
The amplifier output voltages are:
= + cos co t cos x
V2 = - sin co t sin x
V3 = + sin cot = + sin x = y.
The potentiometer settings cannot exceed unity, 
so that, if 1 < CO ~  10, for example, integrator
gains of 10 may he used and the machine equations 
re-written as -
Alternatively, the integrator gains could remain at 
unity and the process "slowed down" by a factor of
the function y = sin x, represented by voltage 
V^/and cos x is also available as Vi. Evaluation 
of a spot value, y^, is obtained after a computing 
time of t^ « xj/ to .
5.2. Consider now the possibility of simulating the
operation of the above sinusoid analogue circuit 
using techniques characteristic of digital 
computing. In the first place, the simultaneous 
interaction aspect of the analogue circuit
10.
This circuit will continuously generate
components cannot be simulated precisely since the 
digital process must be sequential, and therefore 
a convergent iterative technique, lopping step-by- 
step around the circuit, is indicated as the 
nearest approximation.
In terms of the circuit voltages, starting 
with Vj_, the steps are -
, V. =  -  £ v 5  d t .  ,V 5 = U V j  v2
v3 = - v2 , V4 = o  v3 , v5 dt
At initial datum time, t = o,
V1 = 1 and V5 = V2 ~ V3 = V4 = o,
Evaluation at time t, when t = x/<o , the success­
ive rounds of iteration gives
Round 1
V-l = 1
v5 = CO
v2 = - O  t
v3 -  + CO t
v4 = c o t
Round 2
v = i _ tilt
V5 = o  -
V2 =
v3 = u t -  ^
V4 = co^t -
Round 3 Round 4
Vr =
1 _ <^ LtL 4 .  to4 bA 
2 24
CO _ -v uf_t4
2 24
Vo = - CO t +
V, = L't -
v„ = to^t -
U)^ t3 u>st5
u?>e>
120
120
4-i 3  ■ s6 l 5o  b 4*
6 120
Vi = 1 -
Vr = CO
Vo —-Lit +
4 u>4b4 4
L, 6to C
2 24 "720
to5b4 w7t fe
2 24 720
CGSt5 4 0 7t7
6 120 504-0
Vo = COt - cO^t^ to5bs _ u 7*7
120 5c4G
v4 = U32t - + C^b5 -  <2>6t7
*20 504-0
It is remarkably apparent that, for x = co t, this 
iterative process of simulation produces the 
exact term-by-term series expansion for sin x and 
cos x at V3 and V^ respectively.
Thus, this attempt to simulate the simultaneous 
interactive feature of analogue computing has 
resulted in an iterative process, which is both 
viable and accurate for digital computation of 
a single point evaluation. It is also noted that 
the successive integrations of the individual 
terms in the iterative process are analytically 
correct. As indicated earlier, for a single point 
sine evaluation, the analogue computer would obtain 
the result by continuous generation of the sine 
function up to the required point, and it is 
academically debatable whether this is superior 
to the "direct" iterative digital process.
On the other hand, for the continuous
generation of a sinusoid function, there is no 
question that the analogue process is superior.
The digital computer lacks the essential 
characteristics of simultaneous interaction, 
continuity and exact means for integration. The 
nearest approximation to continuity would be an 
incremental evaluation for very small periods of 
time, and each incremental step would involve 
an interactive loop, in turn, relying on an 
approximate form of numerical integration.
ANALOGUE COMPUTING EQUIPMENT USED
In the course of the analogue computing phase 
of analysis carried out at the University of Surrey, 
two different types of machine were employed, the 
Solartron 247 and the EAL 5 80.
(a) The Solartron 247 Analogue Computer
This machine is an earlier generation general 
purpose computer, utilising thermionic amplifiers 
and circuitry of contemporary technology and 
working at an operational reference voltage,
(Machine Unit), of - 100 volts D.C. A general 
view is given in Fig.110(a). The complete 
computer is arranged as two modules having a 
total of 36 amplifiers, (24 + 12), of which 16 
may be used as integrators, and 72 potentiometers. 
Each module has its own detachable wiring patch 
panel and control console and may be operated 
in isolation. However, they may be internally 
connected to operate in "Master/Slave" combined 
relationship under the control of the master 
console.
The patch panel is very compact, as shown 
in Fig.110(b). The wiring sockets of the 
relevant components are grouped in 6 rows of 4 
blocks each, the rows labelled from 1 to 6 
vertically and A to D across. Each block is 
essentially associated with a particular 
amplifier, having input and output wiring sockets, 
the former providing for input gains of 1 or 10. 
Block rows 1, 2, 4 and 5 may be used as 
integrating amplifiers and have "initial- 
condition" input sockets. Rows 3 and 6 may 
only be used as summing or sign-reversing 
amplifiers. Each block also incorporates 
input and output sockets for two potentiometers 
or coefficient multipliers, and positive or 
negative reference voltage source sockets.
The control panel has an individual rotary 
selector switch for each integrating amplifier 
to set it as a summer, or an integrator with 
a "nose gain" of 1, 10 or 100. A push-button 
address system permits connection with each 
amplifier output and each potentiometer. In 
the former case the particular amplifier output 
voltage is displayed on the digital voltmeter, 
in the "Initial-Condition" or "Compute" 
operational modes. Addressing a particular 
potentiometer in the "Pot Set" mode and using 
the digital voltmeter display allows the 
potentiometer setting to be adjusted from a 
bank of rotary wiper knobs. Apart from button
selection of operational modes, the control 
console provides also for run-time and sequence 
presetting and means for selective monitoring 
and display by connection with peripheral 
devices such as plotters or oscilloscopes.
The EAL 580 Analogue Computer
The EAL 580 is a more modern analogue 
computer, employing transistorised amplifiers
in generally solid-state circuitry aid working
• • tat a "Machine Unit" reference voltage of - 10
volts. Consequently, in comparison with the 
Solartron 247, it is far more stable and
reliable. It is also far more compact, being
physically smaller, in spite of its larger 
problem capacity, and is effectively bench-top 
equipment, as shown in Fig.Ill (a).
The patch panel Fig.111(b), differs from 
that of the Solartron 247 in being much larger 
and having its wiring sockets arranged in 
8 similar fields. Each field accommodates 7 
interchangeable patching blocks connecting to 
corresponding component modules behind, so that 
a variety of arrangements of analogue components 
is possible. In the arrangement used, apart 
from other functions and facilities, 64 
amplifiers and 80 potentiometers were available. 
The amplifiers are grouped in dual or quad 
component modules, only the former being usable 
as integrators, (16 in total).
The dual amplifier modules are situated 
beside integrator modules and integrating 
circuits are established by cross-connecting
these adjacent modules with rigid bottle-plugs. 
Potentiometer sockets are similarly grouped in 
5's with other components in the same module.
Each amplifier has input sockets giving 
normal gains of 1 and 10, and by use of a 
bottle-plug a gain of 0.1 may be obtained.
When connected to an integrator module a 
further change of gain by a factor of 10 is 
arranged by plugging on the latter module.
The Control Console also effectively 
may alter the gains of all the operative 
integrators collectively, by use of Time Scale 
buttons, changing the speed of problem running 
by a factor of 500. The Console has a 
push-button Address system for monitoring 
amplifier voltages and setting potentiometers. 
The actual setting of potentiometer coefficients 
is achieved by 4-figure, digital selector 
buttons operating servo-driven wipers. The 
usual problem run-time setting controls, 
digital voltmeter and operational mode 
selection buttons are also incorporated in the 
Console.
The EAL 580 Computer is not solely an 
analogue machine, although it was used as such 
in the present context. It also incorporates 
a Logic Control Panel and a Digital wiring 
patch panel. By means of these facilities 
it may be linked interactively with a digital
computer and thereby provide a hybrid computing 
capability, which could prove relevant to 
future work in the subject field.
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